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Abstract
We show how to obtain the solutions of families of systems of two Pell equations;
these families are parameterized by the prime numbers.

-Dedicated to the memory of John Selfridge.
His opera voice is no more, but his voice in mathematics will continue to be heard,

powerful.

1. Preliminaries

In recent years one finds several articles dedicated to simultaneous Pell equations,
especially by Bennet and Walsh.

In this paper we apply an algorithm introduced in [11] to obtain explicit solutions
for certain types of systems of Pell equations which were not considered previously
by other authors.

Let F > 1 and let € = ¢ + dV'F be the fundamental unit of Z[\/F], let P = 2¢c
and Q = ¢? — d*F = +1. We also define

ifQ=1
I _ /_'_d/\/F: € 1
€= 2 Q=1

Let U, = Up(P, Q) and V,, = V,,(P, Q) be the terms of the Lucas sequences with
parameters (P, Q). We note that V,, is even, Vs, = 2 (mod 4) and

Vi
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for every n € Z.
Let f be a nonzero integer and § = |f|/f. If a and b are integers satisfying
a’® — Fb? = f and such that

/
0<a< M and Ogbgd/ ﬁ’
2 2(c' +96)
we say that (a,b) is a fundamental solution of the Pell equation
w2 — Fy? = f. (1)

If n > 0, we write z,, + yo,vVF = (a + bV/F)e" (x, and y, depend on (a,b), but
this need not be expressed in the notation). Nagell ([8], [9]) proved that if x > 0
and y > 0 and if 22 — Fy? = f there exists a fundamental solution (a,b) and n > 0
such that Q" =1 and x = z,,, y = y,,. Then

Ty = a% + bdFU,

Va
Yn = adU, + b;.

Ifs>1let

ks = %(2 + QS‘/QS)a
hs = %(2 - QS‘/Qs)a

so ks, hs are integers, different from 0 and 1, and ks + hs = 1. For every s > 1 and
n > s with Q™ = 1 we have the relations

1'721 — Fyn_synys = fks (2)
22 — 2y Tpis = fhs. (3)

Relation (2) was proved in [11] and the proof of (3) is similar.
The following theorem was proved in [11]:

Theorem 1. Let F' > 1, G > 1 be square-free integers, let f # 0 and s > 1 be
integers, let g = fks or fhs. Then there exists an effectively computable integer
N >0, depending on F', G, f and s, such that if t >0,y >0, 2>0andp=1 or

p is a prime number, and if
{ o —Fy’ = f

z? —pGz? =g,

(4)
then x,y,z,p < N.

The proof of the theorem implies a method which in many cases allows one to
determine explicitly the solutions of (1). In [11] we gave a numerical example to
illustrate the method. Owur purpose here will be to give more examples and to
discuss the short-comings of the method.
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2. The Original Example of Ljunggren

In the papers [3], [4], [5] and [6] Ljunggren studied among others, the equation
ot — Fy? =1,

where F' > 1 is square-free. When F' is a prime number, Ljunggren proved the result
in example 1. Our method of proof is very natural, but to be fair to Ljunggren, it
can be considered as a streamlined reformulation of his proof.

Example 1. If p is a prime number, if z > 0 and y > 0 are integers such that
et —py? =1 (5)
then (z,y,p) = (3,4, 5) or (99,1920, 29).

Proof. We have (22 —1)(2%+1) = 2* — 1 = py? with d = ged(2? — 1,22+ 1) = 1 or
2. If d =1 then 22 — 1 or 22 + 1 is a square, which is impossible. If d = 2 we have
one of the following cases:

Case 1: 2 +1 =20 and 2% — 1 = 2p0J
Case 2: 2° — 1 =20 and 2% + 1 = 2p0]

These cases lead respectively to the systems below.

z? =2y =1

Case 1 9 9 (6)
e —2pz° =1
2 =22 =1

Case 2¢ ) (7)
¢ —2pz° = —1

The fundamental unit of Z[v/2] is ¢ = 1 + /2,50 P =2, Q = —1 and U,, and V,,
are the Pell numbers. Because k; = —1, the systems may be treated in both cases
by our method.

Case 1. The fundamental solution of the first equation is €, so its solutions are

among
Vn+ 1

2
with n such that @™ = 1, that is, n even. By relation (2), we have 2y, _1ynt+1 =
2p0 #£ 0, so UpUy,q2 = pO. We have ged(U,, Up42) = 2, hence either (a) U,, = 200,
Uni2 =2p0 or (b) U, = 2p0, Up42 = 20. But the Pell number U,, = 200 exactly
when m = 2, so (a) and (b) are impossible.

