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Abstract

Let fi(x),..., fu(x) € Fylt1,...,tr][x1,. .., 2] be polynomials in x with coefficients
in Fy[t1,...,t]. Suppose that f;(0) = 0 (1 < j < k), and let {0} C 4, C F,
(1 <1< s). Provided that the number of variables s is large enough in terms of g,
r, the cardinalities of the sets |A4;|, and the degrees of the polynomials f;(x), there
exists a non-zero common solution to the system of equations f;(x) =0 (1 < j < k),
where each x; (1 <1 < s) is a polynomial in t with coefficients in A;. We also
establish similar results for systems of congruences over Dedekind domains and
systems of inequalities over F,((1/t)).

Introduction

Let IF, denote the finite field with ¢ elements, where ¢ is a power of a prime. In
1935, Chevalley [4] proved the following theorem, which confirmed a conjecture of
Artin [2] from the same year.

Theorem 1. Let fi(x),..., fu(x) € Fqlz1,...,xs] be polynomials satisfying f;(0) =
0 for all 1 < j < k. Then, provided that

k
5> Zdegfj(x),

Jj=1

there exists a non-zero common solution to the system of equations f;(x) =0 (1 <
J < k) withx; € Fy for1 <[ <s.
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Schauz [10, Corollary 3.5] in 2008 and Brink [3, Theorem 1] in 2011 indepen-
dently proved the following “restricted variable” extension of Chevalley’s Theorem,
in which they required each z; of a non-zero solution x = (z1,...,s) to belong to
some specified subset 4; C F, for 1 <[ < s.

Theorem 2. Let f1(x), ..., fu(x) € Fg[z1,. .., xs] be polynomials satisfying f;(0) =
0 foralll <j<k. Foralll <l<s, let A; be a subset of Fg with {0} C A; CF,.
Then, provided that

S

k
D (Al =1) > (¢-1)) deg f;(x)

=1 j=1

there exists a non-zero common solution to the system of equations f;(x) =0 (1 <
J<k)withx, € Ay for1 <l <s.

The proofs by Schauz and Brink are applications of the Combinatorial Null-
stellensatz (see [1]). If 4y = F, (1 <1 < s), we obtain Chevalley’s Theorem,
which is best possible in the sense that, in the language of Theorem 1, there are
systems of equations of the required form with no non-zero solutions that satisfy
s =deg f1(x) + - - - + deg fr(x). By bootstrapping off of Theorem 2, we are able to
obtain the following theorem.

Theorem 3. Let f1(x),..., fu(x) € Fylt1,....t;][z1,..., 2] be polynomials in x
with coefficients in Fy[t] such that f;(0) =0 for 1 < j <k. Foralll <l <s, let
A; be a subset of F, with {0} C A; CF,. Then, provided that

S

k
D (A =1) > (g —1)) (deg f;(x))" ",
j=1

=1

there exists a non-zero common solution to the system of equations f;(x) =0 (1 <
Jj < k), where each z; (1 <1< s) is a polynomial in t with coefficients in A;.

When A; =F, (1 <1 < s), this theorem recovers a result of Lang [8, Corollary
to Theorem 6]. We now state two corollaries, which may be of interest to number
theorists, that follow directly from setting each set A; in the theorem above to be
{0,1} or {0, £1}.

Corollary 1. Let fi(x),..., fv(x) € Fylt1,...,t][x1,...,2s] be polynomials in x
with coefficients in Fy[t] such that f;(0) =0 for 1 < j < k. Then, provided that

k
Z deg fj T+1a
j=1

there exists a non-zero common solution to the system of equations f;(x) =0 (1 <
Jj < k), where each x; (1 <1< s) is a sum of distinct monomials in t.
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Corollary 2. Let fi(x),..., fx(x) € Fylt1,...,t][x1,...,2s] be polynomials in x
with coefficients in Fy[t] such that f;(0) =0 for 1 < j < k. Then, provided that

k

q 1 T+1

5 D (deg f(x))",
J=1

there exists a non-zero common solution to the system of equations f;(x) =0 (1 <

Jj < k), where each x; (1 <1< s) can be written as sums and differences of distinct

monomials in t.

