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Abstract
A two-intersection set with parameters (j; «, ) for a block design is a j-subset of the
point set of the design, which intersects every block in « or § points. In this paper,
we show the existence of a two-intersection set with parameters (2m? —m+1;m? —
m, m?) for the block design obtained from translations of the set of nonzero squares
in the finite field of order ¢ = 4m? + 1. As an application, we give a construction
of conference matrices with maximum excess based on the two-intersection sets.

1. Introduction

Let P be a set of v points and B be a collection of b subsets of P, called blocks.
We define F = {(p,B) € P x B : p € B}. Elements in F are called flags. The
triple (P, B, F') is called a block design. We say that (B, P, F+) with F+ = {(B,p) :
(p,B) € F} is the dual of (P,B,F). For convenience, we also say that the pair
(P, B) is a block design.

We consider a block design satisfying the following conditions: for each block
B € B, there are exactly k elements p € P such that p € B. Dually, for each point
p € P, there are exactly r blocks B € B such that p € B. Such a block design is
called a tactical configuration or a 1-design. It is clear that vr = bk. If for any two
distinct points a,b € P the size of {B € B : a,b € B} is constant, say A, (P,B) is
called a 2-(v,k, A) design or a 2-design for short. In particular, if v = b, it is called
symmetric.
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Let (P,B) be a block design and D be a j-subset of P. We say that D is a
two-intersection set with parameters (j; o, 3) for (P, B) if the set

{IBND| : BeB}

contains exactly two numbers « and 3. In this paper, we are interested in the
existence of two-intersection sets and their applications. In particular, we consider a
tactical configuration (P, B) obtained from translations of the set of nonzero squares
in the finite field F, of order ¢ = 1 (mod 4), and in Section 3, we prove that there
exists a two-intersection set with parameters (2m? —m + 1;m? — m, m?) for (P, B)
if g =4m? + 1.

Two-intersection sets have rich applications in algebraic combinatorics, in par-
ticular, for constructing strongly regular graphs and association schemes [3, 7, 17]
while there was no paper uniformly treating two-intersection sets for block designs as
far as the authors know. In Section 2, we explain some of such applications briefly.
Furthermore, we find a new application of two-intersection sets for constructing
conference matrices with maximum excess.

A conference matrixz of order n is an n xn (0, —1, 1)-matrix W with zero diagonal
satisfying WW? = (n — 1)I, where I is the n x n identity matrix. Conference
matrices have been well-studied in relation to Hadamard matrices [8]. Let E(W)
denote the sum of all entries of W. We say that E(W) is the excess of W. We will
show the following upper bound for excess of conference matrices in Appendix.

Proposition 1. Let W be a conference matrixz of order n and let k be an odd
2

integer such that k < /n—1 < k+ 2. Then, it holds that E(W) < %

with equality if and only if either one of the following holds:

(i) n—1 is a square and W1, = kl,; or
(ii) n — 1 is a nonsquare and W1,, contains k,k + 2 as its entries,
where 1, is the all one vector of length n.

The excess of Hadamard matrices and complex Hadamard matrices have been
studied in [2, 6, 9, 10, 11, 12, 14, 16]. Note that regular conference matrices, that
is conference matrices have the all-one vector as eigenvector, have the maximal
excess, and see [5] for constructions of regular conference matrices. In this paper,
we construct a conference matrix of order n with n — 1 nonsquare with excess
attaining the upper bound of Proposition 1 based on two-intersection sets obtained
in Section 3. In particular, we will prove the following theorem.

Theorem 1. For any prime power ¢ = p" = 4m? + 1 with p a prime congruent to
1 modulo 4, there exists a conference matriz of order g + 1 with mazimum excess
attaining the bound of Proposition 1.
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2. Two-intersection Sets and Their Applications

In this section, we consider two-intersection sets for tactical configurations. Let
(P, B) be a tactical configuration and D be a two-intersection set with parameters
(j;a, B) for (P, B), i.e., |D| =jand {|BND| : B € B} ={a,}. It is clear that the
complement of D is also a two-intersection set with parameters (v —j; k — o, k — )
for (P, B). Set

Dy ={BeB:|BnD|=a}, Dy ={BeB:|BnD| =4}
Then, |DL| + |Dé‘\ =band a|DL| + ﬂ|Dé‘\ = rj. Hence, we have

—Bb+rj _ —Bb+rj
a—f -8
We say that each of D, and Dj is the dual of D. Here, the following question

naturally arises. Is the dual of D also a two-intersection set for the dual of (P, B)?
The answer is no in general, but there is a class of block designs giving an affirmative

|Dy| = , D5 =0 (1)

answer.

