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Abstract
In 1874, Mertens famously proved an asymptotic formula for the product of p/(p—1)
over all primes p up to z. Observe that this product equals the reciprocal sum of all
integers composed of prime factors up to x. It is natural to restrict such series to
integers with a fixed number k of prime factors. In this article, we obtain formulae
for these series for each k, which together dissect Mertens’ original estimate. The
proof is by elementary methods of a combinatorial flavor.

1. Introduction

We begin with the Euler-Mascheroni constant v = 0.57721 - - - | defined as the limit
of the difference between the harmonic series up to x and logx. The ubiquitous
constant 7 crops up in many contexts, notably, in the third of three results from a
celebrated paper of Mertens [7] on the distribution of prime numbers.

As notation, throughout we write f(xz) = O(g(z)) and f(z) < g(x) to mean
|f(z)/g(z)| is bounded, while f(x) ~ g(z) means lim,_,~ f(x)/g(z) = 1. Also, let
logy, x = loglog z, and let p denote a prime number.

Theorem 1.1 (Mertens, 1874). There exists a constant 5 > 0 for which

logp 1 1
ng; = logz + O(1), ng;];— logox + 8 + O<@> (1.1)
I1 (1 - %)_1 ~ €'loga. (1.2)
p<z

Here 8 = 0.26149 - - - is Mertens’ constant, which is known to satisfy
_ 1 1 _ p Z(j)
RN IEDEEEED 3) SLEE) Dic- L L)
P p j=>2 Jj=2

where Z(s) = >, p~° denotes the prime zeta function, for s > 1. See for instance
Theorem 2.7 in [8, p.50].



INTEGERS: 21A (2021) 2

Now by expanding Mertens’ prime product in Equation (1.2), we have

1\—1 1 1 1
[M(-) =TI(+s+5+)= > = (1.4)
p<z P p<a pop Pt(n)<z

where PT(n) denotes the largest prime factor of n.

Consider “dissecting” the sum in Equation (1.4) according to the number of
prime factors of n with multiplicity, denoted ©(n). Our main result is an asymptotic
formula for this dissected sum.

Theorem 1.2. For each fized k > 1, we have

1 o - (logy )F1
DR SLC TR DO (L i SR
n ; J! log x
Q(n)=k j=0
Pt(n)<z
where the sequence (cx)72, is recursively defined by co =1 and
1k
cp = E;Ck—j Z(j).- (1.6)

Theorem 1.2 may be viewed as a “dissection” of Mertens’ prime product formula.
Indeed, as shown later in Equation (2.7), the main term e” logz in Equation (1.2)
may be expressed as the series over all k > 1 of the main terms in Equation (1.5) (i.e.
the sum over j < k). Here “dissection” is meant to highlight the formal compatibly
of main terms. Whereas the estimate Equation (1.5) itself does not necessarily hold
uniformly over all &k > 1.

We note this terminology was introduced by Pollack [9], who dissected a classical
mean value theorem of Hall and Tenenbaum.

1.1. Uniform Estimates via Complex Analysis

Classically, the analogous series to Equation (1.5) has been studied, replacing the
condition P*(n) < z with the more common n < z.
Mertens’ 15* theorem implies, by induction on each fixed k > 1,

1 (log, )"
e T (1.7)
Q(n)=k
n<x

as ¢ — 00, see [8, p.228]. Note Equation (1.7) historically attributed to Landau

[5]. This is another example of dissection, as the sum over all k of each side gives

> L and log z, respectively. We also note that the asymptotic (1.7) also holds

n<z n
with Q(n) replaced by w(n), the number of distinct prime factors of n.
However, Equation (1.7) only holds for fixed k. The celebrated theorem of Sathe

and Selberg implies the following uniform estimate for k less than 2log, x.
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Theorem 1.3 (Sathe—Selberg). Define v(z) = ﬁ [I,(1- %)_1(1 - %)Z, and let
r =k/logyx. For anye >0, as x — oo we have uniformly forr <2 —¢,

1 (logy )"
> ~ o~ () (1.8)
Q(n)=k
n<zx
To see this, [8, Theorem 7.19] or [13, Theorem 6.5] gives an asymptotic in the
stated range
yh-1

z  (logyx
31 =) ((2_1)! (14 0-(25))-

ek log

n<x

Then Equation (1.8) follows by partial summation, combined with e.g. the Erdés-
Sarkozy upper bound O(k?* 27 %z log x) uniformly for all o,k > 1, see [2].

