Math 164 MIDTERM EXAM SOLUTIONS 21 March 2006

la. Are the pairs of vectors below parallel, orthogonal or neither?

(i)  (=5,15,10) and (3, -9, —6)
Parallel: (—5,15,10) = —3(3,—9, —6). (Alternately, the vectors are
parallel because the cross product is zero.)

(i) (1,0,7) and (3,6,2)
Neither: Both the cross and dot products are nonzero.

(iii) (sin@,cosf,e~?) and (siné, cosf, —e’)
Orthogonal: The dot product is zero.

1b. Find a unit vector perpendicular to (0,1, —1) and (3,2, 1).
Solution. The cross product

V =(0,1,-1) x (3,2,1) = (3,-3,-3)
is perpendicular. Divide V' by it’s length to get a unit vector

ooV _ < 111 >
VI \V3 V3 VB
(Notice that —U = <_\/L§’ \/%, \%) is also a correct answer.)

2. The planes x — z = 4 and —2y + z = —3 intersect in a line. Write down the symmetric
equations of this line.

Solution. Any point (z,y, z) must satisfy both equations. This means that both z =z — 4
and z = 2y — 3. So the symmetric equations are

r—4=2y—3==z.

Remark. Compare this with the generic formula for symmetric equations

L—Zo Y—Y <2~ %

a b c

to see that the line passes through the point (xg, yo, 20) = (4, %, 0) and points in the dirction
of (a,b,c) = (1,3,1).

Alternate Solution. The normal vectors to the planes are Ny = (1,0, —1) and Ny = (0, —2, 1).
Since the line lies in both planes, it will be perpendicular to both normal vectors. This means

the line points in the direction of
V ={a,b,c) = Ny x Ny = (1,0,—1) x (0,—-2,1) = (=2, —-1,-2).

Also, the point (xg, yo, 20) = (4, %, 0) lies in both planes (because it satisfies both equa-

tions). So the line of intersection must pass through this point. We may write the symmetric
equations as




This answer is correct! Just multiply each term by -2 to see that we have the answer in the
first solution.

3. Compute the linearization of f(x,y) = /2% + y? at (3,4), and use it to approximate the
number/(2.8)2 + (4.1)2.

Solution. Use the formula L(z,y) = f(3,4) + f.(3,4)(x — 3) + f,(3,4)(y — 4) to obtain

3 4
L(z,y) = o+ _y.

Then

124 24
V(2.8)2 4+ (4.1)2 = f(2.8,4.1) = L(2.8,4.1) = o5 =4+ 50

4. Consider the hyperboloid of one-sheet 2% + 4y? — 922 = 16.

4(a). Find the tangent plane at (5,0, —1).

Solution. This surface is a level set of the function f(z,y,2) = 2* + 4y? — 922, So the
gradient

Vf = <fx7fyvfz> = <2$a 8ya _18Z> = <10707 18> :

is perpendicular to the surface. This is our normal vector N = (a,b,c). So the generic
formula for a plane a(z — x¢) + b(y — yo) + c(z — 29) = 0 gives us

0=10(z —5) + 18(z + 1)

or
O0=5x+9z — 16.

4(b). At which points of the hyperboloid is the tangent plane perpendicular to the line
L(t) = (—10,10¢,1 + 9¢)7

Solution. The tangent plane will be perpendicular when its normal vector N = Vf =
(2x,8y, —18z) points in the same direction as the line V' = (0,10, 9). In order for these two
vectors to be parallel we must have

10 8y
=0 d — = .
! o 9~ 18z
Equivalently,
5
x=0 and y=—3%

Plug this into the equation of the surface to obtain z = 4+1. This gives us y = :Fg. So there
are two points on the hyperboloid where the tangent is perpendicular to the line

5 5
0, —5,1 and O, 5,—1 .



5. The table to the right lists some of the values for a
function f(x,y), and its derivatives, at the points (2,0) flfellfy

d (0, 7).
and (0, 3) (2,0) 10| 5 | -1

Use f(z,y) to define a new function

9(0,¢) = f(cosf + sinp, tan(6yp)) .

dg . 99 x
Compute 2 and 9 at (0, 3).

Solution. We have (0, ¢) = (0, §) and (z,y) = (cos 0+sin ¢, tan(6y)), so that (z,y) = (2,0).
This give us

dg of  9fdx _Ofdy

2000 ~ 0000  dyod

— —5sin0+ (—1)Zsec?0 = —

= mn 2SGC = >
wd  09_0f _ ofox ofoy
dp 0o  0xrdp Oydyp

= 5COS%—1-OSGC20:O.

6. Use the table above to find the maximum rate of change in f(z,y) at (2,0) and the
direction in which it occurs.

Solution. The direction is

Vf - <5a _1> ’
and the rate is
IV f| = v26.

7. Suppose f,(—1,1) =0 = f,(—1,1). In each case, what can you say about z = f(xz,y)?

(a) fu(—1,1) = —100, fay(—1,1) =5, fuw(—1,1)=0
(b) fxoc(_la ]-) - 47 fxy(_17 1) - _67 fyy(O,Q) - 9
(c) fee(—1,1)=-1, fay(—1,1) =2, fy(—1,1) = =8

Solution. The second derivative test tells us that (—1,1) is a saddle point in part (a),
and that f(—1,1) is a local maximum in (c). The second derivative test fails (D = 0) in
part (b). So we may only say that the tangent plane is horizontal here.

8. Find the area of the largest rectangle that can be inscribed in the ellipse

a’x? + b2y2 =1.

3



Solution. This is a Lagrange multiplier problem. We want to maximize area f(z,y) =
(22)(2y) = 4xy subject to the constraint g(x,y) = a?z* + b*y? = 1. Start by computing the
gradients

Vi=4y,x) and Vg = 2(a*z,b*y) .

These two vectors will be parallel when f is optimized:
y = \a’z and = \by.
Multiply the first equation by z and the second by y to see that
Nax? = Aoy

We would live to divide both sides by A. To do so we must rule out the possibility that
A = 0. (Notice that 0 = A = 2 = y is a solution to the equations above.) But if \ is zero,
then the two Langrange equations above say x = 0 = y. This will give us Area = 0, which
is certainly not the maximum. So it is safe for us to assume that A # 0. Hence

a’z? = b*yP.
Now the equation of the ellipse tells us that a®z? = 1, so that

_ ! and —L
a2 oR

We conclude that the largest rectangle that can be inscribed in the ellipse has area

X

4 2
Ty = —.
Y ab

9a. Given only the information that
fye = 2%+ cosy,

determine f,,.

Solution. Use the equality of mixed partial derivatives: f, = fye.

1
9b. Compute the partial derivatives of z = tan(zy) + eV’ + Y
x
Solution.
0z In
= = ysec*(zy) + y2e™¥ — =Y
ox x?
0z 1
— = xsec’*(xzy) + Z:I:mey2 + —.
dy Ty



10. Compute the volume enclosed by the paraboloid z = z? + 3y? and the planes = = 0,
y=1,y=xand z =0.

Solution. We are integrating over the triangle in the xy-plane enclosed by the lines x = 0
(the y-axis), y = 1 (horizontal line), and y = x (diagonal line). So the volume will be

1 pry 5
// (* + 3y ) dody = —.
0 Jo 6



