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Abstract

In this paper we give an alternative proof and an integral representation for a recip-

rocal power sum given by Bhatnagar, namely
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, and then generalize

the result to
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n=1

qQ
(q−1)(n, z) + zQ

(q)(n, z)
n

, where Q
(q)(n, z) =

d
q

dzq

��
n + z

z

�−1
�

.

1. Introduction and Preliminaries

Bhatnagar [2] states the following telescoping theorem.

Theorem 1. ([2]) Let uk, vk and wk be three sequences, such that uk − vk = wk.

Then we have

n�

k=0

wk

w0
·

k−1�
r=0

ur

k�
r=1

vr

=
u0

w0





n�
r=1

ur

n�
r=1

vr

− v0

u0



 (1)

provided none of the denominators in (1) are zero.

Bhatnagar then indicates that the identity

n�

k=1

1
k (k + 1) ... (k + m)

=
1
m

�
1
m!
− 1

(n + 1) ... (n + m)

�
(2)

can be proved by the telescoping theorem 1. In this paper we shall give an integral
representation of (2) and then generalize the result to give identities for finite sums
for products of generalized harmonic numbers and binomial coefficients. First we
give some definitions which will be useful throughout this paper.
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The harmonic numbers in power α are defined as

H
(α)
n =

n�

r=1

1
rα

.

and the n
th Harmonic number, for α = 1,

H
(1)
n = Hn =

1�

0

1− t
n

1− t
dt =

n�

r=1

1
r

= γ + ψ (n + 1) ,

where γ denotes the Euler-Mascheroni constant, defined by

γ = lim
n→∞

�
n�

r=1

1
r
− log n

�
= −ψ (1) ≈ 0.5772156649.......

Let C be the set of complex numbers, R the set of real numbers, N0 := N ∪ {0} =
{0, 1, 2, 3...} , then for w ∈ C\Z−0 , (w)n is Pochhammer’s symbol defined by

(w)n =
Γ (w + n)

Γ (n)
=

�
w(w + 1)....(w + n− 1), if n ∈ N

1, if n = 0, (3)

here Z−0 denotes the set of non positive integers and the Gamma and Beta functions
are defined respectively as

Γ (z) =
� ∞

0
w

z−1
e
−w

dw, for Re (z) > 0,

and

B (s, z) = B (z, s) =
� 1

0
w

s−1 (1− w)z−1
dw =

Γ (s)Γ (z)
Γ (s + z)

for Re (s) > 0 and Re (z) > 0. The binomial coefficient is defined as
�

z

w

�
=

Γ (z + 1)
Γ (w + 1)Γ (z − w + 1)

for z and w non-negative integers, where Γ (x) is the Gamma function. The
polygamma functions ψ

(k) (z) , k ∈ N are defined by

ψ
(k) (z) :=

d
k+1

dzk+1
log Γ (z) =

d
k

dzk

�
Γ� (z)
Γ (z)

�
= −

1�

0

[log(t)]k t
z−1

1− t
dt, k ∈ N (4)

and ψ
(0) (z) = ψ (z) , denotes the Psi, or digamma function, defined by

ψ (z) =
d

dz
log Γ (z) =

Γ� (z)
Γ (z)

.
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We also recall the relation, for m = 1, 2, 3, ...

H
(m+1)
z−1 = ζ (m + 1) +

(−1)m

m!
ψ

(m) (z) . (5)

There are many results of the type (2) for finite, infinite and alternating sums.
The result

p�
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�
p

n

�

�
q

n

� =
1

1− p
q+1

, for q ≥ p ≥ 0

appears in [5]. Other results appear in [1, 3, 4, 6, 7, 9, 11, 12, 13, 14, 15].

2. Generalizations

The next lemma deals with an alternative proof of (2) from which more generalized
identities can be ascertained.

Lemma 2. Let z ∈ R\Z−0 , t ∈ R and p ∈ N. Then

p�
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t
n

n

�
n + z

z
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1�

0
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=
t
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�
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�
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p + z + 2

����� t
��

(7)

and when t = 1,
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n
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n + z
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(1− x)z−1 (1− x
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1
z
− 1
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�
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where 2F1

�
·, ·
·

����� t
�

is the Gauss hypergeometric function.