Remark 1. As v(r) =1 only when r = 0,1, Landau’s estimate (1.7) holds if and
only if k = o(logy ) or k = (1 + o(1)) log, x.

Remark 2. [13, Theorem 6.4] gives an analogous result with Q(n) replaced by w(n),
by substituting the function v(z) above with A(z) = ﬁ [L,A+5)1- %)2.

Remark 3. The Sathe-Selberg theorem is proved through contour integration in
the complex plane. Recently, Popa [10, 11] and Tenenbaum [12] have obtained
results by similar analytic methods, for a generalized series that replaces the con-
ditions Q(n) = k and n < x by the condition py ---pr < z over k independent
prime variables. Or equivalently, they weight n by the number of its ordered prime
factorizations.

The uniformity coming from sophisticated analytic tools exemplifies the larger
tension within mathematics, between proving the strongest results and using the
simplest arguments. Of particular interest historically is the case k = 1, i.e. the
Prime Number Theorem. Hadamard and de la Vallée Poussin initially gave proofs
in 1896 using complex analysis, and for decades many believed it impossible to
prove by elementary means. It came as a great shock when Selberg and Erdés did
so in 1948. For an intriguing historical account, see Spencer and Graham [4].

As such, we emphasize that in Theorem 1.2, our particular conditions Q(n) =
k,P*(n) < z in Equation (1.5) are directly amenable to elementary methods when
k is fixed. Nevertheless, applying analytic tools to Equation (1.5) do lend the
advantage of uniformity in k < (2 — ) log, .

Theorem 1.4. Let r = k/logyx. For any e > 0, as x — oo we have uniformly for
r<2-—e,
1 1 k
S -~ u(r)e I+ 1) % (1.9)
Q(n)=Fk '
Pt(n)<z
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Hence by comparison with the Sathe—Selberg theorem, we obtain the following
elegant relation between sums over P (n) < z with those over n < .

Corollary 1.1. Letr = k/logy x. For any e >0, as x — 0o we have uniformly for
r<2-—g,
1

1
S~ T+ Y - (1.10)
Q(n)=k " Q(n)=k "
Pt(n)<z n<w

Remark 4. One may prove an analogous result for w(n), with the same factor
e T(r+1).

Note the factor e" T'(r +1) = 1 if and only if » = 0. Hence Corollary 1.1 implies
>
n
Q(n)=k Q(n)=k
Pt (n)<z n<z

(1.11)

S|

if and only if k is in the uniform range k = o(logy ). This is an example of friable
regularity, in the following sense. Recall an integer n with P*(n) < x is called
x-smooth or z-friable.

Definition 1. A sequence (a,)nen is friably regular b if anw Ap ~ ZP+(n)§w an
as T — oo.

For example, the friable regularity of (p(n)/n)nen is equivalent to the prime
number theorem. We also extend the definition to families of sequences.

Definition 2. A one-parameter family (an ;)nen, indexed by =z € R, is friably
reqular if anm Ap gy ~ ZPJr(n)SQE Apz &S T — 00.

In particular, Corollary 1.1 implies the family (1o(,)=r/7)nen, indexed by k =
k(x), is friably regular if and only if k = o(log, x).