In Section 2 we use a result of Clark [6] in which the coefficient ring of the
polynomials is a Dedekind domain instead of a finite field F,. In Section 3, we prove
the existence of solutions to systems of polynomial inequalities in F,((1/t)) and more
generally Fy((1/t1))---((1/t;)), where the solutions have coefficients restricted to
subsets of ;. The method of proof is nearly identical in all of these cases, but proofs
are provided for completeness. The arguments used are similar to the exposition
found in the proof of Theorem 1.4 in [9].

1. Proof of Theorem 3

In this section, we prove Theorem 3 via induction on r. Note that when r = 0,
the statement follows from Theorem 2. Suppose that the theorem holds for some
particular value of » € NU{0}. Let f1(x),..., fu(x) € Fylt1, ..., trg1][®1,. .., 25| be
polynomials in x with coefficients in Fy[t1, ..., t,4+1] such that f;(0) =0 (1 < j < k)
and such that

S

(Al -1)>(g-1) de (1)
=1
where d; = deg f;(x).
If we had a non-zero common solution x to the system of equations f;(x) =
0(1 < j < k), where each 2; (1 < I < s) is a polynomial in #,...,t.41 with
coefficients in A;, then we would be able to write

m
T = Z alﬂ'ti+1, (2)
=0

where a;; € Fylt1,...,t,] and m is some nonnegative integer. We turn this reasoning
around and use formula (2) as an ansatz. Namely, treat the a;; as indeterminates,
and transform the equations f;(x) = 0 into equations involving the variables a =
(a1,;) by using (2) to substitute for each x;. We will then use the inductive hypothesis
to find a nonzero solution a = (a;;) with a;; € Fy[t1,...,t,]. Note that if each a;;
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with 0 <¢ < m is a polynomial in ¢q,...,t, with coefficients in A;, then x; defined
by (2) is a polynomial in ¢, ..., t.41 with coefficients in A;.

Let n denote the highest power of t,.; that occurs amongst the coefficients of
the polynomials f;(x),..., fr(x). For each 1 < j <k, by applying (2), we can write

md +n

Z Pjw(@)t

where each p;.,(a) is a polynomial of degree at most d; in variables a;; (1 <[ <
5,0 <14 < m) with coefficients in Fy[t1, ..., ¢,]. Note that a = 0if and only if x = 0
Hence, p;j ,(0) =0forall 1 <j <kand 0 <w < md; +n.

Applying our inductive hypothesis to the system

piw@ =0 (1<j<k 0<w<md;+n),

there exists a non-zero common solution to the system of equations f;(x) =0 (1 <
Jj < k), where each z; (1 <1 < s) is a polynomial in ¢1,...,¢.+; with coefficients in
Ay, provided that

S

k
> m+ 1) (Al =1) > (= 1)) _(md; +n+1)d; ™.
=1 J=1

Dividing both sides of this inequality by m + 1, we obtain

S

k
md; +n+1
YAl =1 > (g 1)) it

P = m-+1

By (1), the above inequality will hold for sufficiently large values of m. This com-
pletes the proof of the theorem.

