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Abstract

Let f.(k) = vVk-r*/2 (where > 2 is fixed) and consider r-colorings of [1,n;] = {1,2,...,ns}. We show
that f,.(k) is a threshold function for k-term arithmetic progressions in the following sense: if n; =
w(fr(k)), then limy_, o P([1,ng] contains a monochromatic k-term arithmetic progression) = 1; while,
if ni, = o(fr(k)), then limy_,~, P([1, ] contains a k-term monochromatic arithmetic progression) = 0.

1. Introduction

For k,r € Z*, let w(k;r) be the minimum integer such that every r-coloring of [1,w(k;7)] admits a
monochromatic k-term arithmetic progression. The existence of such an integer was shown by van der
Waerden [10], and these integers are referred to as van der Waerden numbers. Current knowledge (for

r fixed) places w(k;r) somewhere between r’;; (14+0(1)) and

227"22k+9
with the upper bound being from one of Gowers’ seminal works [5] (with slightly better lower bounds
when r = 2). A matching of upper and lower bounds appears unlikely in the near (or distant?) future.
However, by loosening the restriction that every r-coloring must have a certain property to almost every
(in the probabilistic sense), we are able to home in on the rate of growth of the associated numbers.

Let C;, be the collection of all r-colorings of [1,n] and define C = {J;5, Ci. A threshold function on
C for a property P is a function ¢(n) such that the following both hold:

e given f(n) = w(t(n)) and S € C with |S| = f(n) we have lim,,_,o, P(S has property P) = 1;

e given g(n) = o(t(n)) and S € C with |S| = g(n) we have lim,,_.., P(S has property P) = 0.

Although the majority of threshold functions studied have concerned graphs (which would require a
change in the definition of C above), work on integer Ramsey structures has been investigated. Conlon
and Gowers [3] proved a probability threshold function in the area of random subsets containing a
k-term arithmetic progression. Schacht [8] has a similar result, derived independently using different
methods. Balogh, Morris, and Samotij [1] provide yet another method addressing the same problem,



as do Saxton and Thomason [9]. Friedgut, R6dl, and Schacht [4] provide probability thresholds for
Rado’s Theorem.

From a different persepective, a threshold function for the size of a random subset needed to admit
a monochromatic arithmetic progressions is given by Rodl and Rucinski [6, 7]. The present article is
more in-line with this direction insomuch as we are coloring integers at random rather than searching
for the probability threshold with which we include (i.e., “color”) a particular integer.

In this article, we assume that every r-coloring of a given interval is equally likely, i.e., for each
integer in the interval, the probability that it is a given color is % We refer to a k-term arithmetic
progression as a k-ap and will use the notation (a,d)y to represent a,a + d,a + 2d,...,a + (k — 1)d,
where we refer to d as the gap of the k-ap. We use the standard notation [1,n] = {1,2,...,n}.

For ease of exposition, we separate the definition of a threshold function into parts via the following

two definitions.

Definition 1. Let t(k) be a function defined on Z* with some property P. We say that t(k) is a
minimal function (with respect to P) if for every function s(k) defined on Z* with property P we have

lim inf t(—k) <1.
k—oo S(k})

We say that t(k) is a mazimal function (with respect to P) if for every function s(k) defined on Z*

t(k)

limsup —= >

k—o0 S(k) B

Definition 2. Let k,r € Z* with r fixed. Denote by N*(k;r) a minimal function such that the
probability that a randomly chosen r-coloring of [1, N (k;r)] admits a monochromatic k-ap tends to 1

with property P we have

as k — oo. Denote by N~ (k;r) a maximal function such that the probability that a randomly chosen
r-coloring of [1, N~ (k;7)] admits a monochromatic k-ap tends to 0 as k — oc.

Brown [2] showed that N*(k;2) < (logk)2*g(k), while Vijay [11] made a significant improvement
by showing that N*(k;2) < k3/228/2¢(k), where, in each bound, g(k) is any function tending to oc.
Vijay [11], using the linearity of expectation, also provided a lower bound for N~ (k;2) that is not much
smaller than his given upper bound. The generalization to N~ (k;r) is straightforward, but included
for completeness.

Remark 3. For the remainder of the article, r will be fixed and all limits will be taken as k — oc.
Theorem 4. (Vijay) Let f(k) — 0 arbitrarily slowly. Then N~ (k;r) > Vk - r¥/2 f (k).
Proof. Let n = Vk - r¥/2f(k). We will show that the probability that a random r-coloring of [1,n]

admits a monochromatic k-ap tends to 0 (as k — oo) by calculating the expected number of monochro-
matic k-aps in two ways. Consider a random r-coloring x of [1,n]. Let X; equal 1 if the i*" k-ap is



monochromatic under y; otherwise, let X; equal 0. Then

n2
(k—1)

X=>Y X
=1

is the number of monochromatic k-aps under y (where we are suppressing the asymptotic (1 + o(1))
in the upper limit). By the linearity of expectation, we have

