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2.8) Let G  be the set of all real-valued functions f  on the real line which haev the property that f HxL ∫ 0  for all x œ  . Define
the product f ä g  of two functions f , g  in G byH f ä gL HxL = f HxL gHxL  for all x œ  .
With this operation, goes G form a group? Prove or disprove.

Yes, we will show that HG, äL  satisfies all four conditions of being a group.

i) G  is a set and ä  is a binary operation on G

G  is defined as a set.H f ä gL HxL = f HxL gHxL  is a well-defined function on  .
Thus, to show f ä g œ G  we must verify that H f ä gL HxL ∫ 0 for all x œ  .

Assume otherwise, that is, there is an x0 œ   such that H f ä gL Hx0L = f Hx0L gHx0L = 0
Thus, f Hx0L = 0 or gHx0L = 0, contradicting f , g œ G .

ii) ä  is associativeHH f ä gLähL HxL = H f HxL gHxLL hHxL = f HxL HgHxL hHxLL = H f äHg ähLL HxL
This fact follows from the associativity of real numbers under multiplication.

iii) There is an identity element e  where eä f = f äe = f  for any f œ G

Define eHxL = 1; for any g œ GHg äeL HxL = gHxL ÿ 1 = gHxL = 1 ÿ gHxL = Heä gL HxL
iv) For each f œ G  there is an f -1  such that f ä f -1 = f -1 ä f = e

Define f -1HxL = 1ÅÅÅÅÅÅÅÅÅÅÅf HxL  for all x œ  . f -1  is well defined on   because 0 – f HLH f -1 ä f L HxL = f HxL 1ÅÅÅÅÅÅÅÅÅÅÅf HxL = 1 = e = 1ÅÅÅÅÅÅÅÅÅÅÅf HxL  f HxL = H f ä f -1L HxL

 


