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Abstract

For integers n > 1 and k > 0, let M}, (n) represent the minimum number of monochromatic solutions
to z +y < z over all 2-colorings of {k+1,k+2,...,k+n}. We show that for any & > 0, My (n) =
Cn3(1 + ox(1)), where C = m ~ .005686. A structural result is also proven, which can be used to

determine the exact value of My (n) for given k and n.
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1. Introduction

Let N be the set of positive integers and let [a,b] denote the interval {n € N:a <n <b}. A function
A :[a,b] — [0,t — 1] is referred to as a t-coloring of the set [a,b]. Given a t-coloring A and a system of linear

equations or inequalities in m variables, a solution (2,3, ..., %,) to the system is monochromatic if and
only if A(z1) = A(xg) == A(xn).

In 1916, I. Schur [14] proved that for every ¢t > 2, there exists a least integer n = S (t), such that for
every t-coloring of the set [1,n], there exists a monochromatic solution to

1+ Ty = x3. (1)

The integers S (t) are called Schur numbers. It is known that S (2) = 5, S(3) = 14, and S (4) = 45,
but no other Schur number is known [16]. In 1933, R. Rado generalized the concept of Schur numbers to
arbitrary systems of linear equations. Rado found necessary and sufficient conditions to determine if an
arbitrary system of linear equations admits a monochromatic solution under every t-coloring of the natural
numbers [4], [9], [10], [11]. For a given system of linear equations or inequalities F, the least integer n,
provided that it exists, such that for every t-coloring of the set [1,n] there exists a monochromatic solution
to E is called the t-color Rado number (also referred to as the t-color generalized Schur number) for the
system FE. If such an integer n does not exist, then the t-color Rado “number” for the system is said to be
00.
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In recent years the exact Rado numbers for several families of equations and inequalities have been found,
but almost entirely for 2-colorings [1], [2], [7], [13]. Several other problems related to Schur number and
Rado numbers have also been considered [6], [8]. In 1995, Graham, R6dl and Rucinski [5] proposed the
following problem: Find (asymptotically) the least number of monochromatic solutions to Equation (1) that
must occur in a 2-coloring of the set [1,n]. A problem of this nature — where the number of monochromatic
solutions is to be determined — is called a multiplicity problem. This problem was solved by Robertson and
Zeilberger [12], and independently by Schoen [15], with a nice proof given later by Datskovsky [3]. The

2
answer was found to be 45 (14 0o(1)).

In this paper we modify the problem of Graham, Rédl and Ruciniski by changing Equation (1) to a system

of inequalities:
1+ 19 < T3
r1 < 12 < 3. 2)

Our original goal was to minimize the number of monochromatic solutions to (2) on the interval [1,n].
It became apparent that it was easier to prove a stronger result. To this end, for all integers n > 1 and
k >0, let My, (n) represent the least number of monochromatic solutions to (2) that can occur in a 2-coloring
(consisting of zeros and ones) of the interval [k + 1,k + n]. We determine the general structure of 2-colorings
of the set [k + 1,k + n] that contain the minimum number of monochromatic solutions to (2).

In Section 2, we show that among all 2-colorings of [k + 1, k + n] for which the number of integers colored
zero is fixed, the number of monochromatic solutions to system (2) is minimized by a 2-block coloring, with
the integers on the left side of the interval colored the minority color. The proof is based on induction on n,
which is why it was easier to establish a stronger result; allowing all possible nonnegative integer values of
k leads to a stronger inductive hypothesis.

The main asymptotic result, Theorem 2, is presented in Section 3. We then consider intervals of the type
[en + 1, (1 + ¢)n] (where we let cn = |en|) for certain “small” values of ¢. We find the somewhat surprising
result that the minimum number of monochromatic solutions, asymptotically, in these types of intervals
(which also have length n) — where both endpoints tend toward infinity — is roughly the same as in the case
when only the right endpoint tends to infinity.

2. Structural Result

Definition 1 For integers k > —1,m > 0, and n > 1, let C,,, (k+ 1,k + n) be the set of all colorings of the
form A [k+1,k+n] — [0,1] such that [A7'(0)] = m. Let AP, 4y, € Con (k4 1,k 4 n) be the coloring
defined by

Am (x):{o ifk+1<az<k+m
k+1k+n 1 ifk+m+1<z<k+n.

For a given integer interval [a, b], let us denote by S (a,b) the number of solutions to (2), with 1, z2, x3 €
[a,b]. For a given A € Cy,, (k+ 1,k + n), we denote the number of monochromatic solutions to (2) under A

by S (A).