2(k—1) 2k~ 1) n2 1 rk 9

2(1;1) 2(17;31)
E(X)= ) i-P(X=i)> P(X=4i)—P(X=0)=1-P(X =0)
i=0 i=0
Hence, we have 2(121‘;1) - f2(k) > 1— P(X = 0), so that
rk
P(X=0)>1— - f4k 1
( )z 20k — 1) P =
which completes the proof. O

We note here that if we consider the set of k-aps with gaps that are primes larger than k, we can
follow Vijay’s argument for an upper bound on N*(k;2) very closely to match his bound: N7t (k) <
k3/2 28/2g(k) for any function g(k) — oo (we will use the notation g(k) — oo as opposed to g(k) — 0
as found in [11]). In the next section, we construct a larger family of k-aps (than Vijay’s and than
those k-aps with prime gap larger than k) with the aim of lowering this upper bound on N7t (k;2) by
a factor of k, while also generalizing to an arbitrary number of colors.

2. A Structured Family of Arithmetic Progressions

For k,n € Z*, let APy(n) = {{(a,d)r C [1,n] : a,d € Z*}, i.e., the set of k-aps in [1,n] and let
Aj(n) ={(a,d)r, € APy(n) : d = j} so that APy(n) is the disjoint union of the A;(n):
=4
APy(n |_| Ag(n

We will now sieve out elements from each Ag4(n). Order the elements of A4(n) by their initial term.
Remove every k-ap in Ag(n) with initial term in

[(3j —2)d +1,3jd].



Let A4(n) be the set of elements in Ag4(n) which were not removed and define
s
APy(n) = | | Aa(n).
d=1

Notice that, for each d, every two intersecting k-aps in A4(n) have initial terms that are more than 2d
apart, by construction.

We next provide a useful lemma that gives bounds on the size of APy (n).

Lemma 5. Let k> 5. Then

| AP (n)]

AL < Py < L (1

Hence,
2 2

(1+0(1)) < [APg(n)| < )

—_— 1 1)). 2
T (14 0(1)) 2
Proof. Tt is a standard exercise to show that |APg(n)| = 2(]?—:)(1 +0(1)), so that the inequalities in (2)
follow immediately once we prove the inequalities in (1). The lower bound in (1) follows easily from
the sieving construction, hence we focus on the upper bound in (1).

For d € [1, #6) we have Agq(n) < 2|A4(n)|. To see this, note that since d < s We have
7d + (k — 1)d < n, so that A4(n) has at least 7d elements. Of the k-aps in A4(n) with initial term at
most 7d, our sieve admits exactly %ths of them to Ay4(n). By continuing the sieving process, starting

with the k-ap with initial term 7d + 1 (if it exists), we will remove at least twice as many k-aps from
Aq(n) as we add to Ag(n); hence, Aq(n) < 2|A4(n)| holds.

For d € [kiﬁ,z—:” we use the trivial bound A4(n) < Ag(n). Lastly, we note that |A4(n)| =
n — (k — 1)d. Hence,

Uclj {kie -1 ZT_H
AP = Y Aawl = Y Pl + Y. o)
d=1 d=1 .
[£3a)1 222)
<y NS L)
= i

 3k3 + 33k + 23k + 284

- e o)

< ——n?(1+4o0(1 for k > 5
_|AB(n)
2 )
which proves the upper bound in (2). O



We next give a result on how pairs of k-aps from APy(n) intersect.

Lemma 6. Let A = (a,b) and C = {(c,d);, belong to APy(n). Then |ANC| <k — 3. Furthermore,
(i) |[ANC| > [%] only if b= d;
(ii) [5] <|ANCI < [§] only if § € {3.5.3,1,3,2,3}.
Proof. We first argue that in order to have |[ANC| > (%W we must have % € {%, %, %, 1, %, 2, 3}. Consider
b <d. We have a+ib = c+ jid and a + (i + x)b = ¢ + jod for some i € [0,k — 2] and = € {1, 2,3} (else
we cannot have enough intersections) and j; < jo. Thus, b = (jo — j1)d. Since d > b we must have
J2 — 71 < x. This leaves % = % € {%, %, %, 1}. For d > b, we take reciprocals and achieve the stated
goal.

Now, in order for A and C to intersect in more than (%W places, there must be two consecutive
elements of, say, A in the intersection. Let a+ib and a+ (i + 1)b be two such elements. We must have
d < b in order for C to intersect both of these. So, let a 4+ ib = c+ jd and a + (i + 1)b = ¢+ ¢d. These
imply that b = (£ —j)d. If {—j > 1 then d < %. In this situation, C' intersects A in at most [%W places
since for every two consecutive terms of A, there exists a term of C' between them. Thus, { —j =1
and b = d as stated.

