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Abstract

Let R be the ring of algebraic integers of an algebraic number field K such that
the extension Q C K is normal. Let P/ = {v € Z | v = p1p2---ps with s €
N and p1,p2,...,ps € P}, where P is the set of prime numbers in Z that remain
prime in R. We prove that if f and g are two polynomials in K [z] having no common
root, then there exist at most finitely many v € P’ such that a(f + vg) = u,v, for
some a € Z,u,,v, € R[z] with degu, > 1,degv, > 1 and v divides the leading
coefficient of u, or v divides the leading coefficient of v,. Moreover, we extend this
result to polynomials in more than one indeterminates.

1. Introduction

Throughout this paper, let K be an algebraic number field which is a normal ex-
tension of degree n over Q and let R denote the ring of algebraic integers of K.
Then there exist exactly n distinct automorphisms o € G := Gal(K/Q), the Galois
group of K over Q. For 0 € G, let 6 : K[z] — K[z] be defined by

6(ao+ a1z + -+ apz™) =o(ag) + olar)r + -+ + olapy)z™
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for all ag,a1,...,a; € K and m € NU{0}. Then ¢ is a ring isomorphism and
o(f) € Rlx] for all f € R[z].

Let P be the set of prime numbers in Z that remain prime in R. It is well-known
that P is infinite if K is a cyclic extension of Q (see [5, p.136]). If f,g € K|[z] are
relatively prime, by Hilbert’s irreducibility theorem, the irreducible polynomials
f +yg € K|x,y] remain irreducible in K[z] for infinitely many y = n € Z (see
[4]). In 2000, M. Cavachi, [2], made this property more precise by proving that if
f,g € K[x] are relatively prime, then f + pg are reducible in K|[z] for at most a
finite number of primes p € P and then extended this result to polynomials in more
than one indeterminates.

In the present work, let

P ={veZ|v=nppy - ps with s € N and p1,pa,...,ps € P}.

We extend the result of M. Cavachi by proving that if f and g are two polynomials
in K[z] having no common root, then there exist at most finitely many v € P’ such
that a(f+vg) = uyv, for some a € Z, u,, v, € R[z] with degu, > 1,degv, > 1, and
either v divides the leading coefficient of u, or v divides the leading coefficient of v, .
Moreover, we extend this result to polynomials in more than one indeterminates.

2. Main Results

To prove the main results, we start with the following two lemmas.

Lemma 1. If f € R[z], then
[T () € ztal.
ceG
Proof. Let G = {o1,092,...,0n}, f(x) = fo+ fiz+ -+ fma™ € R[x] with f,, #0

and
g=[] o

oceG
Since f € Rx], we have &(f) € R[] for all ¢ € G. Thus g € R[] is a polynomial
of degree mn, say g(z) = go + g12 + - - + gmnx™". Now for each 7 € G, we have

#g) = [[ #6()

ceG
=7 (o1(fo)+or(f)a+ 401 (fm)2™) 7 (0n(fo) +on(fi1) T+ 00 (fn)z™)
=(roo1(fo) + -+ 7001 (fm)2™)  (Toon(fo) + -+ T 0 0n(fm)a™)
=[] o5

oeG
=9,
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since G is a group. Consequently, for each i = 0, 1,...,mn, we have 7(g;) = g; for
all 7 € G, and so all the K-conjugates of g; are equal. It follows that ¢g; € Q for
all i =0,1,...,mn (see [1, p.121]). But g; € R, so g; € Z for all i = 0,1,..., mn.
Therefore, g € Z[x] as desired. O

Lemma 2. Letp € P and f,g € Rlx]. If p| fg, thenp | f orp|g.
Proof. Assume that p | fg but pt f and ptg. Let
f(z) =up+uixr + - +upz® and gx) =vo+viz+ - +ovz"

with wug, w1, ..., ux, vo,v1,...,v. € R. Then all the coefficients of fg are divisible
by p while there exist coefficients of f and g which are not divisible by p. Let u;
be the first coefficient of f which p does not divide. Similarly, let v; be the first
coefficient of g which p does not divide. In fg, the coefficient of z77% is

Cjti = UjV; + (UjJrlUi,l + -4 uj+i7}0) + (Ujflvi+1 + -4 uovj+i).