1.2. The Coefficients cg,

Finally, we emphasize an important feature of the combinatorial approach in The-
orem 1.2. The recursion in Equation (1.6) enables rapid computation of the coeffi-
cients ¢i to high precision, the first few displayed below.

k Ck k Ck

0,1 1,0 6 0.0108213---
2 0.226123--- | 7 0.0054110---
3 0.058254--- | 8 0.0027375- -
4 0.044814--- | 9 0.0013752---
5 0.020323--- | 10 0.0006903 - - -

IThis extends the notion of friable regularity as in [1],[3], from equality of limits of convergent
series to asymptotic equality of (possibly non-convergent) partial sums.
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At first glance, one might not expect the coefficients ¢ arising from Equation
(1.6) to exhibit any particular structure. However, the combinatorial approach
shows ¢, to satisfy exponentially precise asymptotics.

Theorem 1.5. The coefficients satisfy c;, = n2~F + O(37%). Here the constant n
is given by n =e ! [[s2(1— %)_16_2/1” =0.71206-- - .

2. Elementary Combinatorial Proof for k Fixed

In this section we prove Theorem 1.2. For z,s > 0 define the (truncated) zeta
functions

Z n=°, Z(s,x) = Z1(s,x) Zp s,
Q(n)=k p<lz
Pt(n)<z
We first express Zi(s,x) in terms of Z(s,x).
Proposition 2.1. For each k > 1 and any x,s > 0 we have the identity
Zy(s,z)= > H Z(js,x)/j)" (2.1)
ni1+2nz+-- —k]>1

where the sum ranges over all partitions of k.
Proof. For any x,s > 0 we have a formal power series identity in z,

> Zi(s,a)F = > )—H(1+;+;228+-~>_H(1—;)_1

k>0 P+ (n)<z p<z p<z

since the function n +— 2™ /n® is completely multiplicative. Thus expanding
Taylor series,

ZZk(s,x)zk=eXp<—Zlog(1—Zp S>_eXp(ZZ = Sj)

k>0 p<zx p<zj>1
Z js .’L‘ j ]S x) .
o (5 2885)) - [ (2050
R

B H Z ( ]S m)zj)"a

j>1n;>0 ].

=2 ) H (Z0s,2)/3)" (2:2)

k>0 ni+2ns+-- *k]>1

Now Equation (2.1) follows by comparing the coefficients of 2*. O
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Remark 5. This proposition generalizes [6, Proposition 3.1].
Next, the recursion for ¢; in Equation (1.6) leads to the explicit formula,
= Y H 7 (2.3)
2ny+3ng-=k j>2 J
by the following lemma, for the choices A; =0 and A; = Z(j) when j > 2.

Lemma 2.1. Given any sequence (Ag)52,, the sequence (by)72, is given recursively
by bg =1 and by, = %2?21 bi—jA;, if and only if (by)72, is given explicitly as

e Y AR
ni+2ngs+---=k j>1

Note the (unique) partition of & = 0 has n; = 0 for all j > 1, so indeed by =

[151(A4;/5)°/00 = 1.

Proof. We prove the forward direction by induction on k (the reverse direction is
similar). For k = 1, we have by = bp4; = A;.
Then assuming the claim for each r < k,

- . (A /]
kb, = Zbk_rAr = ZA Z H
r=1 r=1

ny+--=k—rj>1

- Aprtl o (A ) A /5™
> Y Iy X o <“

r=1n,+---=k—r JF#ET J r:lnr%uz ji>1
ne>1
(4; (4;
DI I S D Dl |
nit-=kj>1 J' 1<r<k ni+--=kj>1 J
ny,>1

In the last step, we dropped the condition n, > 1 (since rn, = 0 for n, = 0) which
gives Zf_:l rn, = k. Dividing by k completes the induction. O

Now equipped with Proposition 2.1 and Equation (2.3) for cg, we now prove
Theorem 1.2.

