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Abstract

For integers z > 1 and s > 3, the zth s—gonal number is the positive integer
(22(s —2) — z(s — 4)) /2. Let A = (a,b,c) be a 3-term arithmetic progression (AP
for short) of distinct positive integers. We say A is an (s,t)—-AP if a, b, c are s-gonal
numbers, and the common difference is a t-gonal number. Fermat proved that
no (4,4)-AP’s exist, and much later, Sierpiniski showed that there exist infinitely
many (3,3)-AP’s. More recently, Ide and Jones have shown that no (3,4)-AP’s
exist, but that there do exist infinitely many (4,3)-AP’s. In this article, we extend
these results by showing that no (s,4)—AP’s exist for any s, and that there do exist
infinitely many (s,¢)-AP’s, for various other values of s and .

1. Introduction

Throughout this article, all arithmetic progressions are assumed to have a positive
common difference. The fact that no 4-term arithmetic progression of squares exists
was first published posthumously by Euler in 1780. More recently, Brown, Dunn
and Harrington [1] have extended Euler’s result by showing that no 4—term arith-
metic progression of s-gonal numbers exists for any s. Consequently, any mention
of an arithmetic progression of polygonal numbers refers to a 3—term progression.
This article is concerned with an investigation into such arithmetic progressions
whose common difference is also a polygonal number. Historically, Fermat provided
a proof that no arithmetic progression of squares exists whose common difference
is also a square. However, in contrast, Sierpiriski [5] constructed an infinite family
of arithmetic progressions of triangular numbers whose common difference is a tri-
angular number. More recently, Ide and Jones [3] have shown that no arithmetic



INTEGERS: 17 (2017) 2

progression of triangular numbers exists whose common difference is a square, but
that there do exist infinitely many arithmetic progressions of squares whose com-
mon difference is a triangular number. Before stating the specific extensions of
these results established in this article, we present some basic nomenclature.

For integers z > 1 and s > 3, the zth s—gonal number is the positive integer
(22(s — 2) — z(s — 4)) /2. Observe that the zth s—gonal number can be written as

(22(s — 2) — (s —4))% — (s — 4)?
8(s —2) ’

(1)

Let A = (a,b,c) be a 3-term arithmetic progression (AP for short) of distinct
positive integers. We say A is an (s,t)-AP if a,b, ¢ are s-gonal numbers, and the
common difference is a t—gonal number. Using this notation, we provide in Table 1
a summary of the previously-known results concerning the existence of (s,t)-AP’s.

Result Proven by

No (4,4)-AP’s Fermat
Infinitely many (3,3)-AP’s Sierpinski

No (3,4)-AP’s Ide and Jones
Infinitely many (4,3)-AP’s Ide and Jones

Table 1: Previously-known results on the existence of (s,t)-AP’s

In this article, we establish the following extensions of the information given in
Table 1.

Theorem 1. For any s > 3, no (s,4)-AP’s exist.

Theorem 2. For any s and t # 4 such that 3 < s,t < 6, there exist infinitely many
(s,t)-AP’s.

2. Preliminaries

Proposition 1. [6] If (x,y) is a rational point on a nonsingular cubic curve
2 =a34az® +br+c¢, where a,b,c€eZ,

then
m n

r=— and y=—

e

for some m,n,e € Z with gcd(m,e) = ged(n,e) = 1.
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The proof of Theorem 2 relies on the following standard facts from the theory of
Pell equations.

Definition 1. Let D > 1 be a square-free positive integer, and let N # 0 be an
integer. We define a (generalized) Pell equation to be a Diophantine equation of the
form

z? — Dy* = N. (2)
For arbitrary N, the solutions of (2) are intimately related to the solutions of
2?2 — Dy* =1, (3)

which we indicate in the following theorem. For a proof and a more extensive
treatment, see [4].

Proposition 2. Let D > 1 be a square-free positive integer, and let N # 0 be an
integer.

1. There are infinitely many solutions (x,,y,) to the equation (3), and they are
all given by

xn+yn\/5: <x1+y1\/5) , neZ,

where (x1,y1) is the solution to (3) such that yy is the smallest nonnegative
value of y among all solutions (z,y) to (3). The solution (x1,y1) is known as
the fundamental solution to (3).