Now, by our choice of uj, we have p | uj_1,p | wj—2,...,p | uo,so that p | (u;—1vi41+
-+ 4 UgUj44). Similarly, by our choice of v;, we have p | v;_1,p | vi—2,...,p | vo, S0
that p | (wj41vim1 + -+ + wj4sv0). Since p | ¢;jyi, we have that p | ujv;. As pis a
prime in R, either p | u; or p | v;, which is a contradiction. O]

It is well-known that every algebraic number is of the form r/s, where r is an
algebraic integer and s is a nonzero ordinary integer. Thus, for f,¢g € K[x] and
v EeZ,if

fH+rvg=u"
in K[z] with degu’ > 1 and degv’ > 1, then we may take u = au’ and v = v’ for
some a, f € Z and u,v € R[z] with degu > 1 and degv > 1. Thus

aB(f +vg) = uv.

This implies that f 4 vg is reducible in K[z] if and only if a(f + vg) is reducible in
RJz] for some integer a.
The following theorem is our main result.

Theorem 1. If f and g are polynomials in K[x] having no common root and
degg > deg f, then there exist at most finitely many v € P’ such that o(f + vg) =
uy v, for some a € Z,u,, v, € R[] with degu, > 1,degv, > 1, and either v divides
the leading coefficient of u, or v divides the leading coefficient of v,,.

Proof. Let € be the set of integers v € P’ such that a(f + vg) = u,v, for some
a € Z,uy,v, € Rlz] with degu, > 1,degv, > 1, and either v divides the leading
coefficient of u, or v divides the leading coefficient of v,. Suppose that €2 is infinite
and we may assume that f, g € R|x].
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Let v € Q. Then we can choose a € Z as the smallest positive integer such that

a(f+vg)=uv, (1)

for some w,, v, € Rx] satisfying the above conditions. We first prove that
g.cd(a,v) = 1. Let p € Z be any prime divisor of v. Then p is a prime in R.
If p | a, then p | u,v,. By Lemma 2, either p | u, or p | v,. We may assume that
P | uy, 0 u, = pul, with u,, € R[z]. Then (a/p) (f + vg) = u,v,, which contradicts
the minimality of a.

As n is the degree of the extension Q C K, there exist exactly n distinct auto-
morphisms o € G and

o T] (s +vg) =TT & () [T & (). 2)

oeG ceG ceG

Let m (respectively k, r) be the degree of g (respectively u,, v, ) and g, (respectively
bk, ¢) the leading coefficient of g (respectively u,,v,). Using (1), we get avg,, =
bic,. By the properties of v in {2, we may assume by = vdy, for some di € R. Using
Lemma 1, the norm N of K over Q and the relation (2), we have

a(V'N(gm)z"" +---) = (VnN(dk)xnk + )NV (ep)a™ +--0) (3)

in Z[x]. Using g.c.d(a,v) = 1 and the fact that the content of a” (V"™ N (g, )2+ - -)
is the product of the contents of v N(dy)z™ + --- and N(c,)z"" + - - -, we obtain

= [[o(/+v9) = RT., (4)
ceG

where R,,T, € Z[x] possessing the properties that the leading coefficient ¢, of T,
divides N(gp,) and degT, < mn.

Since degg > deg f, we get lim,_, M
(9(2))

for each o € G, there exists M > 0 such that
D)y
(9(2))

provided that |z| > M. If 2z is a root of T}, then it is also a root of @,. Conse-
quently,

