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Abstract
The equivalence is presented between a Wieferich prime p of order n and the divis-
ibility of the Mersenne number M, by the power ptl

1. Introduction

Throughout this paper, a,n, and m will denote positive integers, with m > 2, and
p an odd prime. If the integer a is not divisible by p, then Fermat’s Little Theorem
states that
a?™!' =1 (mod p).
This theorem guarantees that the number
|

q(p,a) = »

is an integer which is called the Fermat quotient of p with base a. This notion can
be extended for a composite integer m and an integer @ where m and a are relatively
prime integers. By Euler’s Theorem we have

a?™ = 1 (mod m).

The integer
a®(m _ 1
Q(aa m) - T

is called the Fuler quotient of m with base a, where ¢ means Euler’s totient function.
A whole range of results on Fermat and Euler quotions is known, the following
Proposition on the “logarithm property” being of special importance.
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Proposition 1.1. Let b be an integer, (a,m) = (b,m) = 1. Then,
Q(a ! ba m) = Q(av m) + Q(bz m) (mOd m)

Remark 1.2. For m = p (p prime), this property was proved by Eisenstein [4], for
m odd (m > 1) by Lerch [5], and generally by Agoh, Dilcher, Skula [1], Proposition
2.1 (a).

Wieferich [7], in his criterion on the first case of Fermat Last Theorem for ex-
ponent p, used the following property of p: ¢(2,p) = 0 (mod p), or equivalently
2Pl = 1 (mod p?). For this reason, p with this property is called a Wieferich
prime. At present, only two Wieferich primes, 1093 and 3511, are known and no
prime p < 6.7 x 10 except these primes is Wieferich [3].

In [1], Definition 1.3, the notion of Wieferich prime was generalized as follows.

Definition 1.3. Let m and a be relatively prime integers. We say that m is a
Wieferich number with base a if g(a,m) =0 (mod m).

In the present paper we will only be concerned with the case m = p™ and a = 2.

Definition 1.4. Let the prime p be a Wieferich prime. Then p is called a Wieferich
prime of order n if ¢(2,p™) = 0 (mod p™), or equivalently or" -1 = | (mod p2").

From [1], Corollary 5.2, (ord,(g(2,p")) = ord,(¢(2,p))) we get any Wieferich
prime is a Wieferich prime of order 1. (S.Proposition 2.2.)

The goal of the paper is to present the connection of a Wieferich prime p of order
n with the divisibility of the Mersenne number M, = 29 —1 by the prime power p",
where ¢ means a prime.

A. Rotkiewicz [6], and CH. K. Caldwell [2] proved that, if p is a prime and p?
divides a Mersenne number M, for a prime g, then p is a Wieferich prime. In the
present paper we generalize this result and prove the other direction of this assertion
as well.

2. Auxiliary Assertions

Proposition 2.1 (Statement on the Euler quotient for two bases). Let m, N
be relatively prime positive integers, and let r,Q be integers 1 <r < m, Q > 0 with
the property N =m - Q +r. Then,

N - g(N,m) = p(m) - @+ 7 (r,m) (mod m).

Proof. Suppose that m, N,r, Q are integers fulfilling the conditions in the Proposi-
tion. We have

p(m)
Ne(m) — Z <<p(k7;n)) (mQ)kr“"(m)_k = pe(m) 4 go(m)mQ“"(m)_1 (mod m?).
k=0
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Since q(N, m) = % and N =r (mod m), we get
mq(N,m) = r*™ — 1+ o(m)mQN¥"™~1 (mod m?),
therefore
g(N,m) = g(r,m) + (m)QN?"™~" (mod m),

and hence
Ng(N,m) = p(m)Q + rq(r,m) (mod m).

By [1], Corollary 5.2, we get:
Proposition 2.2. We have ord,(q(2,p)) > n, or equivalently 2°~! =1 (mod p"*1),
if and only if p is a Wieferich prime of order n.
Lemma 2.3. Let q be a prime, p"|M,, and let § be the order of 2 (mod p"*1).
Then & = q if and only if p"T|My; and 6 = q- p otherwise.

Proof. We have 2° = 1 (mod p"*!) and 27 = 1 (mod p™). Therefore, the order of
2 (mod p") is ¢ and 2° = 1 (mod p"), hence ¢|d. There exists a positive integer T
such that 27 = 1 4+ pNT, thus

p
2=> @p"k T = 1 (mod p*),
k=0

and then 6 € {q,p,q-p}. If § = p, then 1 = 2% = 2.2P~1 =2 (mod p), which is a
contradiction. O

3. Main Theorem

Main Theorem 3.1. Let q be a prime and let p" divide My, where M, =27 — 1
18 a Mersenne number. Then, the following statements are equivalent:

(a) p"*1 divides M,,
(b) p is a Wieferich prime of order n,
(c) the order of 2 (mod p"*t1) is q.

Proof. We show the implication (a) = (b). Let p"*! divide M, and let the order
of 2 (mod p"*1) be §. Then, by Lemma 2.3, § = ¢, hence 2¢ = 1 (mod p"). Using
Euler’s Theorem, we get

20"t = (mod p"*1), therefore 27" P~V =1 (mod p"t)
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and ¢|p™(p—1), therefore q|(p—1). Then, there exists a positive integer  such that
p—1=gq-x. Hence 2P~! =297 =1 (mod p"*!) and ord,(2?~! — 1) > n+ 1, and
therefore
2r—1 —1
ord, —— > n.
p

By Proposition 2.2, we get that p is a Wieferich prime of order n.

We prove the implication (b) = (a). Assume that p is a Wieferich prime of order
n. Set m = p"” and N = 29. Since 29 = 1 (mod p"), there exists a positive integer
@ such that N = m - @ + 1. Using Proposition 2.1 (Euler quotient for two bases)
and Proposition 1.1 (logarithm property), we obtain

q-2%-q(2,p") = —p" " Q (mod p").

From the assumption that p is a Wieferich prime of order n, we get the congruence
0= ¢q(2,p™) (mod p™), therefore p|@ and then

20 = pntl. Q +1=0 (mod p”"’l)7
p
hence p" 1| M,.
Lemma 2.3 gives the equivalence of statements (a) and (c). O
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