Proof. First notice that, with t
n
, (2) may be written as

p�

n=1

t
n

n

�
n + z

z

� =
p�

n=1

t
n Γ (n)Γ (z + 1)
Γ (n + z + 1)

=
p�

n=1

t
n

B (n, z + 1)

=
1�

0

(1− x)z

x
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1− tx
(1− (tx)p) dx,
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which is the integral (6) and performing the integration, results in (7). When t = 1,
we obtain (8). It may be of some interest to note that from (7), with t = 1, and (8)
we have the hypergeometric identities

2F1

�
1, 1

2 + z

����� 1
�

= 1 +
1
z

and 2F1

�
1, 1 + p

2 + z + p

����� 1
�

= 1 +
1 + p

z
.

Remark 3. It is possible to massage (8) to produce identities of the form;

n�

r=1

(−1)r+1
�

n

r

�
Hr+p = Hp +

1

n

�
n + p

p

� +
Hn

n
− 1

n

for p a positive integer.

The next lemma deals with the derivatives of binomial coefficients.

Lemma 4. Let z ≥ 0, n > 0 and let Q(n, z) =
�

n + z

z

�−1

be an analytic function

of z ∈ C\ {−1,−2,−3, ...} . Then,

Q
(1)(n, z) =
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=


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

−Q(n, z)P (n, z), where

P (n, z) =
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1
r+z for z > 0

−Q(n, z) [ψ (z + 1 + n)− ψ (z + 1)]

−Hn, for z = 0,

and

Q
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Q
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�
Q

(ρ)(n, z)P (λ−1−ρ)(n, z), for λ ≥ 2 (9)

where P
(0)(n, z) =

n�
r=1

1
r+z , for n ∈ N and Q

(0)(n, z) = Q(n, z). For i ∈ N,

P
(i)(n, z) =

d
i
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dzi
=

d
i
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�
n�
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1
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�
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n�
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1
(r + z)i+1 .

A proof of Lemma 4 is given in [8].
Now we list some particular cases of Lemma 4.

Q
(1)(n, z) = −

�
n + z

z

�−1 n�
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1
r + z

,
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.

In the special case when z = 0 we may write

Q
(1)(n, 0) = −Hn, (10)

Q
(2)(n, 0) = (Hn)2 + H

(2)
n , (11)

Q
(3)(n, 0) = − (Hn)3 − 3HnH

(2)
n − 2H(3)

n (12)

and

Q
(4)(n, 0) = (Hn)4 + 6 (Hn)2 H

(2)
n + 8HnH

(3)
n + 3

�
H

(2)
n

�2
+ 6H(4)

n . (13)

We can generalize (8) as follows.

Lemma 5. Let q be a positive integer, Q(n, z) =
�

n + z

z

�−1

, and Q
(q)(n, z) be

defined by (9). Then

p�

n=1

Q
(q)(n, z)

n
=

1�

0

(1− x)z−1 (1− x
p) logq (1− x) dx

for z �= Z−0 .

Proof. The proof follows upon differentiating (8) q times.

The following is an example for q = 2.
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Example 6. For q = 2,
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�2
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�
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z
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z

�
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�


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+ψ
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



=
2
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− 1

z

�
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p

�


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H
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(2)
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2
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

 .

Theorem 7. Let z ∈ R\Z−0 and let p, q ∈ N. Then

p�

n=1

qQ
(q−1)(n, z) + zQ

(q)(n, z)
n

= −Q
(q)(p, z), (14)

and when z = 0,
p�

n=1

qQ
(q−1)(n, 0)

n
= −Q

(q)(p, 0), (15)

where Q
(0)(n, z) = 1

 n + z

z




and Q

(0)(n, 0) = 1.

Proof. From the left hand side of (8), let F (n, z) =
p�

n=1

Q(n,z)
n so that zF (n, z) =

1−Q(p, z). Differentiating q times with respect to z results in

qF
(q−1) (n, z) + zF

(q) (n, z) = −Q
(q)(p, z)

or
p�
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(q−1)(n, z)

n
+

p�

n=1

zQ
(q)(n, z)

n
= −Q

(q)(p, z),

arriving at (14). From Lemma 5, we may write in integral form

p�
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qQ
(q−1)(n, z) + zQ

(q)(n, z)
n

= −Q
(q)(p, z)

=
1�

0

(1− x)z−1 (1− x
p) logq−1 (1− x) (q + z log (1− x)) dx.
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For z = 0
p�

n=1

qQ
(q−1)(n, 0)

n
= −Q

(q)(p, 0),

and hence (15).

The following is an example.

Example 8. For q = 3
p�

n=1

3Q(2)(n, z)
n

+
p�

n=1

zQ
(3)(n, z)

n
= −Q

(3)(p, z),

in explicit form
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H
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
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n

�
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z

�

=

�
(Hp+z −Hz)
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H
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�
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z
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and when z = 0

p�

n=1

3
�
(Hn)2 + H

(2)
n

�

n
= (Hp)

3 + 2H(3)
p + 3H(2)

p Hp .

