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Abstract
The convolution sum > o(l)o(m), where o = 48 and off = 64, is elemen-
(1,m)eN?
al+B8m=n

tarily evaluated for all natural numbers n. The evaluation of the convolution sums
for these levels is achieved using the sum of divisors function, primitive Dirichlet
characters and modular forms. The evaluation of these convolution sums is then
used to determine formulae for the number of representations of a natural number
by the octonary quadratic forms a (3 + 23 + 2% + 23) + b (22 + 22 + 22 + 22) and
c(x? + z120 + 23 + 23 + 2314 + 22) + d (22 + w576 + T2 + 72 + 2778 + 22), Where
(a,b) = (1,12), (1,16), (3,4) and (¢, d) = (1, 16).

1. Introduction

In this paper, N, Ny, Z, Q, R and C, denote the sets of natural numbers, non-
negative integers, integers, rational numbers, real numbers and complex numbers,
respectively.

Assume that d, k,n € N. Then we define the sum oy (n) of the k" powers of the

positive divisors of n by
or(n) =Y d", (1)
0<d|n
and we write o(n) as a shorthand for o1(n) and set ox(m) =0 if m ¢ N.
Suppose that a, 3 € N are such that « < . We define the convolution sum
Wia,p) (1) by
Wagpm) = Y oo(m). (2)

(I,m)eN?
al+Bm=n
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We write Wp(n) as a shorthand for W, g)(n).

The levels af for those convolution sums W, g)(n) that have been evaluated so

far are referenced in Table 1.

Level af Authors | References
1 M. Besge, J. W. L. Glaisher,
S. Ramanujan [8, 12, 27]
2,3,4 J. G. Huard & Z. M. Ou &
B. K. Spearman & K. S. Williams [13]
57 M. Lemire & K. S. Williams,
S. Cooper & P. C. Toh [10, 17
6 9. Alaca & K. S. Williams [7
8,9 K. S. Williams [31, 30
10, 11, 13, 14 E. Royer [28
12, 16, 18, 24 A. Alaca & §. Alaca
& K. S. Williams [2,3,4,5
15 B. Ramakrishnan & B. Sahu 26
10, 20 S. Cooper & D. Ye 11
23 H. H. Chan & S. Cooper [9
25 E. X. W. Xia & X. L. Tian
& O. X. M. Yao [33
27, 32 9. Alaca & Y. Kesicioglu [6
36 D. Ye 34
14, 26, 28, 30 E. Ntienjem 23
22,44, 52 E. Ntienjem 25
33, 40, 56
af =2 1] pj, where
jz2
ged(a, ) =1,0< v < 3, E. Ntienjem [24]
k € N, p; > 2 distinct primes

Table 1: Known convolution sums W, gy(n) of level o8

In this paper, we evaluate the convolution sums of levels a3 = 48 and a8 = 64.
The natural numbers 48 and 64 do not belong to the class of natural numbers
for which the evaluation of the convolution sums is discussed by E. Ntienjem [24].
Therefore, according to Table 1, these convolution sums have not been evaluated
as yet.

Suppose that a,b,c,d € N are such that ged(a,b) = 1 and ged(e,d) = 1. The
determination of explicit formulae for the number of representations of a positive
integer n by the octonary quadratic forms

a (i + o3+ a3 + 23) + b (23 + 2§ + 27 + 23), (3)
and

c(x% + 179 + x% + a:§ + 2324 + xi) + d(x% + 2526 + x% + a:$ + xrxg + x%), (4)
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is achieved by applying the evaluated convolution sums.
Known explicit formulae for the number of representations of n by the octonary
quadratic forms (3) and (4) are referenced in Table 2 and Table 3, respectively.