Proof of Theorem 1.2. For Z(j,x) with j > 2, we trivially bound >
2?77y on~? = O(x'~7), which gives

)i=> p 7 =2() =Y p7 = Z(j)+O0")  forj>2.

p<lzx p>x

p>z D7 by
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Thus plugging into the identity for Zj (1, x), Proposition 2.1 with s = 1 gives

Za) = 3 MHL(Z(WF—W)W

| .|
- e
n142n04--=k 1 j>2 ' J

For any partition of k, the binomial theorem implies [ [, n%, ([Z(j)—l—O(xl—j)]/j) n;
equals [[;5, s L(Z(j)/4)" at negligible cost O (1/z). Thus
Z(1,z)™ 1 N AT o)k
Z(Loy= Y =200 + o(FEE). (24)
;!

nq!
1 +2na+- =k >

Then for Z(1, ), we recall Mertens’ 2”4 theorem

Z(1,x) ::z:1 = logy,z + 5+ E(z), with E(z) = O() (2.5)

log x
p<z

so plugging in above gives

Z(1,z) (2.6)
= Y (temer s m@) " T (20/0)" + OnteE
ni+2ny+--=k n j>2 vy
k
1 ni TL —
= > —(logyz + ) > H (7)/9)™ + Ox(B(x) (logy )"~ 1)
n1=0 ni 2no+-=k—ny J>2

again by the binomial theorem. Here we used Hj22 %J,(Z(j)/])nJ = O(1).
Now recalling Equation (2.3) and E(x) = O(1/logz) completes the proof of
Theorem 1.2. O

From here, we may “dissect” Mertens’ 3" theorem. Indeed by Equation (1.4),
1\—1 1 o
[Ha-5 "= > =2z
p<z Pt(n)<z k>0

and using the asymptotic formula for Zx (1, z) from Theorem 1.2,

ZZC}c ]0g2x+ﬂ) Z%(IOngq_ﬁ)chk,j:eﬁlogxzcm

k>0 3j=0 ! ji>0"" kE>j m>0
= e"loguz, (2.7

as desired, provided >_, - cm = e7=B. This follows in turn by Equation (2.3),

Y=Y Y MaEan” =11 "

m>0 m>02n2+43nz---=m j>2 j>2n;2>0 j'

_Hexp /_j =ex p(Z@) =P

i>2 >
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recalling Equation (1.3). This shows the claim.

3. Combinatorial Proof of Asymptotics for Coefficients cg

In this section we prove a strengthening of Theorem 1.5. To this, we first rephrase
the recursion for ¢ in Equation (1.6).

Let Ay =0 and Ay = Zp p~F for k > 2. Then ¢y, is recursively defined by ¢y = 1
and

k
kck = ch,jAj. (31)

j=1
Consider the following induced sequences Ay 4, ¢ 4 for each prime ¢: let Ay o =

Ay, ck2 = c; and if p is the prime preceding g > 2, let

Apg=App—p" for k > 1, (3.2)
Chig = Chp — D ‘Ch1p for k> 1, and c¢pq = Cp.

Explicitly we have

Ak7q = Z’r‘_k for k > 2, and Al,q = - Zp_l' (34)

r>q p<q

Lemma 3.1. For each prime q and k > 0, we have the recursion

k
key,q = Z Ch—j,ajq- (3.5)
j=1

Proof. We proceed by induction on the prime gq. The base case ¢ = 2 holds by
Equation (3.1).
Now assume Equation (3.5) for p < ¢q. The difference of recursions in Equation
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(3.5) for ¢ and p~! - cp 1 is

keyp — (k — 1)P Ck—1,p
k—1
=D (Crjp =P 1) Ajp + copArp
j=1
k—1
= (ehojp =D 'hjorp) (07 + Ajg) + cop(d ¥+ Apy)
j=1
k-1 k—1
=> 0k jp =0 ekjrp) F o F D ChjagAig + 0. Akg
j=1 j=1
k
:p_lckfl’p + ch*quAj’q
j=1

using Equations (3.2), (3.3) and telescoping series. Subtracting p~'c,_1, gives

kek,qg = k(ck,p — e 1,p) E Ck—jqAjq-

Note Lemmas 2.1 and 3.1 together imply
o= Y [ 3
ni+2ng---=k j>1

for each prime g, k > 1.
Now with the recursion in hand, we bound the induced sequence c, 4.

Lemma 3.2. For each prime q, we have ci 4 <4 q " as k — oco.