To show that [ANC| < k —3, note that we have proved part (i) so we need only consider k-aps with
the same gap, i.e., those in the same Zg(n) for some gap g. In order for two such k-aps to intersect in
more than k — 3 places, their starting elements must be within 2g of each other. As noted before, by
construction of Ay(n), this is not possible. O

Lemma 7. For a given A = (a,b)y € APy(n), the number of (c,d)r € AP(n) with ¢ > a that intersect
A in p places is

(i) O forp >k —3;
(ii) 1 for each p € H%W +1,k—3];

(i1i) at most 7 for each p € H%] NEE

Proof. Part (i) is just a restatement of part of Lemma 6. For part (ii), by Lemma 6(i), we must have
b = d. For a given p, we have ¢ = a + (k — p)d and the result follows. For part (iii), since b is fixed, d
must be one of the 7 gaps that adhere to Lemma 6(ii). In order to intersect in exactly p places, ¢ is
determined. a

With these lemmas under our belt, we are now ready to move onto the main result.

3. Main Result

We incorporate Theorem 4 into the main result, which we now state.



Theorem 8. Let f(k) — 0 and g(k) — oo arbitrarily slowly. Then,
VE -2 f(k) < N~ (k;r) < NT (ki) < V- r¥2g(k).

Proof. We need only to prove the upper bound on N*(k;7) and do so by using the family defined in
the previous section, along with techniques from [2] and [11]. To this end, let n = vk - 7¥/2g(k) and
partition [1,n| into intervals of length s = g4/+(k) , where the last interval may be shorter (and won’t
be used). Let I;, 1 < j < [%], be these intervals.

Fix an interval I, and randomly color each element of I, with one of r colors, where each color is
equally likely. Let X; be the event that the ™" k-ap in I, is monochromatic, where 1 < i < 5 (k 0 holds
by the lower bound in (2) (and we suppress lower order terms). Denote by p the probability that a
monochromatic k-ap exists. Via one of the Bonferroni inequalities, we have

6(1:21 6(k21)
p=|P U X; ZP - > PXij).
1<i<j<g (k o
Hence,
5 & ! > PXinX;)
P=6—1) v e
1<7’<]<6(k 0

We now focus on the double summation. With a slight abuse of notation, we rewrite this as

YooY P(XanXy),

beﬁk (8) aeﬁk (8)

where the initial term of b is at most as large as the initial term of a. For a given b € AP}(s) with gap
g, we define:

Sy ={a € Ay(s) :anb+0};
= {a € Ay(s): {%1 <lanbd| < [4] and { € {$.4,%,3,2,3}}
={a€ APy(s):anb#0and a & S, UT}};

Ry ={a € APy(s) :anb=0}.

Note that APj(s) is the disjoint union S, LT U Qp LI Ry. With these definitions, the double summation
becomes

Yo D PXanXy)+ > P(XanXy)+ Y P(XaNXp)+ Y P(Xa)P(Xy)

beﬁk(s) a€Sy a€Ty a€Qy a€ERy



Appealing to Lemmas 5 and 6, we find the following (for k sufficiently large):

= 1 1 1 1
Z P(XaNXp) < Z Pk gkl 2kl = PRl (3)
a€Sy =2

7([E5] - [£]+1 1
> P(X.NXy) < ({QLH,[fj ) < g (4)
aETb

sk? 1

E P(XaNXp) < kT2k/3 S 3 (5)
a€Qp
S P(XanXy) < il < 1! (6)
e T VT i REC
aERy

where: (3) holds since there is exactly one such k-ap that intersects b in k — 1 — i places and Lemma
7(i) gives i > 2; (4) follows from Lemma 6(ii) and Lemma 7(iii); (5) holds from the lower bound in
Lemma 6(ii) and since sk? or fewer k-aps intersect a given k-ap (there are k choices for which element
of the given k-ap is intersected, k£ choices for which element of an intersecting k-ap is used, and less
that s choices for the gap of an intersecting k-ap); and (6) holds by using the upper bound in (2) along
with independence since the two k-aps do not share any element.

Using these bounds, we have

a€Sy a€Ty a€Qy aERy

Hence, using the upper bound in (2), we have

Y Y PEanxy< L
s L oA = =) ok
beAPk(s) a€APy (S)

so that
s 1 s 1 (2r—3)s* 1

> . — R Sl A
P=6k—1) 1 a(k—1) rF 12(—1) o
This gives us that the probability that I, has no monochromatic k-ap from APy(s) is at most

_(2r—3)s? o (2r — 3)n? bk 2w-3 . 23
120k —1)rk =7 12¢88(k) - (k— L)k~ g2B(k) k—1 12— 12¢2B(k)

Thus, the probability that none of the intervals I; contains a monochromatic k-ap from APy(n) is, for
k sufficiently large, at most

4/3(]6)71 4/3

(2r—3) \Y (g*/3(k)~1)(2r=3) 2r—3 1/3

(1 - 1292/%)) ~ oxp (‘ T ) < oxp (=257 PR) =2 0

It follows that the probability that one of the intervals I; contains a monochromatic k-ap from APy (n)
tends to 1. Hence, the probability that a random r-coloring of [1,n] admits a monochromatic k-ap also
tends to 1, thereby completing the proof. O
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