2. Extension to Dedekind Domains

Many authors have proved variants and generalizations of Chevalley’s theorem;
see [5] for a brief overview. For example, Schauz [10, Theorem 8.4], Wilson [12],
and Brink [3, Theorem 2] proved a variant of the restricted variable extension
of Chevalley’s theorem where the coefficient ring F, of the polynomials f;(x) is
replaced by Z and the conditions f;(x) = 0 are replaced by conguences f;(x) =
0 mod p¥ for a fixed prime p. Brink [3] also stated that the coefficient ring could
taken to be the ring of integers in a number field, and a proof in this case was
given by Clark, Forrow, and Schmitt [7, Theorem 3.1]. The referee brought to our
attention a recent result of Clark [6, Theorem 1.7] that generalizes this line of study
to Dedekind domains. We now state a formulation of Clark’s result that we will
then generalize.
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Theorem 4. Let R be a Dedekind domain with mazimal ideal p and finite residue
field R/p = TF,. Let

fi(x),..., fx(x) € Rlx1,..., x4
be polynomials in x with f;(0) = 0 mod p R and d; = deg f;(x) for 1 < j < k. Let
V1,...,0x €ZT, and let Ay, ..., As be subsets of R such that for eachl (1 <1< s),
the elements of A; are pairwise incongruent modulo p and 0 € A;. If

s k

SIAI=1) > di(g" - 1),

1=1 j=1
then there exists a non-zero solution to the system of congruences
fi()=0mod pR (1<) <k)
with x; € Ay for 1 <1 <s.

By performing a similar argument to the proof of Theorem 3, we arrive at the
following theorem.

Theorem 5. Let R be a Dedekind domain with maximal ideal p and finite residue
field R/p = TF,. Let

fi(x),. .oy fk(x) € R[t1, ..., t][x1,. .., zs]

be polynomials in x with coefficients in R[t] satisfying f;(0) = 0 mod p¥ R[ty,...,t,]
and d; = deg fj(x) for1 <j <k. Letvy,...,vx € Z*, and let Ay, ..., Ay be subsets
of R such that for each 1 (1 <1< s), the elements of A; are pairwise incongruent
modulo p and 0 € A;. Then, provided that

S

k
> (Al -1) > Zd;*l(qv-f —1),

=1
there exists a non-zero common solution to the system of congruences
fj(x) =0 mod p“ R[ty,..., 1] (1<j<k),
where each x; (1 <1< 8) is a polynomial in t with coefficients in A;.

Proof. We proceed via induction on r. Note that when r = 0, the statement
follows from Theorem 4. Suppose that the theorem holds for some particular value
of r € NU{0}. Let fi(x),...,fx(x) € R[t1,...,tr41][Z1,...,25] be polynomials
in x with coefficients in R[t;,...,t,11], such that for each 1 < j < k, we have
[;(0) =0 mod p¥ R[t1,...,t,41]. Let d;j = deg f;(x), and assume

S

k
S - 1) > S g - ). (3)

=1 j=1
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Let n denote the highest power of t,; that occurs amongst the coefficients of
the polynomials fi(x),..., fx(x). Let m be a parameter to be chosen later, and for
each 1 <1 < s, use the ansatz

m
7
T = E apityq1,
i=0

where the a;; are for the moment indeterminates and will later be elements of
Rlt1,...,t.]. Note that if each a;; with 0 < ¢ <m is a polynomial in ¢1, ..., ¢, with
coefficients in A;, then x; is a polynomial in ¢y,...,t.11 with coefficients in A;.
For each 1 < j < k, upon substituting i aitiyy for z; (1 <1 < s) in the
congruence =0
fi(x) =0 mod p* R[t1,...,tr+1],

we have
md;+n

Z Piw(@)t; =0 mod p* Rty,. .., te 1],

where each p;.,(a) is a polynomial of degree at most d; in variables a;; (1 <1 <
5,0 < ¢ < m) with coefficients in R[t1, ..., t,]. Note that f;(0) = 0 mod p¥ R[t1,. .., t,41]
implies p; ., (0) =0 mod p R[t1,...,t,] forall 1 <j <k and 0 <w < md; +n.
Applying our inductive hypothesis to the system of congruences
pjw(a) =0 mod pY R[t1,...,1t,] (1<j<k0<w<md;+n),
there exists a non-zero common solution to this system where each q;; is a polyno-
mial in ¢q,...,t, with coeflicients in A;, provided that