Proof. Fix q and let my, = max;<y, ¢/|c;j 4|. We shall prove my, <, 1, and it suffices
to show this along a subsequence, since my is itself a non-decreasing sequence.
Namely, we consider the indices k for which my, = ¢*|c4|.

Recalling (3.4), we have for all n > 1

D dAjg=adig =1+ YD (a/r)) =n+0,(1),

1<j<n 2<j<nr>q

by summing the geometric series, and so the recursion in Equation (3.5) gives

Z ¢ Ajq Z ¢ Ajq

k/2<j<k 1<5<k/2
= my2(k/2+0(1)) + mi(k/2+0(1)).

k
.
q k—j,q * 4" Aj,q

J=1

IN

kq" |ck,q| = M2 + my,
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And by our choice of k, we have mj, = ¢*|ck 4| and so
Hence by induction on k, we conclude

my << my H (1+0(27%) < exp Z o2 < 1.
2i<k 2i<k

O

Since Lemma 3.2 holds for every prime ¢ and the sequences ¢y, ; are defined induc-
tively on primes, Lemma 3.2 is self-improving. Indeed, for each pair of consecutive
primes p < g,

Ck,p _p_lckfl,p = Ck,q = O(q_k)-

In other words, multiplying above by p* the modified sequence C;C’p = ckﬁppk satisfies
c}c,p _0271,;; = O((p/q)*), so (C;c,p)kzl is a Cauchy sequence for each prime p. Hence
the limit

= lim ¢, = lim ¢ ,p"
"I k—o0 k.p k—o0 24

exists with ¢ , =, + O((p/q)¥). That is,
chp =10 " +0,(q" %)  for each prime p. (3.8)

To summarize, we expanded the definition of ¢ , and used a zeroth order expan-
sion for each prime (Lemma 3.2) to prove a first order expansion for every prime
simultaneously.

Continuing in this way, we obtain a hth order expansion for ¢ , by induction
on the order h > 1, at each step proving the respective expansion for every prime
simultaneously.

Proposition 3.1. For any h > 1, we have

h—1

-1
—k —k n
Ck,p, = Z UI(;Z)H anrl + On,h(pn+h)7 where Ué:)ﬂ = nanrl/ H (1 - %)
=0 =0

(3.9)

for alln as k — oo. Here p,, denotes the nth prime, and n, = lim,_, ck,ppk as in
Equation (3.8).

Proof. We proceed by induction on h. The base h = 1 holds for all n by Equation
(3.8), since 771(7:) = 1, . Now assume Equation (3.9) holds with i for every n, and
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write cgp, = Zz Oanl an + Ejnn By assumption Ej ,, 5 < p;jﬁh, and we
aim to show Ej, ,, 5 < panh-
By Equation (3.3) and the induction hypothesis (3.9) for ¢, .,

_ 1
Ck,prt1 — Ck,pn — Pn Ck—1,p,

n k -
an:illﬂ Puti + O, %) = Z’?;(;le — L )P T (Ernn — Pn Eri—1,n,n)

(D) _ )

Note by definition 7, ., = np., (1 — 22), and so the above simplifies as

Pn
—k -1
O(anrlJrh) = Ekfﬂ,h — Py Ek—l,n,h-

Thus, similarly as with Equation (3.8), the modified sequence £ ,, ; := Eynnpk
converges as k — o0 to some limit ¢, , with E}  , = €yp + O((pn/Prt14+1)%)-
That is,

Ek,n,h = én,h p;k + O(pT_LJ]flJrh)

On the other hand, Fy , n < p;fih forces ¢, , = 0. Hence Ej 5 = O(p;_]ﬁ1+h) as
desired. O]

Next, we determine the expansion coefficients 7, from Equation (3.8).