Proposition 2. Let (P,B) be a 2-(v,k,\) design and D be a two-intersection set
with parameters (j; a, 3) for (P,B). Then, the dual DX is also a two-intersection
set with parameters (j*; o, L) for the dual of (P,B), where

o _rj—pb ot = Aj — pr gt = AGj—1)+r—pr

j o — /B ) o — ﬁ ) a — /8 -
Proof. Let N be the matrix whose rows and columns are labeled by the elements
of P and B, respectively, and entries are defined by

_J1 ifpeB,
P70 ifpeB.

N,

p;

Let x and y be the (0, 1)-vectors whose coordinates are labeled by the elements of
P and B, respectively, and entries are defined by

1 ifpeD, d 1 if Be Dk,
Xy, = an =
’ i YP7 0 it Be D}

It is clear that
x'N=ay" +81-y)". (2)

By multiplying both sides of (2) by N7 from right, we have

x'NNT = (a — B)y"NT + g1TNT.
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Let I be the identity matrix of order v and J be the all-one matrix of order v.
Since NNT = AJ + (r — A)I and 1TNT = r17 yT N7 has exactly two entries
at = (\j—pBr)/(a—pB)and B+ = (A(j — 1) + 7 — Br)/(a — B). Furthermore, by
multiplying both sides of (2) by 1 from right, we have

xI'N1=(a—-B)y'1+p171.

Since x’ N1 = rxT'1 = rj and 5171 = b, we have j* =yT1 = (rj — pb)/(a — ).
Hence, the dual D is a two-intersection set for the dual of (P, B). g

Remark 1. If (P,B) is a 2-design, the parameter j is determined by the other
parameters. Let B/ = {BN D : B € B}. Double-counting the number of pairs of
distinct points of (D, B'), we have (J)A = ()| D]+ (5) |Dz|. Substituting (1), the
parameter j is computable. In the language of design theory, (D, B’) is a pairwise
balanced design with two block sizes.

Two-intersection sets have been studied in algebraic combinatorics in relation to
strongly regular graphs and association schemes. Hereafter, we will assume that
the reader is familiar with the theory of association schemes.

Example 1. (Projective two-intersection set) Let F, be the finite field of
order ¢ and F; = F, \ {0}. Let (P, B) be the 2-design obtained from points and
hyperplanes of the n-dimensional projective space PG(n,q) over F,. Let D be a
two-intersection set for (P, B). Define

C={zy:reD,yclF,}

We consider the graph I' = (V, E) defined as V = Fp+! and (x,y) € E if and only
if x —y € C, which is called a Cayley graph on IF;LH. The set C is called the
connection set of I'. Tt is known that this Cayley graph I' forms a strongly regular
graph [3, p. 134]. The set D is particularly called a projective two-intersection
set. The existence of projective two-intersection sets has been well-studied in finite
geometry.

Example 2. (Affine two-intersection set) Let (P, ) be the 2-design obtained
from points and hyperplanes of the n-dimensional affine space AG(n,q) over F,.
Let D be a two-intersection set for (P, B). We now assume that (P, B) is a residual
of the 2-design obtained from points and hyperplanes of PG(n,q), i.e., P is the
complement of a fixed hyperplane H of PG(n,q) and the blocks B € B are the
restrictions of hyperplanes of PG(n,q) to P. Then, we can regard D as a subset
of the set of projective points of PG(n,q). Then, the Cayley graphs on IFZ}“‘1 with
connection sets

Cy ={zy : € D,y € F},
Cy={zy : x€ P\ D,y € F},
Cs={zy :x€ HyelF,}
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partition the complete graph on V' = FZLH. In particular, this partition forms a
3-class association scheme [7]. The set D is called an affine two-intersection set. A
first infinite family of affine two-intersection sets was recently found in [4, 7].

Example 3. (Relative 2-design) Let (P,B) be a symmetric 2-design. Assume
that there exists a two-intersection set D for (P, B) satisfying |D| = k and D ¢
B. Then, (P,B) forms a tight relative 2-design with respect to D in the Johnson
association scheme J(v,k). Some constructions and all possible parameters with
v < 100 were given in [17]. All the examples with v < 100 have the structure of
coherent configurations.