=0 for all 0 € G. It follows that

(9(20)) = 6(f(20) +vg(20)) =0

6(f(20)) +v
o) ' =v > 1 andso |z9| < M. This proves that the set

o)
o(f(20))
6(9(20))
of all roots of T}, is bounded by M. Now, we have that T, € Z[z], degT,, < mn and
t, can only take only a finite number of values. By Vieta’s relations for T,,, we deduce
that all the coefficients of T, are bounded by the same constant, not depending upon

for some o € G. Thus
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v. It follows that the set {T, | v € Q} is finite because T, € Z[z]. As ) is infinite,
there exist distinct v1,va,...,vp41 € Q such that 7)), =T, = ... = Ty, Let
z1 be a root of T,,,. Then z; is also a root of Q,,,Qy,,...,Q., ,, which implies
that there exist ¢ € G and i # j such that z; is a root of both polynomials
(f+vig) =6(f)+vio(g) and 6(f +vjg9) = 6(f) +v,;6(g). Let K’ be the splitting
field of Q,, over K. Since Q,, € Z[z], we get that 6 (Q,,) = Q,,. Thus K’ is also
a splitting field of & (Q,,) over K. It follows that there exists an automorphism
7 : K' — K’ which extends ¢ : K — K. By applying ', we get that

F(@ M (20)) +vig(a (1)) = 0, f(57 (1)) +1j9(6 (1)) = 0

and so (v; — vj)g(67*(21)) = 0. Since v; # v;, we obtain g(67*(z1)) = 0 and so
f(@7Y(z1)) = 0. This shows that 6='(z1) is a common root of f and g, which
contradicts the hypothesis and the theorem is proved. O

Remark. The above proof works for any normal extension K of QQ, but it is non-
void only if P is infinite. This happens if K is cyclic.

The following examples give all of the integers v in Theorem 1 for given polyno-
mials f and g in Z[z]. In this case, we may consider only a = 1.

Example 1. Let f(z) = 231122 + 184z + 2, g(z) = 23 be polynomials in Z[x] and
v € N. Then
f(x) +vg(x) = va® + 231122 + 1842 + 2.

Case 1 f(x) +vg(x) = (vz + a)(x? + bx + ¢) for some a,b,c € Z. Then we have
vb+a = 2311, vc+ ab = 184 and ac = 2.

If a,c < 0, then vb = 2311 —a > 0 and so b > 0. Since vc = 184 — ab > 0, we
have ¢ > 0, a contradiction. Thus a,c > 0. If a = 2,¢ = 1, then vb = 2309 and
v +2b = 184. It follows that 2b? — 184b+ 2309 = 0 and so b = 46 & (1/2)/3846 ¢ Z,
which is impossible. Thus a = 1,¢c = 2 and we get vb = 2310 and 2v + b = 184. It
follows that b — 184b 4 4620 = 0 and so b = 30 or 154. If b = 30, then v = 77, and
if b = 154, then v = 15. In both cases, we have that

f(x) +77g(z) = (T7x + 1)(2* + 30z + 2)

and
f(x) +15g(z) = (152 4 1)(x? + 1542 + 2).

Case 2 f(x) +vg(x) = (z + a)(va? + bx + ¢) for some a,b,c € Z. Then we have

va+b=2311, c+ ab=184 and ac = 2.
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By the same proof as in Case 1, we deduce that a,c¢ > 0. If a = 2,¢ = 1, then
b = 183/2 ¢ 7, which is impossible. Thus a = 1,¢ = 2 and so b = 182. It follows
that v = 2129, which is a prime number. In this case, we get that

f(z) +2129g(z) = (z + 1)(21292% + 182z + 2).
From both cases, we deduce that Q = {15,77,2129}.

Example 2. Let f(z) = 231222 + 1842 + 2, g(x) = 223 be polynomials in Z[z] and
v € N. Then f(z) +vg(x) = 2va® + 231222 + 184z + 2.
Case 1 f(x) + vg(x) = (vrz + a)(sz? + bx + ¢) for some a,b,c,r,s € Z. Then we
have

vrb 4+ as = 2312, vrc+ ab = 184,ac = 2 and rs = 2.

Ifa=-1,c=-2,r=—-1,s = =2, then —vb = 2310 and 2v — b = 184. It follows
that
b +184b+2-2310 =0

and so b= —30 or —154. If b = —30, then v = 77. If b = —154, then v = 15. Thus,
f(z) +77g(x) = (77x + 1)(22° 4 30z + 2),

and
f(z) +15g(z) = (152 + 1)(22* + 154z + 2).