(a,b) Authors | References
T1),(13),
(1,9),(2.3) E. Ntienjem 24
(1,2) K. S. Williams 31
(1,4) A. Alaca & §. Alaca
& K. S. Williams 3]
(1,5) S. Cooper & D. Ye 11
(1,6) | B. Ramakrishnan & B. Sahu 26
(1,7) E. Ntienjem 23
(1,8) 9. Alaca & Y. Kesicioglu [6
(1,11),(1,13) E. Ntienjem [25
(1,10),(L19);
(2.5),2.7),
ab=2"]] pj, where
Jj=>2
ged(a,b) =1,0<wv <1, E. Ntienjem [24]
k € N, p; > 2 distinct primes

Table 2: Known representations of n by the form (3)

(c,d) Authors | References

(1,1) G. A. Lomadze (19

(1,2) 9. Alaca & K. S. Williams [7

(1,3) K. S. Williams [30
TA),(1,6),

(1,8),(2,3) A. Alaca & §. Alaca

& K. S. Williams 2, 3, 4

(1,5) | B. Ramakrishnan & B. Sahu [26

(1,9) 9. Alaca & Y. Kesicioglu [6

(1,10, (2,5) E. Ntienjem 23

(1,12),(34) D. Ye 34
.10,
cd =2"]] pj, where

Jj=3

ged(e,d) =1,0<wv <3, E. Ntienjem [24]

k € N, p; > 3 distinct primes

Table 3: Known representations of n by the form (4)
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We apply our evaluation of the convolution sums of levels 48 and 64 and other
known convolution sums to determine formulae for the number of representations of
a positive integer n by the octonary quadratic forms (3) for which (a,b) = (1,12),
(1,16), (3,4) and (4) for which (¢,d) = (1,16). These numbers of representations
are also new according to Table 2 and Table 3, respectively.

We have structured this paper as follows. In Section 2 we briefly introduce
modular forms, eta functions and convolution sums. We then discuss in Section 3
our main results on the evaluation of the convolution sums; in Sections 4 and 5,
we present our main results on the formulae for the number of representations of a
positive integer n.

To obtain the results presented in this paper, we used software for symbolic
scientific computation which consists of the open source software packages GiNaC,
Maxima, REDUCE, SAGE and the commercial software package MAPLE.

2. Preliminaries: Modular Forms, Eta Quotients and Convolution Sums

2.1. Modular Forms

Considered are the upper half-plane, H = {z € C | Im(z) > 0}, and the group
I' = SLy(Z) which is a full modular subgroup of G = SLy(R) the group of 2 x 2-
matrices (‘; Z) such that a,b,c,d € R and ad — bc = 1. Suppose that N € N.
Then

P(V) ={ (¢4) esl(@) | (23) =(59) (mod N)}

is a subgroup of I'. We call the subgroup I'(IV) the principal congruence subgroup
of level N. A subgroup H of G which contains I'(NV) is a congruence subgroup of
level N.

We consider the congruence subgroup
Lo(N)={ (2%) €SLa(Z) | ¢c=0 (mod N) }.

Assume that k € Z,v € T and fDlk : HUQU{oo} — CU{oc} is the function whose
value at z is f)%(2) = (cz + d)"*f(7(2)). The definition given below is based on
N. Koblitz’s textbook [15, p. 108].

Definition 1. Let N € N, k € Z, f be a meromorphic function on H and IV C T
be a congruence subgroup of level N.

(a) f is a modular function of weight k for T if

(al) fOI = f for all vy € T,

(a2) fOlk(2) can be expressed in the form 3 ane
ne”L
finitely many n € Z \ Ny, for all § € T".

2mizn

~, wherein a,, # 0 for
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(b) f is a modular form of weight k for I if

(b1) f is a modular function of weight k for TV,
(b2) f is holomorphic on H,
(b3) a, =0 for all § € T and for all n € Z \ N.

(c) fisa cusp form of weight k for T” if

(c1) f is a modular form of weight & for I",
(c2) ap =0forall § €T.

Let k, N € N with k£ > 4 even. We denote by My (T'g(N)) the space of modular
forms of weight k for I'o(N), Si(I'o(IN)) the subspace of cusp forms of weight k
for To(N), and Ex(Ty(N)) the subspace of Eisenstein forms of weight k for T'g(N).
The decomposition of the space of modular forms as a direct sum of the space
generated by the Eisenstein series and the space of cusp forms, i.e., Mg (To(N)) =
Er(To(N)) ® Sk(To(N)), is well-known; see for example W. A. Stein’s book (online
version) [29, p. 81].