We now give a new application of two-intersection sets for tactical configurations
obtained from quadratic residues of finite fields. Let ¢ = 1(mod 4) be a prime
power and S be the set of nonzero squares of ;. Set P =, and

B={{z+a:x€S}:aeF,}. (3)

Then, (P, B) is a tactical configuration with v = b= ¢, k = r = (¢ — 1)/2. Note
that (P, B) does not form a 2-design. The set S is called the Paley partial difference
set, which satisfies that the list {x —y : 2,y € S,x # y} covers every element of S
(resp. Iy \ S) exactly (¢ —5)/4 times (resp. (¢ —1)/4 times). It is well-known that
the Cayley graph on I, with connection set S forms a strongly regular graph. The
Paley partial difference sets also have an application for constructing conference
matrices. Let M be a ¢ x ¢ (0,1, —1)-matrix whose rows and columns are labeled
by the elements of I, and entries are defined by

0 ifj—i=0,
M;={1 ifj—ies,
~1 ifj—ieF:\S.

W= (fq 1}1@) . (@)

Then, W forms a conference matrix. We construct a conference matrix with maxi-
mum excess by switching the signs of some rows and columns of W.

Define

Theorem 2. Let ¢ = 4m? + 1 be a prime power and (P,B) be the block design
defined in (3). Assume that there is a two-intersection set with parameters (2m? —
m + 1;m? —m,m?) for (P,B). Then, there exists a conference matriz W' of order
q+ 1 such that W'lgy1 has entries 2m — 1 and 2m + 1.

Proof. Let D be the assumed two-intersection set and W be the conference matrix

defined in (4). Set a = m? —m and 3 = m?. Multiply by —1 the columns indexed
T T

by the elements of D of (_1]‘1\4> Denote the resulting matrix by (?l’) Then,
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multiply by —1 the rows indexed by the elements of D2 of (lq M’ ) Denote the

T
resulting matrix by (c M ”). Then, W’ = <2 ]\Z,,) is the desired conference
matrix.
It is clear that b1, = 2m — 1 by the assumption that |D| = 2m? — m + 1.

Furthermore, since (a, 8) = (m? — m, m?), we have

2m — 1 ifie Dy andi & D,
2m + 1 ifi e Dy and i € D,
—2m—1 ifie D} andi¢ D,
—2m+1 ifie D} andie D.

((lq M,) 1Q+1)i =

Hence, W'1,41 has entries 2m — 1,2m + 1. O

In the next section, we will construct two-intersection sets satisfying the condition
of Theorem 2. Then, Theorem 1 immediately follows by Proposition 1.

3. Comnstruction of Two-intersection Sets

3.1. Preliminary on Characters of Finite Fields

In this section, we will assume that the reader is familiar with the basic theory of
characters of finite fields.

For a positive integer m, set (,,, = exp(%T v_1) Let ¢ = p" be a prime power with
p a prime. For a multiplicative character x and the canonical additive character
of Iy, we define the Gauss sum by

Gq(x) = Z x(@)P(z) € Z[Cg-1, Cpl-

z€F?
We list a few basic properties of Gauss sums below:
(i) Gq(x)Gq4(x) = q if x is nontrivial;
(i) Gq(x™") = x(=1)Gq(x);
(ili) G4(x) = —1if x is trivial.

Let w be a primitive element of F, and k£ be a positive integer dividing ¢ — 1. For

0<i<k-—1weset C’Z-(k’q) = w'C, where C is the multiplicative subgroup of index
* : k,

k of ;. By the orthogonality of characters, the sums p(CFD) = Zzecf’“"” P(z),

0 <i<k—1,so-called Gauss periods, can be expressed as a linear combination of

Gauss sums: ol
1 o )
P(C kD) = S GO T 0<i< k-1, (5)

I{ngk

J
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where x is a multiplicative character of order k of ;. For example, if k = 2, we

have ,

—1+(=1)'Gq(n)
2

where 7 is the quadratic character of F,. In particular, the quadratic Gauss sum is

explicitly computable.

Y(OP?) = L0<i<, (6)

Theorem 3. [13, Theorem 5.15] Let ¢ = p® be a prime power with p a prime and
let ) be the quadratic character of Fq. Then

—1)57141/2 if p=1(mo
qu)—{( 1)°~q fp=1(mod 4), -

(—=1)°"'¢5¢"?  if p=3(mod 4).

Furthermore, we need to define Jacobi sums. We extend the domain of multi-
plicative characters x of I, to all elements of F, by setting x(0) = 1 or x(0) =0
depending on whether x is trivial or not. For multiplicative characters y; and x»
of Fy, define

T x2) = Y xa(@)xa(l — ) € Z[¢y1].

z€F,

In this paper, we treat Jacobi sums J(x1, x2) with x; the quadratic character and
X2 a multiplicative character of order 4 of F,.