The following theorem states the fundamental result in this paper: A “two block” coloring with the
“minority color” coming first will minimize the number of monochromatic solutions to (2) over all 2-colorings
with a fixed number of integers having the minority color.

Theorem 1. Let k > 0,m > 0, and n > 1 be integers, with m < 5. If A € Cp (k+1,k+n), then
S(8) = 8 (AP ppn)



Before proving Theorem 1, let us introduce some more terminology. For a given integer interval [a, b],
a solution (z1,z2,73) € [a,b]® to (2) is called a Type I solution if x1,72 > a, a Type II solution if 1 = a,
Lo > a, and a Type 111 solution if 1= x5 = a. For a given coloring A we will also denote the corresponding
number of monochromatic solutions to (2) of a given type by Sy (A), Srr (A), and Syyrr (A), with the obvious
relation

S(A) =85 (A)+ Sr1(A) + Sir (A). (3)

Let us now collect a few facts that will be used in the proof of Theorem 1. We state the next two lemmas
with the assumption that A (k4 1) = 0, but it is obvious that analogous facts are true when A (k4 1) = 1.

Before stating the first lemma, we make another definition.

Definition 2 Let k > —1, m > 1,n > 1, and s > 2 be integers, with s <n —m+ 2. We define *A", ;. -
[k + 1,k +n] — [0,1] to be the 2-coloring

ife=k+1
fk+2<zx<k+s-—-1
ifk+s<x<k+s+m-—2
ifk+s+m—1<z<k+n.

SAZI+1,k+n(37) =

= O = O

Note that ZAZLH,Hn = A ki

Lemma 2. For integersk > —-1,m>0,n>1, and s > 2 withs <n—m+2, if A€ Cp (k+ 1,k +n) and
A(k+1) =0, then Si; (A) > Sis (m;glﬂy,m) .

Proof. Let a; represent the i'" integer colored zero by A. Consider solutions that are monochromatic under
A and of the form (k+ 1,a;,23). For k > 0, given a;, we see, by construction, that SA;”HJCJHL maximizes
the number of a;, j > 4, such that a; < k+1+4a;, thereby minimizing the number of Type II solutions. This
is because the integers a; > k + 1 that are of color 0 are consecutive. For k = —1 we have S;;(A) = (m;l)
for any A € C,,,(0,n — 1) with A(0) = 0, so the results holds. O

Remark. It is useful to note that the result in Lemma 2 is not dependent on the choice of s (the bounds
given are only used with respect to Definition 2).

Lemma 3. For integers k > —1,m > 0, andn > 1, if A € C,, (k+1,k+n) and A(k+1) = 0, then
Srrr (A) > Srrr (AZLLHn) .

Proof. For k = —1 we have Srr;(A) = m for any A € Cp,,(0,n — 1) with (0) = 0. Hence, we assume k > 0
in the following. Since there are at most k + 2 integers of color 0 under A that are less than 2k 4 3, we see
that

Srir (A) = [{z3 | 23 € 2k + 3,k + n] and A (z3) = 0} > max(0,m — k — 2).

Since Srrr(AfL girn) = max(0,m — k — 2), we are done. O

The next two lemmas compare the number of solutions to (2) in the intervals [a, b], [a + 1, b], and [a,b — 1].
Recall that S(a,b) is the number of solutions to (2) with z1,z2,z3 € [a,b].



Lemma 4. Let a and b be nonnegative integers with a < b. Then

$(b—2a)(b—2a+1) if 2a<b

S(a,b)—S(a-i-Lb):{ 0 if 2a >b.

Proof. We need to count the number of solutions of the form (a,z2,23). In other words, we need to count
the number of lattice points (xq,73) € Z? that lie inside the triangular region defined by the conditions
T3 > T3 + a, x2 > a, and x3 < b. These conditions define an empty set if 2a > b. If 2a < b, then there are
exactly b— 2a —1 lattice points in this region and on the line xo = a+i for i = 0,1,...,b—2a— 1. Therefore,
for 2a < b we have S (a,b) — S (a+1,0)=1+2+---+ (b—2a) =1 (b—2a) (b—2a+1). O

