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Abstract
In this paper, we give a general sum formula for the bi-periodic Fibonacci and
Lucas numbers. Also, we express the general sum formula of the bi-periodic Lucas
numbers in terms of the bi-periodic Fibonacci numbers.

1. Introduction
The bi-periodic Fibonacci sequence {g,} is defined by Edson and Yayenie [2] as:

aGn_1 + Gn_2, if nis even
= >
n { bgp_1+ Gn_2, ifnisodd ~’ nz?2 1)

with initial values ¢qo = 0, ¢t = 1 and a, b are nonzero numbers. Its associative
sequence, the bi-periodic Lucas sequence {p,}, is defined by Bilgici [1] as:

bpn_1 + pn_o, if niseven
fr— >
Pn { app—1 + pn_2, ifnisodd °’ nz2 (2)

with the initial conditions pg = 2 and p; = a. These sequences can be seen as a
generalization of the Fibonacci and Lucas sequences. If we take a =b =1 in {q¢,},
we get the classical Fibonacci sequence, and if we take a = b =1 in {p,}, we get
the classical Lucas sequence.

Also, {¢,} and {p,} both satisfy the following recurrence relation:

fn:(ab+2)fn—2_fn—4a ’I’LZ4 (3)

The Binet formulas of the sequences {g¢,} and {p,} are given by
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and

BNES] (a"+ ") (5)

respectively, where o = ab+va b24dab V“;l’z“‘lb and = ab=va b ddab V“;bzw’ that is, o and 3 are the
roots of the polynomial 22 — abz — ab and & (n) =n — 2| %] is the parity function,
i.e., £ (n) = 0 when n is even and ¢ (n) = 1 when n is odd. Let a?b? +4ab # 0. Note
that a+ 8 = ab, a — 8 = v a2b? + 4ab and o3 = —ab. For some properties of these
sequences, we refer to [2, 7, 1, 6], and for more general cases of these sequences see
[3] and [4].

In this paper, we consider sums of certain products of bi-periodic Fibonacci and
Lucas numbers. In particular, we give a general sum formula for the bi-periodic
Fibonacci numbers that generalize the following results:

2n
1

Z%%H =3 (@1 — 1], (6)
k=1
2n an £ 1

E qkqk+2 = E [Q2n+1Q2n+2 - a] , (7)
k=1
2n 1
D ararts = 3 [@2nt1d2n4s = (ab+1)]. (8)
k=1

Yayenie [7, Theorem 6] gave these results as a generalization of Rao’s results in [5],
and also he noted that result (8) provides a new result for the classical Fibonacci
numbers by the reason of lack of reference. Motivated by results (6)-(8), here we
obtain a more general sum formula for the bi-periodic Fibonacci numbers. Also,
we state an analogous result for the bi-periodic Lucas numbers, and we express
the sum of the products of bi-periodic Lucas numbers in terms of the bi-periodic
Fibonacci numbers. Moreover, we give additional identities for the sums of the form
S Qe and 32" priy, where 7 is a nonnegative integer.

2. Main Results

First, we start with giving a general sum formula for the bi-periodic Fibonacci
numbers. Assume that r is a nonnegative integer.

Theorem 1. For n > 0, we have

2n

a\ §(k)E(r+1) 1
Z (3) Qe Qk+r = b [G2n+1%2n+r — Gr] - 9)
k=1



INTEGERS: 17 (2017) 3

Proof. Assume that r is even. By using the Binet formula (4), we get

€+ 1)+E(k4r+1) <a2k+r 4 gk (aﬂ)k (" + 67“))

Bl T ) BT (a—B)°
1+€(k+1) pl—&(k+1) 2\ k 2\
- (e (5) o (2) - orer o).
Therefore,

2n

Z (%> §(k)E(r+1) G in

“arem B (@) B G) e ngen)

k=1
_ a? (arﬂ [(12)271_1 (5—2)%_1 )
(ab)? (o — B)* \ ab ab ab
adntrHl | gantrtl

— a —(a” 1 r+1
= b(ab)% (a—ﬂ)2 ( (ab)Zn ( + + 0 + ))

On the other hand, we have

ﬂr+1
ab

+

Pn+192n+r — 4qr

. a QI 4 T — (@B)™ (@87 +897) (o — gy
(ab)? (o — B)° (ab)™"
_ | a a4n+7’+1 + ﬂ4n+r+1 B (ar+1 N 67,+1)
(ab)? (a - B3)? (ab)™" 7
which completes the proof for even 7. Similarly, it can be proven for odd r. U

Note that for » = 1,2 and 3 we obtain results (6), (7), and (8) respectively.
By using Theorem 1 and the d’Ocagne’s identity

b &(r)
Pn+192n+r — qr = (a) Q2n+r+192n

in [2, Theorem 5|, we can easily obtain the following result.
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Corollary 1. Forn > 0, we have

2n

an §(k)E(r+1) 1
kZ_l <Z) Ulktr = CepetrDy (G2mtr+1dn] - (10

Now, we give an analogous result for the bi-periodic Lucas numbers.

