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1 Boolean algebra

The language of Boolean algebra consists of two binary function symbols U and N, one unary
function symbol , and two constants 0 and 1. The axioms of Boolean algebra, as found in [3,
pages 7-8], are:

(By) zU(yUz)=(xUy)Uz (B)) zn(ynz)=(zxNy)Nz
(B2) zUy=yUx (By) zny=ynz

(By) wU(zny) =2 (B)) «n(zUy) =1

(By) zNnyUz)=(xny)U(znz) (B)) zU(ynNz) =(xUy)N(zUz)
(B;) zUT=1 (By) zNnz=0

I will refer to these axioms collectively as B. Axioms B; and B are called the associativity of
U and N, respectively. Axioms By and B, are called the commutativity of U and N, respectively.
Axioms Bs and Bj are called the absorption axioms. Axioms B4 and B} are called the distributivity
axioms. Axioms Bj; and BY are called the complementation axioms. If one term can be obtained
from another simply through applications of By, B}, Ba, and B}, the two terms will be called AC
identical. In most proofs, applications of associativity and commutativity will go without mention.

It will aid our discussion to have at our disposal some of the well-known properties of Boolean
algebras.

Proposition 1 (Idempotence). Bz Uz =z =zNuz.
Proof. By absorption, tUz =z U (zN(zUx))=z,andzNz=zN(zU(zNzx)) ==z O
Proposition 2. BFazUy=y—zNy==x.

Proof. If x Uy = y, then by absorption x Ny = x N (z Uy) = x. Conversely, if z Ny = x, then by
absorption z Uy = (zNy) Uy = y. O

Proposition 3. BFaxzUO0=z=2nN1.
Proof. By Bf and B, tU0=2U(zNZ)=2. ByBs; and B, 2N1=2N(zUZT) =z. O
Proposition 4. BFzN0=0AzU1=1.

Proof. By Bj and idempotence, t N0 =2 NaxNT =2 NZ = 0. By By and idempotence, x U1 =
rUrzUzT=2UT=1. ]

Definition. Two elements x and y of a Boolean algebra are complements if tUy = 1 and zNy = 0.



Proposition 5. T is the unique complement of x.

Proof. The elements x and T are complements by Bs and Bf. Suppose y and z are both complements
of x. Then

y=yNnl z=2zN1 (by 3)
=yN(zxUz) =zN(zUy) (by hypothesis)
=(ynz)Uynz) = (zNa)U(zNy) (by Ba)
=0U(yNz) =0U(zNy) (by hypothesis)
=yNz. =zNy. (by 3)

Hence y = z. O

Proposition 6. BF 7 = .
Proof. Both z and T are complements of T. O

Proposition 7. Bz =9y — z =y.

Proof. If T =7, then by the previous proposition, t =T =7 =1y O
Proposition 8. BF0=1A1=0.
Proof. By Proposition 3, 0U1=1and 0N1=0, so 0 and 1 are complements. O

Proposition 9 (De Morgan). BFzUy=ZNygAzNy=TU7T.

Proof. By distributivity, Bs, and Proposition 4 we have:
(zrUy)U(ZNy)=(xUyUZ)N(zUyUTY)=(yUul)N(zUul)=1Nn1=1.

By distributivity, B, and Proposition 4 we have:
(zUy)N@ZNY)=(xNZNy)U(yNzUY) =(0Uy)NONZ)=0N0=0.

Thus Uy and T Ny are complements. The dual argument shows that x Ny and * U7y are
complements. ]

It follows immediately from De Morgan’s laws and Proposition 6 that xUy = TNy and zNy =7 U 7.

2 Huntington algebra

In 1933, E.V. Huntington [2, 1] showed that the following three axioms, to which I shall refer as
H, form a basis for Boolean algebra. That is, any theorem of Boolean algebra can be derived from
the three, and none of the three can be derived from the other two.

(Hy) 2U(yUz)=(xUy)Uz (associativity )
(H2) zUy=yUx (commutativity)
(Hs) zUgUzUy==x (Huntington equation)

The term T Uy UZ Uy will be called the Huntington expansion of x by y. It is easy to prove that
every Boolean algebra satisfies Huntington’s axioms.



Theorem 10. B + H.