Lemma 1. ([15]) Let ¢ = 1(mod 4) be a prime power. Let n be the quadratic
character and x o multiplicative character of order 4 of Fq. Put J(n,x) = a+bls €
Z[C4]. Then,

(i) a = —1(mod 4) if ¢ =1 (mod 8),
(ii) a =1 (mod 4) if ¢ =5 (mod 8).

Conversely, for any prime power ¢ = p" = a®>+b? = 1 (mod 4) with p =1 (mod 4) a
prime satisfying (i) or (ii) above and ged (a, q) = 1, it holds that J(n, x) = a + by,
where the sign of b is ambiguously determined. If p = 3 (mod 4), r is even and
J(n,x) = a.

In this paper, we do not need to care about the signs of a, b.
We will use the following formula on Jacobi sums in the next section.

Proposition 3. ([13, Exercise 5.60]) For any a,b € F}, and a multiplicative char-
acter x of Fy, it holds that

u

-1

D7 X(az™ +b) = x(0) > x' 7 (@)X (=b) I (7 ),
€l 1

<.
Il

where X' is a multiplicative character of order d = ged (n,q — 1) of Fy.
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3.2. Construction

Let ¢ = p” = 4m? + 1 be a prime power with p a prime congruent to 1 modulo
4, and let w be a primitive element of F2. Let x4 be a multiplicative character
of order 4 of Fy2, and 7 and x) be multiplicative characters of order 2 and 4 of
F,, respectively. Assume that x4(w) = x4(w?™') = 4. By Lemma 1, there are
€,0 € {—1,1} such that J(n, x}4) = € + 2md¢y.

Let ¢ be an integer not divisible by ¢ + 1, and put n = w*@*tY and t = w’ 4 w'.
Fix h € {0,1,2,3} and ¢ so that the following conditions are satisfied:

—ed+1
i) =TT X — ) = ¢ (8)

We will see in Remark 2 that such a pair (h,¢) € {0,1,2,3} x {0,1,...,¢*> — 2}
always exists.

Theorem 4. Let ¢ =p" = 4m? 4+ 1 be a prime power with p a prime congruent to
1 modulo 4, and let w be a primitive element of Fy2. Let h and £ be integers defined
as above. Define

Dy = {x elF, :1 + ' € C,(L4’q2) U C,(;i‘f)}.

Then, the set {| Dy N (C’(()Q’q) + 5)| : s € Fy} contains exactly two numbers m? —m
and m?, and | Dy p| = 2m? —m + 1.

This theorem implies that Dy, is a two-intersection with parameters (j; o, 5) =
(2m? —m +1;m? —m, m?) for the block design (P, B) defined in (3). We prove this
theorem by a series of propositions below.

Proposition 4. Let ¢ = 1(mod 4) be a prime power and x4 be a multiplicative
character of order 4 of Fp2. Let w be a primitive element of Fy2. Put n = whlath)
and t = w* +w'. Then,

3 xa(t+wle) = P )’ (n — 12/4) T (0, X)),
z€F,

where n and x4 are multiplicative characters of order2 and 4 of Fy such that x4(w) =
Xa(wth).
Proof. Let xg be a multiplicative character of order 8 of F,2 such that Xg-H = X4-

Note that the restriction of xs to I, is of order 4, which coincides with x/}. In fact,

Xa(w™) = xa(w) = X (W) = xs(W?™).
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Then, we have

Yo xa(l+wie) = 3 xs((1+w'a)™)

z€Fq z€F,
= Z Xy (1 4 tx + na?)
z€lFy
=) Xi(na® +1—12/(4n)). (9)
z€lF,

By Proposition 3, the summation (9) is reformulated as

> Xama? +1—12/(4n)) =n(n)xy (1 = £2/(4n))J (n, X})

z€F,
3 3
= X4~ (M), (n = £2/4) T (1, x4)-
This completes the proof. O

Proposition 5. With the notations of Proposition 4, assume that £ is not divisible
by ¢+ 1. Then, for any s € Fy,

ST xa +wle)n(e — s) = x4 (W)x4’ (n — £2/4)J (0, x4) — Xa(n),
z€Fg\{s}

where u =1+ ts + ns?.