In the sequel, we consider 4 < k € N even and primitive Dirichlet characters x
and v with conductors L and R, respectively.

According to Section 5.3 of W. A. Stein’s book [29, p. 86] the Eisenstein series
Ek.y.¢(q) is defined by

Erpy.(q) = Co + Z (Zw d’“ 1>q”, (5)

where

0 if L>1
Co = B x .
— 53 if L=1

and By, are the generalized Bernoulli numbers. Based on this consideration The-
orems 5.8 and 5.9 in Section 5.3 of [29, p. 86] also hold.

2.2. Eta Quotients

The Dedekind eta function 7(z) is defined on H by n(z) = H (1—e2mn=). Set

g = 2™ to deduce that

oo

27141_[ L—q") = q* F(q), where F(q) = H(1 —q").

n=1

Let us use eta function, eta quotient and eta product interchangeably as synonyms.
L. J. P. Kilford’s book [14, p. 99] and G. Ké&hler’s book [16, p. 37] contain a
proof of the following theorem which will be used to determine eta functions that
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are elements of My (I'o(NN)), and particularly those eta functions that are elements
of Sk(To(N)). As remarked by E. Ntienjem [23, 25] and A. Alaca et al. [1], credit
for the following result should be given to M. Newman [21, 22] and G. Ligozat [18].

Theorem 2 (M. Newman and G. Ligozat ). Let N € N, D(N) be the set of all

positive divisors of N, § € D(N) andrs € Z. Let furthermore f(z) = [] n"(dz)
s€D(N)

be an n-quotient. If the following five conditions are satisfied

(i) > drs =0 (mod 24), (i) > Zrs =0 (mod 24),
d€D(N) SED(N)
(iii) I1 ¢ isasquarein Q, (iv) 0< > rs =0 (mod 4),
s€D(N) sED(N)
v) > Mw >0 for each d € D(N),
5eD(N)
then f(z) € My(To(N)), where k=1 > rs.
s€D(N)

Moreover, the n-quotient f(z) belongs to Si(To(N)) if (v) is replaced by

(v’) > Mm >0 for eachd € D(N).
s€D(N)

2.3. Evaluating W, g)(n)
Let o, 8 € N be such that o < 8. The convolution sum W, gy(n) is defined as in

(2).

As proved by E. Ntienjem [23, 24] and according to an observation by A. Alaca
et al. [2], we may assume that ged(a, ) = 1. Suppose that ¢ € C is such that
|g| < 1. Let x and 1 be primitive Dirichlet characters. We assume that x = ¢ and
that x is a Kronecker symbol in the following. The Eisenstein series

L(g) = Ex(e) = 1-24 Y o(n)q",  (6)

M(q) = Ea(q) =1+240 Y o3(n)q", (7)

n=1

M (q) = Eax(q) = Co + Z x o3(n) q", where Co = {_& ifL=1 ®)
n=1 8 7

are vital for the subsequent development of this work.
The following two results which do not depend on a (primitive) Dirichlet char-
acter are essential for the sequel of this work.

Lemma 1. Let o, € N be such that a < 3. Then
(@ L(g™) = BL(¢"))* € Ma(To(ap3)).

Proof. If a = (3, then trivially 0 = (a L(q%) — a L(¢®))? € M4(To(c)) and there
is nothing to prove. Therefore, we may suppose that o # 3 > 0 in the sequel.
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We apply the result proved by W. A. Stein [29, Thrms 5.8,5.9, p. 86] to deduce
L(q) — a L(g®) € My(To(a)) © Ma(To(af)) and L(g) — B L(¢7) € M2(To(B)) C
Ms(To(aB)). Therefore,

aL(¢™) = BL(¢") = (L(q) = BL(¢")) — (L(a) — @ L(¢")) € M2(To(af))
and so (a L(¢%) — B L(¢?))? € M4(To(ap)). O