S

k
> (mA DA -1) > (md; +n+ 1)d; T (g% 1),
Jj=1

=1

Dividing both sides of the above inequality by m + 1, we obtain

s k

> (14l -1) > md; +n+1dr+1(qq,j_1)
m+1 J '

=1 j=1

By (3), the above inequality holds for m sufficiently large. This completes the proof
of the theorem. O

3. Inequalities

Let Fq((1/t)) be the completion of Fy(t) at the infinite place. Every non-zero

element « in F,((1/t)) can be written as o = Z a;t', where each a; is an

—oco<i<n
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element in F,; and a,, # 0. In this case, we define ord a to be n, and we adopt the
convention that ord 0 = —oco. Note that for a non-zero polynomial x in F,[t], we
have degx = ord . The argument in the proof of Theorem 3 can be used to prove
the existence of solutions to systems of polynomial inequalities in Fy((1/t)), where
the solutions have coefficients restricted to subsets of I,,.

Theorem 6. Let fi(x),..., fr(x) € Fo((1/t))[x1,...,xs] be polynomials in x with
coefficients in Fq((1/t)) such that f;(0) =0 for 1 < j < k. Let d; = deg f;(x) for
1<j<k and forl1 <l<s, let A be a subset of Fy with {0} C A; CF,. Then,
for any integer T, provided that

s k
D AI-1)>(g—1)) d,

1=1 j=1

there exists a non-zero common solution to the system of inequalities

ord fj(x) <7 (1<j<k),

where each x; (1 <1< s) is a polynomial in t with coefficients in A;. Furthermore,
when n denotes the highest power of t that occurs amongst the coefficients of the

polynomials f1(X), ..., fr(X), there exists a non-zero solution of this type satisfying
k
(¢—1) > (n—7—dj)d;
deg z; < max =1 T—n T—n
1gig, (BT = Ty U

M

(4l -1)- - D%

=1

Note that in the case where A; = F, (1 <[ < s), the result matches that of
Wooley and the second author [11, Page 728]. Furthermore, this result implies the
r = 1 case of Theorem 3.

Proof. Let m be a parameter to be chosen later that satisfies 7 < md; + n for all
1< j <k, and for each 1 <1 < s, write

m

7

T = E ay gt
i=0

where a;; € F;. Note that if each a;; with 0 < ¢ < m is in A;, then z; is a
polynomial in ¢ with coefficients in A;.
For each 1 < j < k, we can now write

= Y pe@t”

—oco<w<md;+n
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where each p; ., (a) is a polynomial of degree at most d; in variables a;; (1 <1 <
5,0 < ¢ <'m) with coefficients in F,. Note that a = 0 if and only if x = 0. Hence,
Pj,w(0) =0 forall 1 <j <k and w < md; +n.

The system of inequalities

ord fi(x) <7 (1<j<k)
is equivalent to the system of equations
pjw(@ =0  (1<j<k 7<w<md;+n).

By Theorem 2, there exists a non-zero common solution with ¢;; € 4; (1 <1 <
s, 0 <4 < m) to this system provided that

S

k
S mAD)(A]-1) > (g—1))_(md; +n - 71)d;.
Jj=1

=1
Dividing both sides of this inequality by m + 1, we obtain
S

b md+n—7
E § J

and by taking m sufficiently large, we find that it is sufficient to require that

S

k
S(AI-1)>(¢-1) _Z (5)

=1

Whenever (5) holds, the inequality in (4) is satisfied provided that

™M=

(=1 2 (n—71—dj)d;

j=1

S (4 -1 - (-1 % &

m+1>

Therefore, there exists a non-zero solution of the desired type satisfying

k
(g=1) X (n =7 = d;)d;
J:
puis, e < - O
ZUAI=D=(a=1) 2 4
= ]:

We now generalize the argument of Theorem 6 to the more complicated case of the
iterated Laurent series field Fy((1/¢1))---((1/t,)). For o € F,((1/t1))--- ((1/¢,)),
we will write ords, o for the order of o with respect to the indeterminant ¢,.
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Theorem 7. Let f1(x),..., fu(x) € Fo((1/t1)) - (1/t))[x1,- .-, xs) be polynomi-
als in x with coefficients in Fq((1/t1))--- ((1/t,)) such that f;(0) =0 for1 < j <k.
Let dj = deg fj(x) for 1 < j <k, and for 1 <1 <s, let A; be a subset of Fy with
{0} € A; CF,. Then, for any integers 7; j (1 <i <r, 1< j<k), provided that

S

k
> (1Al =1) > (¢ - 1>Zd;“,

=1
there exists a non-zero common solution to the system of inequalities
ordy, f;(x) < i 4 1<i<r1<j<k),

where each x; (1 <1< s) is a polynomial in t with coefficients in A;. Furthermore,
when n; ; denotes the highest power of t; that occurs amongst the coefficients of the
polynomial f;(x), there exists a non-zero solution of this type satisfying

ordg,z; <m; (1<1<s,1<i<r)

provided that
Tij < mid; +nj (1<i<r,1<j<k)

and

s k r
mzd—|—nz7 —Tz'7'
S0 > -0 3 ([ A )
=1 i=1 v

=1 J

Note that this theorem implies Theorem 3. Unlike other proofs in this paper, we
will not use induction in this proof but instead directly apply Theorem 2 to a larger
system of equations.

Proof. For each 1 < i < r, let m; be a parameter to be chosen later that satisfies
Ti; < mud; +mn;; for all 1 < j <k. For each 1 <[ <'s, write

u U
T = E ajutyt -t
u
0<u; <m; (1<i<r)

where a;, € Fy. Note that if each a; 4 is in A, then z; is a polynomial in t with
coefficients in A;.
For each 1 < j <k, we can now write

fi(x) = > Piw(@)t" -1,

where each p; w(a) is a polynomial of degree at most d; in variables a;, (1 <1 <
$,0<wu; <my,..., 0 <wu, <m,) with coefficients in F,. Note that a = 0 if and
only if x = 0. Hence, p; w(0) = 0 for all values of j and w.
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The system of inequalities
ordy, f;(x) < 75 (1<i<nr1<j<k),

is equivalent to the system of equations p; w(a) = 0 where j and w satisfy 1 < j <k
and 7 ; < w; < myd; 4+ n;; for 1 <7 < r. By Theorem 2, there exists a non-zero
common solution with a;y € A; (1 <1 <s,0<u; <my,...,0<wu, <m,) to this
system provided that

s r k r
> <(|Az| - [Jmi+1) ) (¢-1) Z ( [ Lmad; + i Tm’)) ;

1=1 i=1 i=1
which is equivalent to

S

Z(|Al|_1 (¢ —1) Zk: Hmzd j T Mg — Tij ) 0
o m; + 1

=1

In the case when all n; ; = n, 7 ; = 7, and d; = d in the above theorem, we
obtain the following corollary.

Corollary 3. Let fi1(x),..., fr(x) € Fo((1/t1))--- ((1/¢))[z1, - . ., zs] be polynomi-
als in x of degree d with coefficients in Fq((1/t1))---((1/t;)) such that f;(0) =0
for1 < j<k. Forl1<I1<s, let A; be a subset of F, with {0} C A; C F,. Then,
for any integer T, provided that

S

> (Al =1) > (g — Dkd™,

=1

there exists a non-zero common solution to the system of inequalities
orde, fi(x) < 7 (1<i<r1<j<k),

where each x; (1 <1< s) is a polynomial in t with coefficients in A;. Furthermore,
when n denotes the highest power of any t; that occurs amongst the coefficients of
the polynomials f;(x), there exists a non-zero solution of this type satisfying

T+1-—n n—7—d

d s (4l - D\
( @@= 1)k ) ¢

ords, z; < max
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