Proof. Since the restriction of x4 to F, is of order 2, we have

Y o+ - = 3 xa(l+ o v+ 9 )

z€F,\{s} IS
Z)@ 1—|—ws)+w)
yGF*
ZX4 (1 +w's) +w) — xa(wb). (10)
y€EF,

Note that ys(w’) = x4(n) and 1+ w’s # 0. Setting u = (1 + w’s)(1 + w's) =
1 +ts+ns?(# 0) and v = w*(1 + w’s) + w'(1 + ws), we have

= 3 xs(((1+w's) +wh)) — x(n)

yEF
=Y Xi(uy? + vy +n) — Xi(n)
yeF,
= Y Xiluy?® +n —v?/(4u)) — x4 (n). (1)

S
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By Proposition 3, the summation of the left hand side of (11) is reformulated as

> Xalua® +n =/ (4u) = n(w)x’ (n — 0/ (41)) T (0. X))-
z€F,

Noting that n — v?/(4u) = (4n — t?)/(4u), we obtain
(11) = X3 (@x4” (n = £2/4)T (0, X4) — X4 (n).
This completes the proof. O

We are now ready for proving Theorem 4.

2 2
Proof of Theorem 4. The characteristic functions of C’éQ’q) and C;;l’q u C;;i‘i ) are,
respectively, given as

1 *
g(z) = 5(77(37) +1), xely,
and
1 3 o
flo) =7 > GTXi(), zEFp.
j=h,h+1 i=0

The size N, of the set Dy j N (C’ég’q) + s) is expressed as

Z f(+wbz)glz —s).

z€F,\{s}

By the definitions of g(z) and f(z), we have

sté 3 (n(x—s-i—l( 3 Zg J”1+wm))

z€F,\{s} j=h,h+1 i=0
= é Z (n(z—s)+1) (2 + C4_h(1 — C)xa(l + whe)
a€F,\{s}
+GM A+ G+ w x)) (12)

Let Ns1 = Zl_qu\{s} xa(1+whz) and Nso = ZIqu\{s} xa(1+wbz)n(xz—s). Then,

1
(12) = ¢ (2(1 — 2+ (M1 = C)(No + Noo) + ¢ (1= G)(No 1 + N 2)) (13)
By Propositions 4 and 5, we have

N+ Nz = (4 () + X3 @)xG (n = £2/4) T (0, x4) — (G(n) + Xa(w).  (14)
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—ed+1
Here, we used x4 (1 +w’s) = x4 (u). Substituting x}(n) = ¢, * +h, Xa(n—12/4) =
—¢5 and J(n, X)) = € + 2md¢y into (14) and continuing from (13), we have
m? —m if ed = —1 and x/(u) € {¢I, P2
5 =1 and y,(u) € {Ch, I3
N, = i . or e an )(/4(u) {C;L1 ;11+3} (15)
m if ed = —1 and x4 (u) € {¢f, ¢}
or €6 = 1 and x(u) € {4, 2.
Thus, N, takes exactly two values according to s.
Next, we compute the size of Dy p:

Dl =Y f(1+aw’)

zelF,

- i > (2 + G = G)xal+ W) + A+ )G+ w%)). (16)

z€Fy

By Proposition 4, we have

D xa(l+w'z) = x4 )y’ (n — £2/4)T (0, X4)- (17)
z€lF,

—e5+1
Substituting x(n) = ¢, 2 +h, Xi(n —t2/4) = —C5T2h and J(n, x}) = € + 2mo¢y
into (17) and continuing from (16), we have | Dy ;| = 2m? —m + 1. O
Remark 2. In this remark, we show that there exists a pair (h,¢) € {0,1,2,3} x
{0,1,...,¢% — 2} satisfying the condition (8), i.e., the set

{0 @+ 1) 10 = &8 Nl = 2/4) = —¢+ )

is nonempty. Let Try2/, be the trace function from Fg> to F,. Note that n—t*/4 =
—(w? —wh)?/4 = —w—@“qu/q(w“%“)?/zl is a nonsquare in F,. Hence,

a+1

Xa(n = 2/4) = ¢ n(20"T Trgs oW 57)).
Given €,0 € {—1,1}, set h so that # + h is odd, say, 2d 4+ 1. This is valid
—ed+1
whenever £ is odd since x}(n) = xa(w’) = ¢, ° h Then, the condition (¢+1) f¢

is automatically satisfied. Furthermore, the condition x4(n — t2/4) = —¢2" is
equivalent to that
a—1 atl +2(2d+1— =341y 41 146
(2w’ Tqu/q(wH- 7)) = _CZ+2h+1 __ Z 2 - Ci( ).