Ifa=-2,c=—-1,r=—-2,5s = —1, then —2vb = 2310 and 2v — 2b = 184. It follows
that
20 +184b +2310 =0

and so b = —15 or —77. If b = =77, then v = 15 and if b = —15, then v = 77.
Thus,
f(x) +15g(z) = (30 + 2) (2 + 77z + 1)

and
f(x) +77g(z) = (154x + 2)(2* + 15z + 1).

Ifa=-1,c=-2,r=—-2,5s = —1, then —2vb = 2311 and 4v — b = 184. It follows
that
b2 +184b+2-2311 =0

and so b = —92 + /3842 ¢ 7Z, which is impossible. The remaining cases follow
similarly.

Case 2 f(x) +vg(x) = (rz + a)(vsz? + bx + c¢) for some a,b,c,r,s € Z. Then we
have
vsa+1rb=2312,7c+ ab=184,ac = 2 and rs = 2.
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Ifa=—-1,c=-2,r=—-1,s = =2, then b = —182 and so 2v = 2130. Thus,
f(x) + 1065g(z) = (x + 1)(21302° + 182 + 2).

Ifa=-1,¢c=-2,r=—-2,5s=—1, then b = —180 and so v = 1952. Thus,
f(x) 4+ 1952g(z) = (2 + 1)(19522% + 180z + 2).

Ifa=-2¢c=—-1,r=-2,5s=—1, then —2b = 182 and so v = 1065. Thus,
f(z) +1065g(z) = (22 + 2)(106522 + 91z + 1).

Ifa =-1,c=—-2,r =1,s = 2, then b = —186 and so —2v = 2498, which is
impossible. The remaining cases follow similarly. From all cases, we deduce that
Q = {15,77,1065,1952}.

Corollary 1. Let f and g be two polynomials in K|x] having no common root. If
degg < deg f and f(0) =0, then there exist at most finitely many v € P’ such that
a(f +vg) = uyv, for some a € Z,u,,v, € R[x] with degu, > 1,degv, > 1 and
either v | u, (0) or v | v,(0).

Proof. Let
f@) = fiz+ for® + -+ fra® and g(z) = go + g2 + goa® + - + g™,

with m < k and fx, gm, go # 0. Taking x = 1/y and multiplying by y*, we obtain
1 _ _
F(y):=y"f (5) = [y Ryt T € Ky,

1 - _ _
G(y): =ykg <§> = g0v" + 1y T+ gy T gy T € Ky

Then deg G(y) = k > k—1 > deg F(y). As f and g have no common root, so F and
G have no common root. Thus, by Theorem 1, there exist at most finitely many
v € P’ such that

a(F(y) +vG(y)) = U,(y)V.(y) (5)

for some a € Z,U,(y),V,(y) € Rly] with r := degU, > 1,5 := degV, > 1,k =
r + s and either v divides the leading coefficient of U, (y) or v divides the leading
coefficient of V,(y). Taking y = 1/x in (5) and multiplying by x*, we obtain

1 1 1 1
a (xkF (—) +vik@ <—>> =z"U, (—) z°V, (—) .
x T x x
Thus, for such integers v, we get

a(f+1/g) = Uy Uy

for some u,,v, € R[x] with degu, > 1,degv, > 1 and either v | u,(0) or v | v,(0)
as desired. O
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The following are examples of Corollary 1.

Example 3. Let f(z) = —662* — (2 + 2i)2? and g(z) = 32* 4+ 3(—1 +1)x? — 4 be
polynomials in Q(¢)[z]. Then f and g have no common root and

f(x) +21g(x) = —32* + (—65 + 61i) x> — 84
= — (2 +21(1 — 1)) (32® +2(1 +4)),

with a = 1,v =3 -7 and 3,7 are primes in Z[i].