Proof. Since Hy and Hs are identical to By and Bs, all we need to prove is the Huntington equation.
We can restate the Huntington equation as:

(xNy)U(zNyg) = =x.
By distributivity, Bs, and Proposition 3,
(xNy)U(zNy)=znN(yUy)=xznN1l=uxz. O

Observe that Huntington’s axioms use only one binary function symbol U, and one unary
function symbol . Strictly speaking, to show that H is a basis for Boolean algebra, one must
expand the language of Huntington algebra to include N, 0, and 1 by defining them in terms of U
and . On occasion, we will use the abbreviation nx =z U ... Uz,

—_

n

3 Robbins algebra

Shortly after Huntington proved his result, Herbert Robbins conjectured that the following three
axioms, to which I shall refer as R, also form a basis for Boolean algebra.

(R1) zU(yUz)=(zUy)Uz (associativity)
(R2) zUy=yUxz (commutativity)
(R3) zUyUxzUy==2x (Robbins equation)

The term x Uy U x U7y will be called the Robbins expansion of x by y. It is equally easy to prove
that every Boolean algebra satisfies Robbins’ axioms.

Theorem 11. B+ R.

Proof. Since R; and Ry are identical to By and Bs, all we need to prove is the Robbins equation.
We can restate the Robbins equation as:

(zUy)N(zUy) = z.
By distributivity, Bf, and Proposition 3,
(zUy)N(zUy) =2zU(yNy)=2U0 ==x. O

The Robbins equation is simpler than the Huntington equation. It has one fewer occurrence
of . Despite the similarity of Huntington’s and Robbins’ axioms, Robbins and Huntington were
unable to find a proof that all Robbins algebras are Boolean. The question “Are all Robbins
algebras Boolean?” became known as the Robbins problem.

The problem remained unsolved for many years. According to McCune [4], the first major
step toward the solution came in the 1980s when Steve Winker proved several conditions sufficient
to make a Robbins algebra Boolean. That is, any Robbins algebra that satisfies one of Winker’s
conditions is a Boolean algebra. The problem was finally solved in 1997 by EQP, a theorem prover
created at Argonne National Laboratory, which under the direction of William McCune proved
that all Robbins algebras satisfy what is known as Winker’s first condition.

The remainder of this paper will present a complete proof that all Robbins algebras are
Boolean.



4 HFB

First, we will prove some basic properties of .
Proposition 12. HF 2 UZT =7 UT.

Proof. Use the Huntington equation to expand x and T by T:

rUT = (EU%UEUE) U (%U%U%U%).

Likewise, use the Huntington equation to expand z and 7 by 7:

TUT = (EUEUEUE> u (%UfU%UE) :
The right-hand sides of these two equations are AC identical. Therefore x UZ = T U T. 0

Proposition 13. H+-7 = x.

Proof. Use the Huntington equation to expand Z by ¥, then simplify with Proposition 12 and the
Huntington equation applied to x and 7:

T=TUTUTUZ=ZUTUTUT ==z O
Proposition 14. HFxz =y -z =y.
Proof. If T = 3, then by the previous proposition, z =7 =7 = v. O

Next, we define N and prove some useful propositions such as De Morgan’s laws.
Definition. z Ny =7 U7y.

Proposition 15. HF2xUy=TNyAzNy =2 U7.

Proof. By the definition of N and Proposition 13, 7Ny =Z Uy = x Uy. Similarly, z Ny =TUY =
ZU7. O
Proposition 16. HFz Uy =7 N7y.

Proof. By Propositions 13 and 15, zUy =2Uy =7 NYy. O

Proposition 16 shows that we could formulate the axioms of Huntington algebra in terms of
~and N instead of and U. We can also give a more intuitive formulation of the Huntington
equation in terms of all three symbols.

Proposition 17. H+ (zNy) U (zN7y) = .

Proof. (xNy)U(zNy)=TUygUTUy=2UyUTUY = z. O

The associativity and commutativity of N follow directly from the associativity and commuta-
tivity of U.

Theorem 18. H + BY.

Proof. By Proposition 15, N (yNz) = TUyNz = zU(JUZ) = (TUY)UZ = z2NyUZ =
(zNy)Nz. O



Theorem 19. H - B,

In any Huntington algebra, the function defined by f(x) = x UZ is constant.
Proposition 20. HF 2z UZ =y U7.