2. Let (x1,y1) be the fundamental solution to (3) and let (v,d) be a solution to
(2). Then, for each n > 1, the ordered pair (gn, hy) is a solution to (2), where
gn and h, are defined by

Gn + hnV'D = (x1 —i—yl\/ﬁ)n (7+5\/5> )

3. The Proof of Theorem 1

Proof. From (1) and the result of Brown, Dunn and Harrington [1], we see that an
arithmetic progression A of s—gonal numbers can be written as

(@ —(s—4)? B —(s—4)? - (s—4)?
A‘( 8(s—2) ' 8(s—2) ' 8(s—2) )

(4)

where a, b, ¢ are positive integers with a < b < ¢. We assume that A has common
difference d* and proceed toward a contradiction. It is easy to see from (4) that

a® =b? — 8(s — 2)d? and ¢ = +8(s — 2)d>. (5)
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Without loss of generality, we can assume
ged(a, d) = ged(b, d) = ged(e,d) =1, (6)

since, for example, if ged(a, d) = k > 1, then ged(b, d) = ged(e, d) = k and a smaller
arithmetic progression can be produced with common difference (d/k)? satisfying
the assumed ged property in (6). Multiplying together the two equations in (5)
gives

(ac)? = b* — 64(s — 2)2d*. (7)

Dividing (7) by d* yields the quartic curve

b ac

2 4 2

=u" —64(s—2 h == d = —. 8
v =u (s—2)°, where u 5 and v=-5 (8)
Using standard techniques [2], we arrive at the birationally equivalent nonsingular
elliptic curve

E:y? =a®+256(s — 2)%r, where u= % and v = 8:L“1—6y2’ 9)
From Proposition 1, we let
m n 2FM n
@0 =(Ga)= (——) /
where m = 28 M with M =1 (mod 2), and
ged(m, e) = ged(n, e) = 1. (10)
Then £ can be rewritten as
n? = 23K M3 4 R T8 (5 — 2)2et M. (11)
From (9), we have that
w=-" and vzw. (12)

4e3 16e6

We divide the proof into the three cases: k =0, k =1 and k > 2. Suppose first
that & = 0, so that n = 1 (mod 2). Then, we deduce from (6), (8), (10) and (12)
that

b=n, d=4e® and ac=2°Me*—n? (13)

Substituting the quantities from (13) into (7) and rearranging gives

e (22M2% 4 21%(s — 2)%e?) = Mn?, (14)
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which is impossible since the left-hand side of (14) is even, but the right-hand side
is odd.
If k =1, then we see from (11) that

n® =2 (M?® +2%(s — 2)%e' M), (15)

which is impossible since M3 + 26(s — 2)2e*M =1 (mod 2) implies that the right-
hand side of (15) is not a square.
Hence, we may assume that k¥ > 2. Then, we have from (11) that n =0 (mod 4).
Proceeding as in the case of k = 0, we conclude from (6), (8), (10) and (12) that
n K3 Vet — n?
b:2—2, d:63 and ac= 2—4 (16)
Substituting the quantities from (16) into (7) gives, after some algebra and rear-
ranging,
et (2202 4 2M(s — 2)%e?) = 28 M M2, (17)

which implies that e* = 1 by (10). Substituting the expression for n? from (11)
(with e* = 1) into (17) and rearranging yields

214 (s —2)% = 22FF0 (2282 1% 4 2(s — 2)2 M2 — M?). (18)
Since k > 2 and M =1 (mod 2), we have that
22k=2 1% 4 95(s —2)2M? — M? =3 (mod 4),

which implies that the right-hand side of (18) is not a square. This final contradic-
tion completes the proof of the theorem. O

4. The Proof of Theorem 2

Theorem 2 is really just an application of the following theorem that gives sufficient
conditions for the existence of infinitely many (s, ¢)-AP’s. Using these conditions as
an algorithm, the proof of Theorem 2 is then simply a computer search employing
this algorithm. The strategy used in this algorithm is, in part, similar to techniques
used for some of the results in [3], and also represents a slight modification of the
method employed by Sierpiriski in [5]. A partial summary of the details of our
computer search, indicating the results in the statement of Theorem 2, is provided
in Table 2. We have included (s,t) € {(3,3),(4,3)} in Table 2 since the infinite
families found here differ from the infinite family for (3,3) found by Sierpinski [5]
and the infinite family for (4,3) found by Ide and Jones [3].
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Theorem 3. Let s,t > 3 be integers with t # 4. Suppose that (z,y,z,u) =
(z0, Yo, 20, Ug) 15 a solution to the system of Diophantine equations

?+22=2y" and (t—2)(y*—2%) =(s—2) (u* — (t—4)?), (19)
such that 0 < zo < yo < 20, D :=u3 — (t — 4)? is not a square,

To=yo=20=—(s—4) (mod 2(s—2))

and ug=—(t—4) (mod 2(t —2)). (20)

Let (o, B) be the fundamental solution to (3). If there exists a congruence class C
for which

gn +haVD = (a + ﬂ\/ﬁ)n (uo + \/5) (21)
s such that
gn=—(t—4) (mod2(t—2)) and h,=1 (mod 2(s—2))
for alln € C, with n > 1, then there exist infinitely many (s,t)-AP’s.