Example 4. Let f(z) = 2% +2v/=32° + (§ + 4V/=3) 2" + (=26 + 5/=3) 2® +
Pz? and g(z) = — 325+ (FT\/__B) 2% — 322 — 4z — 2 be polynomials in Q(v/=3)[z].
Then f and g have no common root and

3(f(x) +2-5%g(x)) = —32° 4+ 6v/=3z" + (8 + 12v=3) 2* + (24 — 45/=3) z°
—1902* — 600z — 250

= (V=32% +22% — 2-5%)(vV/=32% + 42 + 122 +5),
with a = 3,v = 2-52 and 2, 5 are primes in Z+Z (71%\/7_‘3) the Eisenstein domain.

We now extend the main result to more than one indeterminates.

Theorem 2. Let f,g € K[z1,22,...,Zm],m > 1, be two relatively prime polyno-
mials. If deg, g > deg, f, then there exist at most finitely many v € P’ such
that a(f + vg) = ww, for some a € Z,u,,v, € Rlx1,T2,...,5p)],deg, u, >
1,deg,, v, > 1 and either v divides the leading coefficient of u, € R[xa, ..., xm][T1]
or v divides the leading coefficient of v, € R[za, ..., ZTm][z1].

Proof. Let f,g € Klx1,22,...,2m],m > 1, be two relatively prime polynomials.
Then
f=frai+-+ fiz1 + fo and g = gsz] + - + 9171 + o,

where f; := fi(z2,...,2m),9; == g;j(x2,..., ) € K[za,..., x| foralli=0,1...,r,
j=0,1...,sand fr,gs #0. Thus f,g € K[xa,...,Zn][x1] have no common root.
Tt follows that the resultant Res(f,g) of f and g is given by

Res(f,9) = f1g; H (a; = Bj) #0,

1<i<r1<j<s

where aq, ..., q, are the roots of f and f1,..., s are the roots of g in an algebraic
closure of K (za,...,%y) and Res(f,g) € K[za,...,Zm] (see [3, p.119]). Then there
exist ag,...,a, € K so that Res(f,g)(az,...,am) #0. Let F = f(x1,a2,...,am)
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and G = g(x1,az,...,a,). Then F,G € Klx1] and so oF, 3G € R[z;] for some
«, 8 € Z. Thus

Res(aF,0G) = a*0" f3(a, ..., am)gh(az, .. am)  [[ (4= 55).
1<i<r,1<j<s

where o, ..., al are the roots of F' and g, ..., 3, are the roots of G in an algebraic
closure of K. It is clear that

Res(aF, BG) = Res(af, Bg)(az,...,am) = a®8"Res(f, g)(az,...,am) # 0,

which implies that F', G have no common root and the leading coefficient of F'
and G are f.(ag,...,am,) # 0 and gs(ag,...,am) # 0, respectively. Then deg F' =
deg, f <deg, g=degG. If there are infinitely many v € P’ such that

a(f + Vg) = UpUyp

either v divides the leading coefficient of u, € R[za,...,x,][x1] or v divides the
leading coefficient of v, € R[za,...,xy][z1], then for such v, we obtain

b(F +vG) =U,V,

for some b € Z,U,,V, € Rlx1] with degU, > 1,degV, > 1 and either v divides the
leading coefficient of U, or v divides the leading coefficient of V,,. This contradicts
Theorem 1. O

for some a € Z,u,,v, € Rl[x1,72,...,%,] with deg, u, > 1,deg, v, > 1 and

3. Further Results

The condition that either v divides the leading coefficient of u, or v divides the
leading coefficient of v,, is essential in Theorem 1. To see this, it is enough to
consider f(z) =1 and g(x) = 2% in Q[x]. Then

fl@) +Kg(z) =1+ k*2® = (1 + kz) (1 — kx + k*2?)

for all positive integers k.

In this section, we give some further results concerning the reducibility of f 4 vg
that does not satisfy the above condition, where f, g are polynomials in Z[z] with
degg =2 or 3.