Case 2. The fundamental solution of the first equation is €2, so

Ty + yn\/i - €n+1 - + Un+1\/§

v,
Tn +yn\/§: €n+2 — n2+2 + Un+2\/§-
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By the relation (2), we have 2y, 1yny1 = 2p0, so Up41Unys = pO with
gcd(Up+1,Uns3) = 1 because n is even. As proved by Ljunggren, U,, = O if
and only if m =1,7,—1, —7. We have two cases: (a) U,y+1 =0, Upt3 = pO or (b)
Uny1=p0, Upys =0

In case (a), we have n = 0, so zg = V2/2 = 3, yo = —Uz = 2, p = 5. This leads
to the solution (z,y,p) = (3,4, 5) of equation (5).

In case (b), we have n = 4, so x4 = V5/2 = 99, y4 = Ug = 70, p = 29. This
leads to the solution (z,y,p) = (99,1920,29) of equation (5). This completes the
proof. O

In contrast the proof of Ljunggren appealed to the solution of the equations
h* — 2k* = 41 considered earlier by Mordell [7].

3. Numerical Examples

Let F, G, f, s, ks, hs and g = fks or fhs be as indicated earlier. We shall use the
notation (F, f|G, g) to denote the family of systems (4), where p = 1 or p is a prime
number.

Our purpose is to find all solutions (z,y,z,p), with x > 0, y > 0, z > 0, p;
for each solution, it suffices to give the pair (z,p) since y and z are then uniquely
determined.

If there exists an integer m such that (F, f|G,g) has no solution modulo m,
then (F, f|G,g) has no solution in integers. Other simple sufficient conditions are
the following: (a) If there exists an integer m dividing G such that F(g — f) #
O (mod m), then (F, f|G,g) has no solution; and (b) Given py = 1 or a prime,
if there exists an integer m dividing F' such that G(f — g) # pod (mod m), then
(F, f|G, g) has no solution with p = py. The reader may verify easily that there
are no solutions in the following examples: (2, 1|1, —1), and (2, 2|1, —2) (this can be
seen in both cases by, e.g., reducing modulo 2 and then modulo 4).

We shall give an example where (F, f|G, g) has no solution in integers, but has
a solution modulo every prime q.

Example 2. The family of systems (2,1|3,9) has no solution in integers, but has
a solution modulo every prime q.

Proof. For every prime ¢, (3,2,q,p) is a solution modulo q. Now we show that
(2,1/3,9) has no solution.

With the method used in §2, and the same notation, e = 1++/2, P =2, Q = —1
and U,, and V,, are the Pell numbers. The fundamental solution of z? — 2y? =1 is
€ =34 2V2:

Vi
Tn + yn\/5 == "2+2 + Un+2\/§- (8)
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We note that ky = %(2 + Q?Vy) = 9. By relation (2), 2yn_2ynia = 3pz2, so
U,Uptq = 3p0. From Q™ = 1, it follows that n is even, and d = ged(U,,, Uy44) = 2
or 12. Also, if p = 2 then U, U,+4 = 30, while if p # 2, then U, U,1+4 = 6pd. We
recall that n is even, so U, # O, U,,+4 # O; also U,,, = 200 if and only if m = 2. In
[11] we proved that U, = 30 if and only if m = 4; moreover, U,, # 60 for all m.
We examine the possible cases.
First, let p =2, so U,,Up+4 =30. If d = 2,
U, =60|20
Unpiqa =20 |60

and both cases are impossible. If d # 2,

U, =030
Upra =301 O

and again both cases are impossible.

Now let p # 2, so UpU, 4 = 6p0. If d = 2, then n = 2(mod 4), % . % = 6p.
From what was said above, all cases are immediately excluded since 3 { U,, and
31 Upta. If d =12, from what was said above the only possibilities are

U, =2p| 300
Un+4 =30 2p|:|
This gives n = 0, respectively n = 4, and both are impossible. O]

The next example has solutions, which we shall determine explicitly.

Example 3. The solutions of (2, —1]2, —9) are (x,p) = (7,29), (1393,5741), (1, 5),
(41,5).

Proof. Once again, € = 1 4 /2 is the fundamental solution of the first equation,
P =2 Q=-1andU,, V, are the Pell numbers. Our method is applicable, since
ko = 9. We have

Vi
Tn 4 YnV2 = 2“ + Upr V2

and 2y, —oYnt2 = 2p0, so U,_1U, 13 = p0, with n even. Since ged(n — 1,n+ 3) =
gcd(Up—1,Un+3) = 1, we have
U

Up1 = p[l
pll.

Un+3 =0

Let (1) and (2) respectively denote the subcases to the left and right of the
vertical bar in the above displayed pair of equations.