Therefore, it is enough to see that each of the sets

T, = {wz S CfQ’qQ) : Trqz/q(wuq%l) € Ci(Z’q)}7 1=0,1,
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is nonempty. The size of each T; is given by
- Z Z Z Tr (a(Tr 2/q(xw ) b)) (18)

ae]Fq 60(2 q2) bEC’(2 .q)

where Tr, is the trace function from F, to the prime field of F,. Let ¢ and ¢’ be
the canonical additive characters of F;» and Iy, respectively. Then,

22X Y X e

aE]Fq EC(2 ,q2) bGC(2 ,q)

:_Z > v (@HW. (19)

(lEF* €C(2 ,q2) bGC(Q ,q)

Note that F;; C 052”12). Then, by (6) and (7), we have

=171 S gt s G7UED
mEC(zq
g—1(-1+4Gem)) , (@-1(-1) ¢ -1
2 ( 2 >+ 4q T4

Hence, each T; is nonempty.

Remark 3. In this remark, we see that the dual of Dy}, is also a two intersection
set with parameters (2m? — m;m? — m,m?) for the block design obtained from
translations of the set of “nonsquares” in F, but not for (P, B). Let Dy, be the set

defined in Theorem 4. Let D = {s € F, : |Dgs N (Célq) + s)| = m? — m} and
D[J; ={selF,:|DerN (CSQ’q) + )| = m?}. Tt is clear that |DX| = 2m? —m by (1).
By the definitions of u and x/}, (15) is reformulated as

m2—m ifse Dy p—es,
Ns = .
m if s € Dy pyes

This implies that D: = Dy p—es and D[J; = Dy pies. Then, as in the proof of
Theorem 4, we have

IDEN(CP? 1 9]

:% > (e =)+ (24 GO - Gl + wa)
T€F,\{s}

G (14 )AL+ ') )
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1 —hte —hte

= 2 (20— 24 M1 )WV = No) + G = C) (o = Nea))
m2—m ifse Dy py2,

m2 if s € Dé,h'

This implies that the dual of D forms a two-intersection set for the block design
obtained from translations of C\*% in F,.

Acknowledgment. The authors would like to thank the reviewers for their helpful
comments.
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Appendix: Upper Bounds on Excess of Conference Matrices

In this appendix, we prove Proposition 1.

Proposition 6. Let W be a conference matriz of order n. Then E(W) < ny/n —1
holds with equality if and only if W1, = +vn —11,,.

Proof. Write

W]-n = (w17w27 < 'awn)T'

Then

Xn:wzz = (1£WT)(W17L) = (’I’L - 1)1,5;]% = (n — 1)7?,

i=1

Thus by Cauchy-Schwartz inequality,

n

EW) <|E(W)| < i|w1| < (Zw%)(l2 441 =nvn—1.
i=1 -

i=1 M

The equality holds if and only if w; are all equal, that is w; = v/n — 1 for each i.
Thus, we obtain the assertion. O

If the equality holds in Proposition 6, then n — 1 must be a square. In the next
proposition, we improve this upper bound when n — 1 is a nonsquare.

Proposition 7. Let W be a conference matriz of order n with n — 1 a nonsquare.
Let k be an odd integer such that k < /n—1<k+2. Then

n(k? + 2k +n— 1)
EW) = =511

with equality holds if and only if W1,, has entries k, k + 2.
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Proof. Write
W1, = (wy,ws,... ,wn)T.
By the following equation

n

Z:(u/z —Vn—1%=2n(n—-1) - 2vn— 1zn:wi7
i=1

i=1

the value > w; takes maximum if and only if the value > (w; — v/n —1)?
takes minimum. The latter occurs only if each w; is either k or k + 2. Here, noting
that the sum of entries in each row has the same parity with n — 1, w; = k + 1 is

impossible. In this case,
k1
w1, = ° )
((k + 2)1n_a>

and the number a of k in W1,, is determined as a = % by >0 w? =
n(n —1). Then

_ o —\2
E(W) = Zwl = 2\/NT(zn(n— 1) — ;(w Vn—1)?)
<nvn-1- 2\/%(a(k —Vn—12+m—-a)k+2—vn—-1)?)
~n(k?+2k+n—1)
B 2(k +1)
with equality holds if and only if W1,, has only two entries k, k + 2. O

Combining Propositions 6 and 7, we have Proposition 1. Note that Propositions 6
and 7 are generalizable for excess of general weighing matrices.