Theorem 3. Let a,0 € N be such that o and (8 are relatively prime and o < 3.
Then

(@ L(®) - BLE))? =(a +Zl<2400‘ 7o(2)+ 200 F o ()
+48a(B —n6n)a(g)+48ﬂ(a—6n)a(%)
— 115208 Wa g (n) ) 7" (9)
Proof. We first observe that
(@L(¢®) = BL@M)? = o®L*¢*) + B2 L") — 2aBL(¢")L(¢"). (10)

J. W. L. Glaisher [12] has proved the following identity

L*(q) =1+ Z (240 o3(n) — 288na(n)> q" (11)
n=1
which we apply to deduce
= g 240(;3 - 288%0(%))(]” (12)
and -
L2(dP) = 4 ny_ noot .
(@”) 1+n§::1(2 005(3) =288 50(5))g (13)
Since
or@ (e Ga) = 3 3 ole)d” = 3 W (na
n=1 n=1 n=1(k,1)eN? n=1

ak+pBl=n

we conclude, when using the accordingly modified the Eisenstein series (6), that

L(q™)L( _1—242 My —242 Dygn +5762W<a5 n)g". (14)

n=1
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Therefore,

(0%

(0 L(g®) — BL)’ = (a— B + Z( 20007 73(2) + 200 8 ()

n=1

+ 480 (B — 6n) a(g) +48 8 (a — 6n) o (=) — 115208 W(a 5 (n) )q"

|3

as asserted. O

3. Evaluation of the Convolution Sums W4 z)(n), Where aff = 48 and
ap =64

We explicitly evaluate the convolution sums Wiy 48)(n), W(s,16)(n), and Wiy g4(n).

3.1. Bases for £4(To(axp)) and S4(To(xP)) With aff = 48 and xfp = 64

The dimension formulae for the spaces of Eisenstein forms and cusp forms that we
need are given in T. Miyake’s book [20, Thrm 2.5.2, p. 60] and W. A. Stein’s
book [29, Prop. 6.1, p. 91]. They are applied to compute dim(€4(T'x(48))) =
dim(€4(To(64))) = 12, and dim(S4(T9(48)) = dim(S4(T'0(64)) = 18.

Let D(48) = {1,2,3,4,6,8,12,16,24,48} and D(64) = {1,2,4,8,16,32,64} be
the sets of positive divisors of 48 and 64, respectively. It is essential to note that

My(To(6)) C My (T'9(12)) C M4(I'o(24)) C M4(I'o(48)), (15)
My (To(8)) € My(I'9(24)) C M4(T'0(48)), (16)
My (To(8)) € My(T'9(16)) C M4(T'(48)), (17)
My(To(8)) € Ma(To(16)) © Ma(To(32)) C M (To(64)). (18)

The inclusion relations in (15) — (17) are graphically illustrated in Figure 1.

As observed in Subsection 2.2, we apply Theorem 2 (i) — (v') to determine as
many elements of S4(T'p(48)) and S4(T'y(64)) as possible. From these elements we
then determine the basis elements of S4(T'9(48)) and S4(T'9(64)), respectively.
Theorem 4. (a) The sets Bpas = { M(q") | t € D(48) }U{M(__g)(qs) |s=1,2}

and Bges = {M(q") | t € D(64)}U {M(;g) (¢°) | s=1,2,4,8,16} are bases
of the spaces £4(T'y(48)) and E4(T0(64)), respectively.
(b) Leti,j € N satisfy 1 <i<18 and 1 < j <18.
Let 61 € D(48) and (r(3,61)):,5, be the Table 4 of the powers of n(41z).
Let 05 € D(64) and (r(j,02));,5, be the Table 5 of the powers of n(d2z).

Let furthermore A;(q) = I n""9(612) and Bij(q) = [I 17U (692)
5,€D(48) 52€D(64)
be the selected elements of S4(T'0(48)) and S4(T'y(64)), respectively.
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Then the sets Bsas = { Ai(q) | 1 <i <18} and Bsga ={Bj(q) | 1<j <
18 } are bases of S4(T'o(48)) and S4(Ty(64)), respectively.