Subcase (1): n+3 =—-7,—1,10r 7,s0 n —1 = —11,—5,—3,3. We have the
possibilities:
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n p Tn
—10 29 V. /2= —1393
—4 29 Viog/2 =7
—2 5 Vii/2=-1
4 5 Vs/2 =41

Subcase (2): n—1=-7,—-1,1,7,so n+ 3 = —3,3,5,11. As before:

n_p Tn
—6 5 V./2=—A41
0 5 Vi/2=1
2 29 Vs/2 =T

8 5741  Vy/2=1393
O

The application of our method to other systems leads often to other special
problems, not yet settled in the literature, about Pell numbers. We invite the
reader to complete the details in the following example.

Example 4. The solutions of (2,1]2,—-49) are (z,p) = (3,29),(99,197), (17, 1),
(1,5), (3363, 33461).

Once again it is a question of Pell numbers. In the present example the following
facts are needed: (a) U, = 50 if and only if m = 3 or —3, and (b) U,, = 7000 if
and only if m = 6.

These facts are not present in the literature, but may be proved with the algo-
rithm described in Ribenboim [10]. The method may be successfully applied when
the following conditions are present.

(1) f = #1: In this case the fundamental solution of 22 — Fy? = +1 is € or
€2. Then z, + y,VF = % + dUp+1VF or % + dUp+2V F; so this leads to
the determination of indices m such that U,,, or V,, is of the form A, for some
square-free integer A.

(2) f = +F: Now F | z, let # = Ft, hence y?> — Ft?> = F1. Proceeding as in
(1), Yn +tonVF = % +dU,41VF or % +dU,42V'F, hence y,, = % or %,
Tp =dFUpyq or x = dFUp 4.

(3) If € = ¢+ d\/F, it is required to know the indices n such that U, (2c, +1) = O
or 200. The algorithm in [10] amounts to finding integral points in certain quartic
models of elliptic curves. It makes it possible to determine the integers m such that
Umn(2¢,£1) = A, where A is a square-free integer. The knowledge of the integers
n such that V,,(2¢,+1) = O or 200 may also be reached by our method. However, if
A > 3 is square-free the method presented here has not been successful to determine
the indices n such that V,,(2¢, £1) = AQ. Bennet and Walsh studied the equation
b22* — dy?> = 1 where b > 1, b square-free and they showed that this equation
has at most one solution. In particular, they determined the indices n such that



INTEGERS: 12A (2012) 7

Vi(2¢,1) = AO, where A > 3, A is square-free. Their method used linear forms
in logarithms of algebraic numbers, properties of Pell equations and the explicit
determination of integral points on certain elliptic curves. See [1].

We inform the readers of the following results concerning sequences with param-
eters P = 2¢, @Q = £1. For Pell numbers, Ljunggren proved [5]:

{(n|U, =0} ={-7,-1,1,7},
{n| U, =20} = {2},
{n |V, =20} = {0,1}.

Ljunggren [5] and Cohn [2] proved:

{n|Un(4,-1) =0} = {-1,1,2},
{n [ Un(4,-1) = 20} = {4},
{n| Va4, - 1)=D}={1},
{n| Va(4,-1) =20} = {-2,0,2}.

Cohn [2] also determined squares and double-squares for other sequences. Let 2¢ €
{Vin(A,-1) | A > 1, A odd, m = 3 (mod 6),m > 0}. For n > 0, we have:

o Uy(2¢,—1) =0 if and only if n = 1; or n = 2 and 2¢ = V53(1,—-1) = 4; or
n =2 and 2¢ = V3(3,—1) = 36.

o U,(2¢,—1) =20 if and only if n =4 and 2¢ = V5(1,—-1) = 4.

e V,(2¢,—-1) = O if and only if n = 1 and 2¢ = V3(1,-1) = 4; or n = 1,
2¢ =V3(3,—1) = 36.

e V,(2¢,—1)=20if and only if n = 0; or n = 2, 2¢ = V3(1,—1) = 4; or n = 2
and 2¢ = V3(5, —1) = 140.

For numbers 2c € {V,,(4,1) | 3 divides m, A > 1, A odd}, we have:
Un(2¢,1) =0 if and only if n = 1.

Un(2¢,1) = 20 if and only if n = 2, 2¢ = V5(3,1) = 18; or n = 2, 2¢ =

V3(27,1) = 19602.
e V,(2¢,1) = O is impossible.
o V,(2¢,1) =20if and only if n = 0; or n = 1, 2¢ = V5(3,1) = 18; or n = 1,
2 = V3(27, ) = 19602.
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