Lemma 5. Let a and b be nonnegative integers with a < b. Then

(=21)°] i 2a<b

S(a,b)S(a,bl){ 0 if 20> b

Proof. We enumerate all solutions of the form (z1,22,b). Again, it is convenient to think in geometrical
terms; that is, we count the number of lattice points (z1,22) € Z? that satisfy the conditions zo < b — 27,
To > x1, and x1 > a. If 2a > b, then these conditions define an empty set. If 2a < b, then there are exactly
b — 2a — 2i lattice points in this region and on the line 1 = a + 4, for i = 0,1,..., Lb_;aJ. Hence, the
difference S (a,b) —S (a,b — 1) is the sum of all odd or all even integers up to b —2a, depending on the parity
of b — 2a. For completeness, we will perform the calculation: If b — 2a is odd, then S (a,b) — S (a,b—1) =
1434 -+(b—2a) = 7 (b—2a + 1)%, while, if b—2a is even, then S (a,b)—5S (a,b — 1) = 244+ - -+ (b—2a) =
lb—2a)(b—2a+2)=L(b—2a+1)> - 1. O

We have now established the results we will use to prove our main result.

Proof of Theorem 1. We use induction on n, the length of the interval being colored. When n = 1, the result
is trivial. Let n € N be given and assume that the conclusion of the theorem holds for every & > 0 and for
every m € [0, [n/2]] when the length of the interval to be colored is n. We will prove that the conclusion
holds for every k& > 0 and for every m € [0, [(n+1)/2]] when the length of the interval to be colored is n+ 1.

Let £ > 0 be given. For convenience we will consider the interval [k, k + n| rather than the interval
[k+1,k+n+1]. The case where m = 0 is trivial, so we may assume m > 1. Let m € [1, [ (n+1)/2]] be given

and let A € Cp, (k, k +n) be given. We will show that S (A) > S (A}:Hn) TIfm = 2L then |A~1(0)] =
|A71(1)|. So without loss of generality we may assume that A (k) = 0. Hence we may consider two cases,
the case where A (k) = 0 and the case where A (k) =1 and m < 2L

Case I. A (k)= 0. Consider the two colorings produced when A and A}, ,, are restricted to the interval
[k + 1,k + n], namely A1 p4n) and AP (k4 1,k4n), and note that A% k1 k4n) = A;Tﬁ,kﬂ-

By the inductive hypothesis, S (A |[k+1,k+n]) >S5 (A}gk_m \[k+17k+n]). Now, monochromatic solutions to
(2) on the interval [k + 1,k +n] are precisely the Type I solutions on the interval [k, k4 n]; that is, Sy (A) >
St (A}c’karn) - Recalling that *A7".,, = A", it follows from Lemma 2 that Sr; (A) > Sp; <A2fk+n)

From Lemma 3, we have Srrr (A) > Sipg (A}C’karn) . Using the above three inequalities along with (3), it
follows immediately that S (A) > S (Aﬁk +n) and Case I is complete. o

Case II. A(k)=1and m < %}, For this case we define two additional colorings in Cy, (k, k + n). Let A,



A € Cy, (k, k + n) be defined by

>

1 ife=k i
A= 0 ifk+1<z<k+m and {(1) gllj:—frf—grlfzirll;?<k+n
1 ifk+m+1<z<k+n - '

As in Case I, we consider A [j;11 j4n] and AZ",H_TL |1, k4m] = Ak+_1 jan- Since m < 3, from the inductive

hypothesis, we have S (A |[k+1’k+n]) >S9 (A ‘[k‘+1,k+n]>' Hence,

Sr(A) = Si(A). (4)

By considering the analogous version of Lemma 2 where the first integer in the interval is instead colored 1,
we obtain

Srr(A) > Sri(A). (5)

By considering the similarly analogous version of Lemma 3, we get
Sirr (A) > Sir(A).
Adding and subtracting S H[(A) on the right-side of the last inequality gives us

Siir (A) > Sir(A) - (SIII(A> - 5111(1)) : (6)
By adding inequalities (4), (5), and (6) and using relationship (3), we obtain
$(8) 2 SA) = (Su1(d) = S11(d)) (7)

In this situation, Sr;r(A) = [{xs € [k,k+n] | 2k < x3 and A (23) = 1}| for any given 2-coloring A. It

follows that
n—m f0<k<m

SIII(A): n—k ifm+1<k<n (8)
0 ifn<k

and
n—-m-—k f0<k<n-—-m

SIH(A):{O ifn:m_<k:

if0<k<m
. : ifm+1<k<n-m
Si(8) = Sur(8) = koifn-m+1<k<n

so that

3??‘

n
0 ifn<k.

We will now calculate S(A) — S (AZ?,H_”) . Let S(A) |4, —x represent the number of solutions to (2) with

z1 = k that are monochromatic under A. Define S(A)|zy—k+m, S(ATY 1) o1k, and S(AY 1) ey =k+m in
a similar manner.