Proof. Use the Huntington equation to expand x and T by 7:

fo:<fUEUfuy>u<§u§uiuy>

Likewise, use the Huntington equation to expand y and y by =:

yuy:(yuiuiUi)u<§u§U§Uf).
The right-hand sides of these two equations are AC identical. Therefore, z UZ =y U7. O
We can now extend the language of Huntington algebra to include the constants 0 and 1.
Definition. 1 =2 U7Z.
Definition. 0 =1 =2z UTZ.
Observe that by the definition of 1 we have H F Bs.

Theorem 21. H - Bf.

Proof. By Proposition 13, zrNz=zUT=2Uz = 0. O
Proposition 22. HFzUO0O=z =2 N1.

Proof. First, apply the Huntington equation to 0 and 0 to obtain:

I1=0=0U0U0UO=0UOUO=TUTUT. (1)

Second, use equation (1) to obtain:

Third, use equation (2) to obtain:
l1=(1ul)ulul=1U(lUTUl)=1UL (3)
Fourth, use equations 1 and 3 to obtain:
0=1=1UlUl=1UlI=0U0. (4)

Fifth, use the Huntington equation applied to = and x and equation (4) to obtain,

tU0=(ZUZUZUZ)U0=ZTUTU0UO=T

C

TUO=TUzUZUz = 2. (5)

s}
I
&Il
I
=
U

Finally, by equation (5) and 13, ztN1=2U1=TU

Proposition 23. HFxUzxz =2 =xNx.



Proof. By the Huntington equation applied to x and z, and Proposition 22,

r=zUzxUzUzr=2UzU0=2Ux=2Nx.
Therefore, by Propositions 16 and 13 we have ztUz =TNT =7 = z. O

Proposition 24. HFzN0=0AzU1=1.
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Proof. By Proposition 23, Ul =zUzUZ=2UxT=1. ThuszN0 =

Theorem 25. H F Bs.

Proof. Use the Huntington equation to expand z by y, then simplify with Proposition 23 and the
Huntington equation applied to x and y:

zU(zNy)=zUygUzUyUTzUy=2UgUTUy =1. O
Theorem 26. H - Bj.

Proof. By Proposition 15, B3, and Proposition 13,

NzUy)=zUzUy=ZU(ZTNY) =T = z. O
Theorem 27. H+ By.
Proof. First, use the Proposition 17 to expand x N (y U z) by y:
NyUz)=[zNn(yUz)nylUlzn(yuz) Ny,
which by Bj applied to y and z simplifies to:
N(yUz)=[zNylU[zN(yU=z)Nyl.

Now use Proposition 17 to expand each square-bracketed term by z,

NyUz)=[znynz)Uxnynz)]U[(zNn(yUz)NygNz)U(zN(yUz)NyNZ)]
=lznynz)U(znynz)ullzngnz)U(zN(yUz)NygNz)] (by Bj)
=lznynz)U(znynz)ul(zngnz)U(zN(yUz)NyUz)] (by 15)
=[(znynz)U(zNnynNz)]U[(zNgNz)U (zN0)] (by Bf)

=[(znynz)U(zNnynNz)]U[(xNnygnNz)ul] (by 24)
=(zNyNz)U(zNynNz)U(xNynz) (by 22)
=(xzNnynNz)U(znynz)U(zNnynNz)U(xNyNz) (by 23)

=(zNy)U(zNz). (by 17)

The proof of Theorem 27 was discovered by Don Monk.

Theorem 28. H + Bj.



Proof.

xU(yNz)=TUyuUz (by 13)
=ZN(FUZ)
=(@nyu(Tnz) (by B4)
=rxUyUzUz (by 15)
=(zUy)N(zUz2). O
Theorem 29. H - B.
Proof. By the definition of 1 and Theorems 18, 19, 25, 26, 21, 27, and 28. [

5 R+W;FH

In 1992, Winker [5] proved that each of the following axioms is a sufficient condition for a Robbins
algebra to satisfy the Huntington equation, and therefore to be a Boolean algebra.

(Wop) T=ux (double negation)
(W_1) zU0==x (zero)

(Wog) aUa=a (idempotent)

(W1) aUb=b (absorption)

(Ws) aUb=10b (absorption within negation)

Note that in the above equations, x is a variable, while 0, a, and b are constants.
Theorem 30. R+ W_s - H.