Proposition 3.2. For any prime p, the coefficient n, = limy_, ck,ppk equals

Ny =¢e" >q<p P/ H —1,-p/q (3.10)

q>p

Proof. Consider the generating function Cp(2) = 32550 ckpz®. On one hand, the
explicit formula for ¢, in Equation (3.6) implies

(2) = ch,pzk _ sz Z H m/] H Z M)Zj/j)nj

k>0 k>0 ni+2ng-=kj>1 j>1n;>0 7'
= H exp Aj,pzj /j = exp (Z Aj’pzj/j).
Jj=>1 j>1
Then recalling A;, =3 - ¢~/ for j > 2,

Cp(2) = exp (241, + Z Z(z/q)y/]) = e*1r exp (- Z[log(l —z/q) + z/q])

q>p j>2 q>p

=M [J(1—2/g) e /0 (3.11)

q=p
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On the other hand, by the expansion for ¢; in Equation (3.8) we have

=2 et ZUpZ(Z/p)’“JrOp(Z(z/q) ) Ty Ol g )

k>0 k>0 k>0 L—z/p  1-2/q

since Ay, = -3 _, g~ '. So comparing C,(z) from Equations (3.11) and (3.12) at
the pole z = p,

= i — — ePA1p—1 -p/q
p = lim Cp(2)(1 - z/p) =e [[a-p/a)"te?/e

a>p
Hence the result follows since A1, = -3 ) gL O

Finally, we obtain an expansion for the original sequence cj ,, = ¢ to arbitrary
order, which gives a considerable refinement of Theorem 1.5.

Theorem 3.1. For each prime q,

= app " + O4q7h)

p<q
where oy, = e~ ! [1y2p(1— g)_le_p/q. In particular ¢y = g 27K + O(37F).

Proof. Setting n =1 in Proposition 3.1, the sequence ¢, = ¢, satisfies

=> 0 p™F + O4lq7)

p<q

where Proposition 3.2 gives, by definition of 77( ) in Equation (3.9),

V= [Ja-2) =e [Ja-2)te?/e =q,

q<p q#p

4. Analytic Proof for k£ in Uniform Range

We prove Theorem 1.4 which quantitative error, which we state below.

Theorem 4.1. Let r = k/log, x and define n(z) = e’ [[ (1 — 7) (1- ;)’1. For
any € >0, as © — oo we have uniformly forr <2 —¢,

Z 1 = n(r) % <1+O (m))
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Proof. By Cauchy’s residue formula, we have for any r < 2,

1 dz

where f, is given by the power series

f(2) =Y 0 = > ;)
k>0 Pt (my<z
2101;[93(1+;+;2+'.'> :g<l_;)1
= 1+ 0B oga) [T (1-2) " (1-2)°

= (1+ O(E(z)))n(z)(log z)*,

as [[,<,(1 - 1%)_1 = (1 + E(x))e” logz by Merten’s 2°¢ theorem in quantitative
form (this also follows from the prime number theorem.)

Hence Equation (4.1) becomes

_ 1+ 0(B())

21

dz

Z4(1,2) [, eese) (42)

The desired main term in Theorem 1.4 is given by evaluating 7(z) at z = r,
namely

2mi zhtl k!

T A (] X k
(r) /|  toga’ de iy L0827 (43)

For the error we follow the argument in [8, p. 233], which we provide for com-
pleteness. Recall E(z) < 1/logz. For |z| = r = k/log, x, integration by parts
gives

z 0go T k=1 r(log, T k
: (sz)(loga:)ZZirl = (1(]%2_ )1>! _rd %‘ L 0, (4.4)

2mi

|z|=r

and n(z)—nlr)—n'(r)(z—-7) = /z(z —w)n (w) dw < |z — 7[> (4.5)
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Thus subtracting Equations (4.3) from (4.2), the error is

(6] X k z
a0 S - 2 < [ ) - ol lo)

4.4 ) ] dz
(4.) /er[n(r) — () =1/ (1)(z = )] log 2)* 17

(4.5) 9 L dz
< /Z_T |z — r|*(log x) ey
1/2
< 1“27]“/ (sin w6)%e® cos(270) g
~1/2
oo
< r2_kek/ 28k g « p2Fekp=3/2
0

= (logy 2)F2(e/k)FkY? < k(logy )2 /k!

Here we used |sin z| < z, cos(2r8) < 1-862 for |#] < 1/2, and Stirling’s formula. [
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