Since A" ., and A differ only in the color of integers k and k + m, we have
S(A) - S( ;cn,k-m) = S(A) ‘x1=k _S(Ak k+n) |x1 =k +S( )‘xs k+m _S(Ak k+n) |:cl =k+m -
It is clear that S(A) |, —x= Sr7(A) + Sir7(A). The value of S;r7(A) is given in (8). As for S77(A), we have
Sir(A) = {2,z € [k+m+1k+n]: k+ a2 < as]

iln—k-m-1)(n—k—-m) f0<k<n-m
0 ifn—-m+1<Ek.



Since S(A%4p) ler=k = S (k,k+m —1) = S(k+ 1,k +m — 1), from Lemma 4 we have

)
s(m—k—-1)(m—k) if0<k<m-—2
0

S(A ktn) |z =k = { ifm—1<k.

Since S(A) |py—ism = S (k+1,k+m) — S (k+1,k+m — 1), from Lemma 5 we have

|[(==5=1)°] if0<k<m-3

SA r3=k+m —
(B lescir {0 ifm—2 <k,

Lemma 4 and the fact that S(A7Y ) [z =k+m = S (k+m,k+n) — S (k+m+ 1,k +n) also gives us
m iln—k—=2m)(n—k—-2m+1) f0<k<n-2m-1
S( k,kJrn) |$1:k+m = 0 ifn—2m<k.

We will now show that S(A) -8 (Afgfk+n) > SHI(A) — SH,(Z). In other words, if we let
E = Sir(A) + Sir(A) = S(AT 1) ler=k +S(A) [ay=ktm —S (AT 4 0) oy =kt
and let G= S777(A) — S777(A), we will show that E > G for every k > 0.

Assume that 0 < k < m — 2. In this situation G = k. If k > n — 2m, then

(n—k—m-1)(n—k=—m) (m—k-1)(m—k Km—k—1> J o

E=n—
nome 2 2 2

Now let s =n —2m and t = m — k — 1. Note that both s and ¢ are nonnegative. Our equation for F can be

rewritten as 0
t t 1 t(t+1 t
E:t+k+s+1+( Totstl) Hid )+ {(2) J

2 2
From here, it is clear that £ > k = G. If, on the other hand, k < n — 2m, then
(n—k-m-1)(n—k-—m) (m—k-1)(m—k)
2 2

ﬂ(m—k—l)zJ (= k—2m)(n—k—2m+ 1)

E=n—m+

2 2

Let x =n—2m—k—1and w = m—k — 1. Note that both x and w are nonnegative and that m > w. Also,
n—m=k+m+z+1, (n—k-2m)n—k—-2m+1)=(x+1)(z+2),and z+1— (x+1)2(x+2) = —x(x;l).
This allows us to rewrite E as

E=k+m+

(x+m)(x+m—|—l)—w(w+1)+ (E)2 _z(z+1)
2 2 2 '
Since 0 < w < m,, we have (z +m)(x+m+1) > z(x+1)+m(m+1) > z(z+ 1) + w(w + 1), so that

E>k+m+ {(%)QJ >k=G.

For the remaining cases we have & > m — 1. Hence, S(A};.,,) |z,=1= 0, S(A) |psmkim= 0, and
Sir(A) > S(AYk+n) lzi=k+m - Dropping these from E we get E > Srrr(A). By definition, we have
G < Si11(A). Hence, E > G for k >m — 1.

Since we have shown that E > G for all k > 0, as desired, the proof of this case is complete. o

Since Cases I and II exhaust all possibilities, the proof of Theorem 1 is complete. O



3. Asymptotic Results

Before stating and proving the main result of this section, we will give an asymptotic formula for the
number of solutions to (2) in an arbitrary interval (regardless of whether or not the solutions are monochro-
matic).

Lemma 6. Let a < b be positive integers. The number of solutions in [a,b] to x1 + xo < x5 with 1 < x5 s

0=20° L O((b—a)?) if2a<b
0 if 2a > b,

Proof. The case 2a > b is trivial so we consider the case when 2a < b. Let i € [a,b] and consider pairs
(1, x2) as the following sets: S; = {(4,7) : j € [a,b — ¢ — 1]}. Note that every pair in every .S; provides a
solution to x1 + x2 < x3, but that (z1,22) and (z2,21) are counted as distinct. Moreover, there is no pair
(71, 2) € [a,b]? such that 21 + x5 < x3 with 23 < b that is not a member of some S;, a <i <b—a — 1.
Lastly, for fixed i and j, there are b — (i 4 j) possible solutions for x3, provided i + j < b — 1. Hence, the
number of solutions to z1 + z2 < x3 in [a, b] is given by

b—a—1b—i—1 b—a—1 b—a—1

% Z Z (b—i—j) :% Z (b—a—i)(b2—a—i—|—l) :i Z ((b—a—i)2+0(b—a))

i=a i=a

_ (b—2a)(b—2a+1)(2(b—2a)+1)
= 51 +O((b—a)(b—2a))

— % +O((b— a)?).