Theorem 2. For n > 0, we have

2n b E(k)E(r+1) 1
k=1 (5) PkDk+r = T RE [D2nD2ntr+1 — 2Dr41] - (11)

Proof. Here, we prove the theorem for the case of odd r. It can be proven similarly
for the case of even r. By using the Binet formula (5), we get

a
Pk = (AT (D@ )
a 2

(@) e (@ )

2n “ 2n a2\ ¥ 32 E
ZPklNe—&-r = o <0¢T <E> + 8" (E) + (_1)k (" + 6T)>

Thus,

k=1 (ab) % k=1
a 2n 0[2 k 2n ﬁ2 k 2n .
- a;(—b) > (%) 483
a o+l a2\ 2" Brt 32 2n
B (ab = ( ab l(%) “h ab (%) -1
1 intrHl g gintrl e )
= 1 n - +,8 .
b(ab)" ( (ab)? (o )

On the other hand, we have

DPonP2n+r+1 — 2p7‘+1

1 n T Id n T T
Tt (a7t T g (@) (0 ) =2 (ah) (o7t )

1 a4n+r+1 + ﬂ4n+r+1
- (ab)Qn

_ (arJrl +5r+1)> .

S| =

2n
Zpkpk:—l-r = (p2np2n+r+1 - 2pr+l)
k=1

which proves the desired result. O
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In the following corollary, we can easily express the general sum formula for
the bi-periodic Lucas numbers in terms of the products of bi-periodic Fibonacci
numbers by using Theorem 2 and the identity

&(r)
PonPon+r+1 — 2p7'+1 - <E> (a'b + 4) don+r+192n

in [1, Corollary 3].

Corollary 2. Forn > 0, we have

2n (b)g(k)ﬁ(r—i-l) ab+ 4
k=1

PkPk+r = [q2n+r+1 Q2n} . (12)

a

2.1. The Caseof r =1

We express the sum formula (11) in terms of the bi-periodic Fibonacci numbers in
a simple way. First, consider

2n
Z GkGk+1 = G192 T q2G3 + G3q4 + 4G5 + - -+ G2n—1q2n + G2nq2n+1
k=1

= @@a+a@)+al+ae)t-+gn(@n-1+ q@nt1)-

By using the identity ¢,—1 + gn+1 = pn in [1, Theorem 3], we get

2n n
Z Ak9k+1 = P2G2 +Paqs + -+ - + P2nqGon = 2p2kQQk
k=1 k=1

and from (6), we obtain
ZPQkQQk = 5 [QQn+1 - 1} .
k=1

Similarly, if we consider

2n
Zpkpk-H = pi1p2 + Pp2p3 + P3p4 + paPs + -+ + Pan—1D2n + P2nP2n+1
k=1

= p2(p1+p3) +pas(P3+ps)+ -+ DPan (P2n—1 + D2nt1)

and use the identity pn—1 + pn+1 = (ab+ 4) g, in [1, Theorem 3], we get

2n
> prperr = (ab+4) [paga + paga + - + P2ndon]
k=1

= (ab+4) szk(hk;-
k=1
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As a result, we obtain

b—|—4
Zpkpk-i-l g (@1 — 1] - (13)

Note that this result can also be obtained by using Corollary 2.

Also, we can express formulas (10) and (12) as a product of the bi-periodic
Fibonacci and Lucas numbers. By using the identity g2, = gnpn in [1, Corollary 5],
we can easily get the results

1
> gy = o [PrPs1dndnai] (14)

ab+4
Zpkkarl = [PnPnHQnQnH] (15)

3. Another Sum Formula for Bi-periodic Fibonacci and Lucas Numbers
In this section, we present an additional theorem for the sums of the form Zi’;l Qe+
and Zizl Dk+r, Where r is a nonnegative integer.

Theorem 3. For n > 0, we have

2n

2 ke =5 j (tare 5y~ 1) * o (taur 22~ sz ) 00

Zpk” - (p2(n+L%J)+1 7p2L%J+1> * % (p2(”+L"¥1J) 7p2L%J) - 17

Proof. By using the Binet formula of the bi-periodic Fibonacci numbers, we get

; Qk+r = ; q2(k+L%J)

n a aQ(kJrL%J) — ﬂQ(kJrL%J)
k=1 (ab)HL%J a—f

n . Q2B+ )41 _ o 52 ))
i: )’“V“J< )
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-2 (o () ) - S ((5) )

e (5 B (GBI N R (E5

o2t La]) 41— gt LB 1 () (02l3)01 - gela)o)

(ab)"+LEIH (0 = )
Q275 11) — el 52 ) — gy (oL ) — g5 )

+ =
(ab)* "= (0 - )
1 1
= 5 (e yor ~ a5 )n) + 5 (e )~ 2))-
The result for the bi-periodic Lucas numbers can be proven similarly. O
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