Proof. Let n € C, with n > 1, and note from part (2) of Proposition 2 that (g, h,)
is a solution to (2) with N = (¢t — 4)%. Let

(.T, y,z,u) = (xohmyohm ZOh’rugn) . (22)
Then
2% + 22 = (wohn)? + (20hn)° = (23 + 23) hn = 2y5h? =
and
(t=2) (y* —2%) = (= 2) ((oha)® — (w0hn)°)
—h2 t—2) (yé—xo)
—2) (ug — (t—4)%)
(5*2)(93*( *4) )
=(s—2) (u* = (t —4)?),

which proves that (22) is a solution to (19). Observe also that (22) satisfies the
congruence conditions in (20). Thus, since 0 < z < y < z, there exist positive
integers a < b < ¢ and d such that

r=2a(s—2)—(s—4)
y=2b(s—2)—(s—4)
z2=2c(s—2)—(s—4)
u=2d(t—2)— (t—4).
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Hence, by (1),

2% — (s —4)2

P (s—4)?
8(s—2) '’

2 (e A)2
Py = and Pz:Z (s —4)

Po = 8(s—2) 8(s —2)

are s—gonal numbers, and it follows that A = (P, Py, P,) is an arithmetic progres-
sion with common difference equal to the t—gonal number

u? — (t—4)2

Pu= 5 =9y

Table 2: Summary for some new infinite families of (s,¢)-AP’s

(s,t) (w0, Yo, 20, Uo) (o, B) C

(3,3) (7,13,17,11) (11,1) n=0 (mod 2)
(3,5) (5,145,205,251) (251,1) n=0 (mod 2)
(3,6) (7,13,17,22) (241,11) N

(4,3) (28,52,68,31) (31,1) n=0 (mod 4)
(4,5) (84,156,204,161) (161,1) n=0 (mod 4)
(4,6) (28,52,68,62) (1921,31) n=0 (mod 2)
(5,3) (89,149,191,69) (69,1) n=0 (mod 4)
(5,5)  (11471,13001,14369,6119) (6119,1) n=0 (mod 6)
(5,6) (2093,6773,9347,7438) (27661921,3719)  n =0 (mod 3)
(6,3) (1302,3390,4614,1565) (1565,1) n=0 (mod 8)
(6,5) (13838,111518,157102,95831) (95831,1) n=0 (mod 8)
(6,6)  (7230,31830,44430,30998)  (480438001,15499) n =0 (mod 4)

5. Some Final Comments

There are three inherent practical weaknesses in the algorithm described in Theorem
3. For one, we require a “seed” AP. Such a seed was not found for (s,t) = (6,8)
in our computer search. Secondly, the fundamental solution («, ) of (3) must be
found. For example, this fundamental solution was not found for (s,¢) = (5,7) in
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our computer search. Thirdly, the congruence class C must exist. However, with
these computational weaknesses aside, we see no apparent mathematical obstruction
in extending Theorem 2 to other (s,t)-AP’s. In fact, our computer search found
many such pairs beyond the pairs listed in Theorem 2, and we conjecture that for
all s and ¢, with ¢ # 4, there exist infinitely many (s,t)-AP’s.

Acknowledgements. The authors thank the referee for the suggestions that im-
proved the paper.

References

[1] K. Brown, S. Dunn and J. Harrington, Arithmetic progressions in the polygonal numbers,
Integers 12 (2012), A43, 7pp (electronic).

[2] J. W. S. Cassels, Lectures on FElliptic Curves, London Mathematical Society Student Texts,
24, Cambridge University Press, Cambridge, (1991).

[3] Joshua Ide and Lenny Jones, Arithmetic progressions involving triangular numbers and
squares, J. Comb. Number Theory 5 (2013), no. 3, 165-179.

[4] T. Nagell, Introduction to Number Theory, Chelsea Publishing Company, New York, (1964).

[5] W. Sierpiriski, Sur trois nombres triangulaires en progression arithmétique & différence trian-
gulaire, Elem. Math. 20 (1965) 79-81.

[6] Joseph H. Silverman and John T. Tate, Rational points on elliptic curves, Second edition,
Undergraduate Texts in Mathematics, Springer, Cham, (2015).