Proof. Since Hy and Hs are identical to Ry and Rs, all we need to prove is the Huntington equation.
Apply the Robbins equation to T and y to get TUy UZ Uy = Z. Then by W_o,

TUyUZUYy=7UyUTUY =T = .
Commuting terms on the left yields the Huntington equation. O

Theorem 31. R+ W_1 F W_,.
Proof. Use the Robbins equation to expand 0 by x, then simplify with W_; to obtain:

0=0UxzUOUT=TUT. (6)

Use the Robbins equation to expand T by Z, then simplify with equation (6) and W_; to obtain:

Use the Robbins equation to expand z by Z, then simplify with equation (6) applied to Z to obtain:

Therefore 7 = z. Substitute z U Y
both sides to get:

8
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Theorem 32. R+ Wy - W_;.

Proof. Suppose a U a = a, and define 0 = a Ua. We will show that x U0 = z.
Use the Robbins equation to expand a by a, then simplify with Wy to get:

a=aUaUaUa=aUDO. (7)

Use the Robbins equation to expand a Uz by a, then simplify with Wq to get:

aUzr=aUzUaUaUzUa=aUzUaUzUa. (8)

Use the Robbins equation to expand x by @ U 0, then simplify with equation (7) to get:

r=zxUaU0UzUaU0=2xUaU0UzUa. (9)

Use the Robbins equation to expand @ by a U@, then simplify with equation (7) to get:

a=aUaUaUaUaUa=aUaUaUa. (10)

Apply equation (9) to a, then simplify with Wy to get:

a=aUaU0UaUa=aUaU0Uua. (11)

Use the Robbins equation to expand a by a Ua U @, then simplify with equation (10) and Wy to
get:

a=aUaUaUaUaUaUaUa=aUaUaUa. (12)

Use the Robbins equation to expand a Ua U@ by a, then simplify with equations (10) and (12) to
get:

aUaUa=aUaUaUaUaUaUaUa=aUa=0. (13)
By equations (10) and (13):

a=aUaUaUa=aUDO. (14)

Apply equation (8) to 0, then simplify with equations (14) and (11) to get:

aU0=aUOUaUOUa=aUaUO0Ua = a. (15)

Use the Robbins equation to expand x U 0 by a, then simplify with equations (15) and (9) to get:

zUO0=2zUO0UaUzUOUa=oxUaUxzUO0Ua=z. O

The proof of Theorem 32 was found by EQP. It is shorter than Winker’s original proof.

Lemma 33. R-FaUbUc=aUbUC— aUb=a.

Proof. Use the Robbins equation to expand aUb by ¢, then apply the hypothesis and simplify with
the Robbins equation applied to a and b U ¢:

aUb=aUbUcUagUbUc=aUbUcUaUbUc=a. O

Lemma 34. RFaUbUc=bUaUc— a=0.



Proof. Use the Robbins equation to expand a by bU ¢, then apply the hypothesis and simplify with
the Robbins equation applied to b and a U c:

a=aUbUcUaUbUc=bUaUcUbUaUc=0. O

Lemma 35. RFaUb=c—aUbUc=a.

Proof. Use the Robbins equation to expand a by b, then apply the hypothesis:

a=aUbUaUb=aUbUec. O]

Lemma 36. For every positive integer k, R-aUb=c—aUbUk(aUc) = c.

Proof. By induction on k. Let by = b and b, = bUk(aUc). By hypothesis, a U by = c. Now assume
aUby, = c. Then by Lemma 35, a = a U b, U ¢, so we have

aUbgy1 =aUbyUcUbyUaUc=c,

by the Robbins equation applied to ¢ and a U by. ]

Lemma 37. For every positive integer k, RFaUbUb=a — bUk(aUaUDb) =b.

Proof. Let aUb = c and by, = bU k(a U c). Then by Lemma 36,

aUby=aUbUk(aUc) =c.

By hypothesis, ¢ Ub = a, so by Lemma 36,

cUby, =cUbUk(cUa) = a.