(C) The sets BMAS = BE,48 U 35,43 and BM,64 = BE764 U 65764 are bases Of the
spaces My4(T(48)) and M4(Ty(64)), respectively.

For 4,5 € N such that 1 <4 < 18 and 1 < j < 18, the eta quotients A;(¢) and
o0 oo
Bj(q) can be expressed in the form ) a;(n)¢™ and Y b;(n)q", respectively.
n=1

n=1
Proof. We only prove the case af = 48. The case a3 = 64 is proved similarly when

we use the same primitive Dirichlet character x as the one for o = 48.

(a) Observe that

-1 ifn=-1 (mod 3),

Y= (-) =<0 ifged(3,n) #1, (19)
1 ifn=1 (mod 3).

is a primitive Dirichlet character with conductor 3. Therefore, the Eisenstein
o0
series (8) becomes M(—_s) (@) = (52) o3(n) g™

When we apply Theorem 5.8 in Section 5.3 of W. A. Stein [29, p. 86], it follows
that M (q') belongs to My(To(t)) for each t € D(48) Since My (T'o(2)) is a
vector space, it also holds that M( >( q) and M(fs)( ¢?) are in My(Tp(1)) and

My (Tp(2)), respectively. Since the dimension of the space & 4(T0(48)) is finite,
it is sufficient to show that the set { M (¢') | ¢t € D(48) }U{ M(i)( q), M(i,) (®)}

is linearly independent.
Suppose that x4, 21, 20 € C with ¢t € D(48). Then

Z IEtM(Q)+ZlM( )(Q)+Z2 Z Ty
teD(48) teD(48)
3 n n
n>1 teD(48)

We compare the coefficients of ¢" for n € D(48) to obtain the following
homogeneous system of 12 linear equations in 12 unknowns:

(e (D 3, ieon et

u€D(48)

We use a software package for (symbolic) scientific computation to show
that the determinant of the matrix of this homogeneous system of 12 lin-
ear equations is nonzero. Hence, the solution is z; = 29 = x; = 0 for all
t € D(48). Therefore, the set Bg 4s is linearly independent and hence is a
basis of £4(I'0(48)).
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(b) As mentioned above, A;(q) with 1 <4 < 18 are obtained from an exhaustive
search using Theorem 2 (i)—(v’). Hence, each A;(q) is in the space S4(T'¢(48)).

Since the dimension of §4(I'¢(48)) is 18, it is sufficient to show that the set
{Ai(¢) | 1 < i < 18} is linearly independent. Suppose that x; € C and
18

> x; Ai(q) = 0. Then
i=1

in Ai(q) = Z(Z% ai(n))q" =0

which gives the following homogeneous system of 18 linear equations in 18
unknowns

18
> ai(n)z; =0, 1<n<I18. (20)
i=1

The matrix of this homogeneous system of 18 linear equations is quasi trian-
gular with 1 on the diagonal except for the last column which contains nonzero
integer values on and above the diagonal. We then use a software package for
(symbolic) scientific computation to show that the determinant of the matrix
of this homogeneous system of 18 linear equations is nonzero. So, x; = 0 for
all 1 <4 < 18. Hence, the set { A;(¢) | 1 <4 < 18} is linearly independent
and therefore a basis of S4(I'y(48)).

(c) Since M4(T'9(48)) = E4(T'9(48)) ® S4(T'0(48)), the result follows from (a) and
(b).

O
Remark 5. When we use the inclusion relation (18), we observe that
1. Bi(q) is a basis element of S4(T'¢(8)).
2. By(q) is a basis element of S4(I'(16)).

3. Bj(q) with j = 3,4,5,7,9,16 belong to S4(I'0(32)). However, By(q) is not a
basis element of S4(I'0(32)) since the smallest degree of ¢ in By(q) is 9 and
the dimension of the space S4(I'x(32)) is 8.