Proposition 1. Let f,g € Z[x] be such that g is monic, deg f < degg = 2 and
f(x)+pqg(x) = pgz®+ Az+ B with p,q, A, B € Z and pg # 0. Then f(x)+pqg(z) =
(pz + a)(gx + b) in Zlz] if and only if

" A4 /A% — 4pgB and b_A$\/A2—4qu
= ¥ =

2p

(6)

are integers.
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Proof. Tt is easy to show that if the integers a and b are as in (6), then f(z) +

pag(x) = (px + a)(qz +b).
Conversely, assume that f(z)+pgg(z) = (pr+a)(gz+0b) for some a,b € Z. Then

f(@) + pgg(x) = pgx® + (ga + pb)x + ab.

Thus A = ga + pb and B = ab. It follows that ga*? — Aa + pB = 0 and so (6) holds
as desired. O]

Example 5. Let f(z) = x — 2 and g(x) = 22 be polynomials in Z[x] and p =
3,q = 5. Since f(z) + 3 -5g(x) = 1522 + x — 2, we have A = 1,B = —2 and so
a= &7@38'15, b= Lvl;“r). As a and b are integers, we obtain a = —1,b = 2.
By Proposition 1, we deduce that

f(z) +3-5g(x) = 3z — 1)(5z + 2).

Proposition 2. Let f,g € Z[x] be such that g is monic, deg f < degg = 3 and
f(x) + peg(x) = pgx3 + Ax? + Bx + C with p,q, A,B,C € Z and pq # 0. Then
f(x) + pgg(x) = (px + a)(qx? + bx + ¢) in Z[x] if and only if

a=a+ B+,
3q
2A 3 3
p=24_Vou_ Vb ™
3p D D
B 1 AN /24 ¢ 3
=B (qas e ) (22 - 300 3B),
p D 3q 3p D D
are integers, where
_Q Q? P Q Q2 P3
a=—5 gt A3 1 o (8)
with B A2 BA A3 2C
D D 2 D
:7—7@@: 2 o7 3 - (9)
q 3q 3q 27q q

Proof. Tt is easy to show that if the integers a,b and ¢ are as in (7), then f(z) +
pag(z) = (px + a)(gz® + bx + o).
Conversely, assume that f(x)+pgg(x) = (pr+a)(qr?+bx+-c) for some a, b, c € Z.
Then
f(2) + pag(x) = pgz® + (ga + pb)a® + (ab + pe)z + ac.

Thus A = ga + pb, B = ab + pc, C = ac, and so

A—
a= pb and ab= B — pc. (10)
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It follows that N 200
B
d-La2+ P2, 2Z (11)
q q q

Substituting a by y + A/3q, we get the equation

B A2 BA 243 2C
v3 + bS5 = )y+ p = D —0,
qa 3q 3¢ 214 ¢
which has y = /a + /B as a solution, where a, 3 and P,Q are defined as in (8)

and (9), respectively. Thus, a = Yo + /5 + 3% is a solution of (11). Taking the
integer a in (10), we obtain b and ¢ as in (7) as desired. O

Example 6. Let f(z) = 162% — 25z + 1, g(z) = 23 + x be polynomials in Z[z] and
p, q be prime numbers. Then f(z) + pgg(z) = pgx® + 1622 + (pg — 25)x + 1. If
f(@) + pag(x) = (pr + a)(qa® + bz + ¢)
for some a, b, c € Z, then
ac =1,pb+ aqg = 16 and pc + ab = pg — 25.

If a =c= -1, then

pb—q=16 and 25 —b=p(g+1). (12)
It follows that 0 < b < 24 and more precisely, only b = 7 satisfies the two equations
n (12). Thus, 18 = p(q + 1), which implies that p = 3,¢ = 5. Hence

f(z) +15g(z) = (3z — 1)(5x? + 7z — 1) = 152> + 162% — 10z + 1.

If a =c=1, then

pb+q=16 and 254+b=p(q—1). (13)

It follows that b(p? + 1) = 5(3p — 5) > 0 and so b > 0. Thus, 0 < ¢ < 16 and more
precisely, only ¢ = 3 satisfies two equations in (13). Then pb = 13, which implies
that p = 13,b = 1. Thus,

f(z) +39g(z) = (132 + 1)(32% + = + 1) = 392> + 162> + 14z + 1.
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