Therefore,

bpUbUc=b,Ua=c=bUa=bUb,Uc,

so by Lemma 34 applied to by, b, and ¢, we have by, = b. ]

This proof of Lemma 37 was discovered by an automated theorem prover [6].

Lemma 38. For every positive integer k, RFaUb=>b—bUk(aUaUb) =b.

Proof. Observe that by hypothesis, aUbUb = aUbUaUb = a, so the conclusion follows from
Lemma 37. O

Lemma 39. RF2¢Ub=0b=3aUb— 2aUb=3aUb.

Proof. Applying Lemma 38 to 2a and b with k£ = 1 yields:

20UbU2aUb=bU2aU2aUb=0b.

Applying Lemma 38 with £ = 1 to @ and 2a U b yields:

2aUbUaUaUb=2aUbUaUaU2aUb=2aUb=0b.

Hence

20UbU2aUb=2aUbUaUaUb,
so by Lemma 33 we have 2a Ub =2aUbU a. O



Lemma 40. R (aUb=bVaUbUb=a) - bU2(aUaUb)=bU3(aUaUb).

Proof. Apply either Lemma 37 or 38 to obtain

bU2(aUaUb)=b=bU3(aUaUb).

Then use Lemma 39 applied to a Ua Ub and b to conclude bU2(aUaUb) =bU3(aUaUb).

Theorem 41. R + W - Wj.

O]

Proof. Let aUb =b. Define ¢ =bU2(aUb) and d = cUcUc. We will show that 3d U 3d = 3d.

First observe that by Wy,

aUc=aUbU2(aUb) =bU2(aUb) =c.

By W; we have a Ub = b, so by Lemma 38 and W1,

b=bU2(aUaUb)=bU2(aUb) =¢.

By equation (17), Wy, and Lemma 40,

cUalUec = bU2

By equations (16), (18), and the Robbins equation applied to ¢ and a U ¢ we have

cUcUec=cUaUcUcUaUc¢=c,
which satisfies the hypothesis of Lemma 40 applied to ¢ and ¢. Hence,

cU2d=cU2(cUcUc) =cU3(cUcUc) =cU3d.

Therefore, 4d =3dUcUcU¢=2dUcUcU¢ = 3d. Repeat twice more to obtain 6d = 3d.

Theorem 42. R+ W; - H

Proof. By Theorems 30, 32, and 41.

6 RFW,;
Lemma 43. RFzUyUxUy =y.

Proof. This is just a restatement of the Robbins equation.

Lemma 44. RFzUyUzUyUy=2Uy.

10
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Proof. Applying Lemma 43 to T Uy and x Uy yields:

zUyUzUyUzUyUx Uy =2xUy.

Use Lemma 43 applied to x and y to simplify the left-hand side of the equation:

yUzUyUzUy=xUy.

Commuting terms on the left-hand side yields the desired result.

Lemma 45. RFzUyUzUyUy =T Uy.

Proof. Applying Lemma 43 to x Uy and T U y yields:

sUyUzUyUaxUyUzUy =2UUY.

Use Lemma 43 applied to x and y to simplify the left-hand side of the equation:

yUoxUyUzUy=7TUuy.

Commuting terms on the left-hand side yields the desired result.

Lemma 46. RFzUyUxUyUyUzUy =1y.

Proof. Applying Lemma 43 to T Uy U x Uy and y yields:

zUyUzUyUyUzUyUxUyUy =1y.

Use Lemma 45 applied to x and y to simplify the left-hand side of the equation:

zUyUzUyUzUyUy =1y.

Commuting terms on the left-hand side yields the desired result.

Lemma 47. RFzZUyUxUyUyUZUyUzUyUz = 2.

Proof. Applying Lemma 43 to w and z yields:

wUzUwUz = 2.

Let w=72UyUzUyUyUZTUy. Then by Lemma 46, w = y, so we have:

yUzUwUz =z

which expands to:

yUzUzUyUzUyUyUzUyUz = 2.

Commuting terms on the left-hand side yields the desired result.

Lemma 48. RFzUyUxUyUyUzUyUyUzUzUz=yUz.

11



Proof. Applying Lemma 43 toz Uy Uz Uy Uy UT Uy U z and yU z yields:

zUyUzUyUyUzUyUzUyUzUZUyUxzUyUyUzUyUzUyUz=yUz.