4. Bsj(q)
2.3, 4,

)

= Bj(¢?) for j =1,2,3,4,7,9. Consequently, by;(n) = b;(%) for j =1,
7. 9.
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3.2. Evaluation of W4 g)(n) When o3 = 48 and of3 = 64

Lemma 2. We have

./ 1164 20412 n. 324 n
(L(q) — 48 L(¢"®))? = 2209 + 2(5 o3(n) — 5 03(5) - ?03(5

n=1
_ 200736 ™ 6372 ™ 281664 4 234576 oy 9216 _ o
65 < °\4 65 °\6 65 °'8 65 °'12 5 %16
_ 506304 My 2681856 A 38772 () + 639792
65 °'24 5 348 65 ° 65
546804 () + 661824 () + 195264 () + 3729456 )
65 = ° 65 65 < ° 65 °

| 67968 ) + 5422464 () + 4414464 ) + 3151872 )
5 7 65 = ° 65 0 65 0

1426176 ) + 14145408 () - 3007584 () - 1693440
65 M 65 12 65 3 13

313344 7299072 1032192 92736
+ T a15(n) + T alﬁ(n) + T a17(n) + 65 alg(n) )qn, (21)

asz(n)

a14(n)

> 36 43092 n
L 3\ _ 16 L 16\\2 -1 _ i
(3L(¢°) =16 L(¢™)) 69 + Eﬁ ( 5 og(n)+—1885 03(2)

10476 ) 1094256 - 450252 R 1992384 o)
5 '3 1885 °\4 1885 *'6 1885 8
_ 2722896 L 207984 oy 4522176 - 82944 ()
1885 212 5  3'16 1885 2'24 48
_ 34668 () + 3135888 () 140076 () 4567104 asln
65 1885 2 65 = ° 1885 *
_ L1776 () + 20304 () + 91008 () 12196224 )
65 < ° 1885 ° 5 7 1885 °
580824 ) + 10119168 () - 140544 () - LI8171008 )
65 0 1885 65 ! 1885 2
_ 3032064 () - 7167744 () - 562176 )
65 ° 377 M 65
32182272 2313216 35136

—Taw(")-l- 3 ai7(n) + o5 alg(n)>q", (22)
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(L(q) — 64 L(¢%))? = 3969 + 2(234 o3(n) — 18 o—g(g)

n=1
69624 n 74304 n n
13 o3(q) — g oslg) — 1152es(yg) -

+ 2790 by (1) + 7560 by (1) + 20160 bs(n) + ba(n) 4 96768 bs(n)
+ 48384 bg(n) + 96768 bz (n) 4 17280 bs(n) + 73728 bo(n) + 221184 byo(n)
+ 331776 by1 (n) + 64512 by5(n) — 221184 b13(n) — 276480 bys(n) + 368640 by5(n)

564480
13

4608 03 (5 2) + 958464 773
11 896

64)

b16<n) + 1290240 b17(n) + 110592 blg(n> >qn. (23)

Proof. We just prove the case (3 L(¢®) — 16 L(¢'%))?. The other cases are shown
similarly.

From Lemma 1 it follows that (3 L(¢%) — 16 L(¢'%))? € M4(T'¢(48)). Hence, by
Theorem 4 (c), there exist X5, Z1, Z»,Y; € C with 1 < j < 18 such that

(3L(¢%) — 16 L(q => X;M(¢° )+ 21 M(=2y(q) + 22 M, +ZYA
3l
" (24)

We compare the right hand side of (24) with that of (9) when we have set
(o, B) = (3,16) in (9). We then obtain

(oo (oG St

n=1 5]48 Jj=1

(o9

- Z( 2160 ag(g) + 61440 03(%) +144 (16 — 6 n) a(g) + 768 (3 — 6n) o—(l%)

n=1
— 55296 W(3,16) (’ﬂ) ) qn
When we then take the coefficients of ¢™ for which n is in

{1,2,3,4,5,6,7,8,9,10,11,12,13,14, 15,16, 17, 18, 19, 20, 21,
22,24,25,26,27,28,30,32,48 },
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we obtain a system of 30 linear equations whose resolution using a software package
for symbolic scientific computation yields the unique solution which determines the
values of the unknowns Z;, Zs, X; for all § € D(48) and the values of the unkowns
Y; for all 1 < j < 18. Therefore, we get the stated result. O

Our main result of this section will now be stated and proved.