Having Lemma 6 behind us, we now present and prove one of our main results.

Theorem 2 For any given integer k > 0, the minimum number of monochromatic solutions to (2) that can
occur in any 2-coloring of [k+ 1,k +n] is

M, (n) = Cn(1+ o(1)),

where C' = ~ .005685622025.

e
Proof. As in the rest of this paper, we let m be the number of integers of color 0. We may assume m < 3.
Using Theorem 1, we need only enumerate the monochromatic solutions under A}, ; ,,,. Furthermore, we
need only enumerate those solutions with z; < w3, since solutions with ¥ = z2 account for O (n?) of the
total number of monochromatic solutions, and this can be incorporated into the error term. We suppress all
other error terms for ease of reading. We separate the proof into 3 cases as a consequence of Lemma 6.

Case I. k+3<m< "T*k We start our enumeration with color 0. The elements of color 0 are those in

[k 4+ 1,k + m]. From Lemma 6, we have (mlgk)s solutions to x1 + x2 < x3 of color 0 (note that k +2 < m is

needed here). For color 1, we consider the interval [k +m + 1,k 4+ n]. Applying Lemma 6 again (which is

3
valid by our assumption on m), we have % solutions of color 1.

Hence, our goal is to minimize, over m € [k + 3, ”T_k}, the function

(m—k)3+ (n—k—2m)3
12 '

fe(m) =



We have 4f/(m) = (m —k)? — (V2(n — k — 2m))2, so that our minimum occurs when m — k = v/2(n —

k —2m), i.e., at
. V2 V2 -1
m = n — .
14+2V2 1422

st =5 (14 55 ) =19 = 5 (s ) (0= 900

Letting n — oo while £ is fixed, we see that

(9)

This gives us

i R0 _ 1
1m = .
n—oco  n3 12(1 4 2/2)2

It now remains to check this value against the endpoints m = k + 3 and m = "T_k This is a routine
calculation for which we obtain values for lim,, .o / ’“75?1) of 1—12 and 9—16, respectively. Since m is less
than both of these values, the minimum in this case occurs at m. o

Case II. "T_k +1 <m < 3. This is similar to Case I, except that there is no monochromatic solution of

3
color 1 to consider since 2(k +m + 1) > k + n in this case. Hence, we have only (ml_ " monochromatic

solutions to z +y < z (all of color 0). Thus, we want to minimize, over m € ["T*k +1, %], the function

(m — k)

h(m) = =5

We clearly have m > k for large n, so that h(m) is an increasing function on ["T_k + 1, %] Hence, it takes
its minimum value at m = ”T’k + 1. This gives us

. (n—3k+2)3
h = """
k() 96
Letting n — oo with k fixed, we see that lim,, h’jgh) = %. o

Case III. 1 < m < k+ 2. In this case, the only monochromatic solutions are of color 1. Hence, we have

—k—2m)3 . . .
w monochromatic solutions. Defining

) n—k—2m)3

sulm) = (A2
e . . (n—3k—4)3 . (n—k—2)3 )
we want to minimize ji(m) over [1,k+2]. Since 1 <m < k+2, we have “—5—— < jp(m) < 57—, As
k is fixed, ji(m) clearly has a rate of growth of Tf—; o
Considering the minima in all 3 cases, we see that min (m, =, ﬁ) = m, thereby com-
pleting the proof. O

4. Concluding Remarks

As mentioned in the Introduction, the exact values of My (n) can be determined for specific n and k,
using Theorem 1. Also, applying the affine transformation ¢ (x) = « — k to the interval [k + 1,k + n], we
have that My, (n) is also the number of monochromatic solutions to the inequality

1+ 22 < w3 — K, (10)



with 21 < @9, on the interval [1,n]. In this paper, k was only permitted to assume nonnegative values (as
well as —1 in certain of the lemmas). For the sake of clarity and simplicity, we did not strive to achieve the
most general result possible and we did not prove all the results for a general integer value of k. In particular,
for k = —1, inequality (10) becomes x1 + 22 < 3 and no dramatic changes in the proofs are required. Other
negative values of k& would need to be examined more carefully. While we do not expect any big surprises,
we leave the cases k < —2 open.
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