The next Lemma as stated in [10], gives an alternate representation for Q
(q)(p, z).

Lemma 9. Let q and p be positive integers, Q(p, z) =
�

p + z

z

�−1

, and Q
(q)(p, z)

be defined by (9). It was proved in [10] that an alternate representation for Q
(q)(p, z)

is:

(−1)q−1
q!

p�

r=0

(−1)r
�

p

r

�
r

(r + z)q+1 = Q
(q)(p, z) (16)
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=
(−1)q

q! p

(z + 1)q+1 q+2Fq+1





(q+1)−terms
� �� �
z + 1, ......, z + 1, 1− p

z + 2, ......, z + 2� �� �
(q+1)−terms

���������

1




. (17)

From (14) and (16) we see that
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n=1

qQ
(q−1)(n, z) + zQ

(q)(n, z)
n

= (−1)q
q!

p�

r=0

�
p

r

� (−1)r
r

(r + z)q+1 = −Q
(q)(p, z).

From Example 2 with q = 3, we have

6
p�

r=0

(−1)r+1
�

p

r

�
r

(r + z)4
=

p�

n=1

3
�
(Hn+z −Hz)

2 + H
(2)
n+z −H

(2)
z

�

n

�
n + z

z

�

+
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n=1

z




(Hn+z −Hz)

3

+2
�
H

(3)
n+z −H

(3)
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�
+ 3

�
H

(2)
n+z −H
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z
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


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�
n + z

z

� .

The inversion formula, see [5], states

g (n) =
�

k

(−1)k
�

n

k

�
f (k)⇔ f (n) =

�

k

(−1)k
�

n

k

�
g (k) ,

and hence
p�

n=0

(−1)n
�

p

n

�
Q

(q)(n, z) = (−1)q−1
q!

p

(p + z)q+1 ,

and when z = 0,
p�
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(−1)n
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p
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(−1)q−1

q!
pq

.

It can also be noted that
∞�
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�

p

n

�
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(q)(n, z) = (−1)q−1
q!
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p
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�
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(q−1) (z + 1) + zψ
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�
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�
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z − zζ (q + 1) + zH

(q+1)
z

�
,
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by (5); and when z = 0,

∞�

p=1

p�

n=0

(−1)n
�

p

n

�
Q

(q)(n, 0) = (−1)q
q!ζ (q) .

References

[1] H. Belbachir, M. Rahmani and B. Sury. Alternating sums of the reciprocals of binomial
coefficients. J. Integer Seq. 15 (2012), Article 12.2.8.

[2] G. Bhatnagar. In praise of an elementary identity of Euler. Elec. J. Combinatorics. 18 (2)
(2011), P13.

[3] J. Choi. Certain summation formulas involving harmonic numbers and generalized harmonic
numbers. Appl. Math. Comput. 218 (2011), 734-740.

[4] J. Choi and H.M.Srivastava. Some summation formulas involving harmonic numbers and
generalized harmonic numbers. Math. Comp. Modelling. 54 (2011), 2220-2234.

[5] R. L. Graham, D. E. Knuth, and O. Patashnik. Concrete Mathematics. Addison-Wesley,
Massachusetts, 2nd Ed., 1994.

[6] A. Sofo. Computational techniques for the summation of series. Kluwer Academic/Plenum
Publishers, 2003.

[7] A. Sofo. Summation formula involving harmonic numbers. Analysis Mathematica. 37 (2011),
51-64.

[8] A. Sofo. Integral forms of sums associated with harmonic numbers. Appl. Math. Comput.
207 (2009), 365-372.

[9] A. Sofo. Sums of derivatives of binomial coefficients. Advances Appl. Math. 42 (2009), 123-
134.

[10] A. Sofo. New classes of harmonic number identities. submitted.

[11] A. Sofo and H. M. Srivastava. Identities for the harmonic numbers and binomial coefficients.
Ramanujan J. 25 (2011), 93-113.

[12] J. Spieß. Some identities involving harmonic numbers. Mathematics of Computation. 55
No.192, (1990), 839-863.

[13] R. Sprugnoli. Sums of reciprocals of central binomial coefficients. Integers. 6 (2006), Article
#A27.

[14] W.Y.G. Wa. Identities involving powers and inverse of binomial coefficients. J. Math. Res.
Exposition31 (2011), 1021-1029.

[15] Z. Zhang and H. Song. A generalization of an identity involving the inverse of binomial
coefficients. Tamkang J. Math. 39 (2008), 219-226.