Use Lemma 47 applied to x, y, and z to simplify the left-hand side of the equation:

zUZUyUxzUyUyUzUyUyUzUz=yUz.
Commuting terms on the left-hand side yields the desired result.

Lemma 49.

RFZUyUzUyUyUZTUyUyUzUzUzUuUyUzUu=u.

Proof. Applying Lemma 43 to w and u yields:

wUuUwUu = 2.

Let w=7UyUzUyUyUzUyUyUzUzUz. Then by Lemma 48, w = y U z, so we have:

yUzUuvUwUu =u,

which expands to:

yUzUuwUZUyUxzUyUyUzUyUyUzUzUzUu = u.

Commuting terms on the left-hand side yields the desired result.

Lemma 50. RF32UzU3zU3zUzUbx =3z Ux.

Proof. Applying Lemma 44 to 3z and 3z U z U 2z yields:

3xU3zUxzU22U3zU3zUzU22x U3z Uz U2z =32 U3z Uz U2,

which simplifies to:

3xUzUbBzxU3zU32zUxzU2xU3zUz U2z =3z Uz U bz,

Applying Lemma 49 to 3z, z, 2z, and 3z U x yields:

3rUxzU3zUzUzU3zUzUzU20U2x U222 U3z Uz Uz U222 U3z Ux =3z U,

which simplifies to:

3xUxzUbBzU3zUzU32x U2z U22U3xUxU3zU3zUxr =3z Uz,

Now use equation (21) to further simplify, yielding:

3xUzUbBzrU3zU3zUx =3z Ux.

Commuting terms on the left-hand side yields the desired result.

12
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Lemma 51. R+ 3z Uz Ubx = 3z.

Proof. Applying Lemma 43 to 3x U x U3z and 3z U x U 5x yields:

3xzUxzU3zU3zUzUbzxU3zUzU3zU3xUxUbBz =3xUxUb>bz.

Use Lemma 50 applied to x to simplify the left-hand side of the equation:

3zUzU3zxUzU3zU3rUzUbz =3zxUxUbz. (22)

Applying Lemma 47 to 3z, x, and 3z yields:

3xrUzU3zrUxzUzU3rUx U3z Uz U3x = 3z. (23)

The left-hand sides of equations (22) and (23) are AC identical. Therefore, 3z Uz U bz = 3z. [

Lemma 52. RF3zUzU32xU2zU3z =3zUzU2z.

Proof. Applying Lemma 43 to 3z and 3z U z U 2x yields:

3rU3r Uz U2 U3z U3z Uz U2 =32 Uz U2,

which simplifies to:

3xUzU3zU2zxU3zUxzUbzr =3z Uz U 2z.
Use Lemma 51 to simplify the left-hand side of the equation:

3xUxzU3zU22U3x =3z Uz U2x. O

Lemma 53. RF3z Uz U3z = z.

Proof. Applying Lemma 43 to 3z Uz U 4x and x yields:

3rUxzU4zr Uz U3z Uz U4 Uz = x,

which simplifies to:

3zUz U4z Uz U3z Uz Ube = .
Use Lemma 51 applied to x to simplify the left-hand side of the equation:

3zUzUdz Uz U3z = x. (24)

Applying Lemma 45 to 3z and x yields:

3rUxzU3zUzUx =3z Uux,

which simplifies to:

3rUzUdzUx =3z Uxz. (25)
Use equation (25) to simplify the left-hand side of equation (24), yielding;:

3xUx U3z ==z. O

13



Lemma 54. RF3zUzU3zUyUzUy =y.

Proof. Applying Lemma 43 to 3z U x U 3z and y yields:

3rUzU3zUyU3zUxz U3z Uy =v.

Use Lemma 53 applied to x to simplify the left-hand side of the equation:

rUyU3zUzU3zUy = 1.
Commuting terms on the left-hand side yields the desired result.
Theorem 55. R+ W;

Proof. Applying Theorem 54 to x and 2x yields:

3rUxz U3z U2z Ux U2z = 2,

which simplifies to:

3xUxz U3z U2z U3z = 2z.

Use this equation to simplify the left-hand side of Theorem 52, yielding:

2¢ = 3z U x U 2z.

Theorem 56. R + B.

Proof. By Theorems 29, 42, and 55.
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