Theorem 6. Let n be a positive integer. Then

1 189 3 n. 673 n
% 2 2 b
(49 (n) =7555 3(n) + 33555 93(5 3+ 5560 7*(3) * 5320 *(3)
_ 59 a(ﬁ)— 1630(@) 543 (n)_’_i (n)+2930(£)
33280 7*'67 2080 7*'87 T 8320 7 30 7*' 167 " 2080 "' 24
3 n 1 1 1 1 n
JFE (48)+(77@n) (n)+(ﬂ**") (48)
39 (n) — 1481 (n) — 5063 (n) — 383 (n) 13 )
33280 " 8320 - 33280 ° 2080 2080 °
— S0 agn) — g az(n) — 100 as(n) — 510 ag(n) — 2L azo(n)
8320 ° 240 7 1040 ° 390 ° 65 °
—fﬁam%@§aw+&amn%%<m—law
1560 ! 1040 2 195 " 104 M 195 *°
132 56 161
- 1—3 (n) — @ a17(n) - m alS(”)y (25)

Wisoi0)(n) = s 08(n) = o0 03(3) 4 5o 0a(2) = Soas oy()

7680 965120 7 2560 “*'37 T 241280
n 4169 (Q) 1153 (ﬁ)+ 6303 (£)+i (ﬁ)
965120 *'67 T 60320 7*'87 T 241280 7*' 127 T 30 7*'16
2617 3 o n 11 n
60320 <ﬂ>+—o (1) T~ e 3)
11 321 7259
g~ e ( 6) T 33280 (™ ~ 31980 (")
P, 2643 w5 ) — T et
33280 ° 60320 2080 ° 241280 ¢
79 3529 32 18 61
= 220 27"+ 35740 28(M) — 195 90(M) — 7gg5 a0(n) + 1555 ar(n)
+ 200 n) 4 222 a1 (n) + Sk ara(n) + s ars(n) + oz are(n)
30160 390 3016 390 37710
251 61

— g 17(n) — 6240 ais(n), (26)
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1 967 n 129 n

Wit (7) =T5ges 73(0) + T s(5) - ) (5
+ 51 03(18) + 15 os(ae) + 5 0 3<g4>+<i4—ﬁn>a<n>
+<§—1n>a<6ﬁ4>—% 1<n>—@b< )~ o bs(n) — 2 ba(n)
_Eb( )—3356( )_Eb( )—6*458( n) — bo(n) — 3bio(n)
_9 2 buan) - gblg(n) +3bis(n) + Z‘r’ bra(n) — 5 bis(n)
+%b16( )-%bw( )—gblg(n). 27)

Proof. We prove the case W3 14)(n) as the other cases are proved similarly.
We compare the right hand side of (22) with that of (9) when we have set
(o, B) = (3,16) in (9). That then yield

2

216003 +6144003 +144(16 —6n) o +768(3—-6n)o
16 3 16

n=1

= 36 43092 n
— 55296 W(3716)(n))q" = Z<_€ Jg(n) + W 03(5)

n=1
10476 i 1094256 ™ 450252 ) 1992384 o)
10876y 1094206 my oo (b _ 1992908 1
5 %3 1885 °\4 1885 °'6 1885 8
2722896 Ly 297984 (2 4522176 2y 82944 o)
1885 %\19 5 73\16 1885 %\24 13
_ 34668 () + 3135888 () - 140076 () - 4567104 aa(n)
65 ¢ 1885 2 65 = ° 1885 *

_ 115776 ) + 20304 ) + 91008 () - 12196224 )
65 < ° 1885 © 5 7 1885 °
589824 10119168 140544 118171008

o5 M+ g @(n) = e an(n) - e
303064 TIGTIAL 62176
65 3 377 M 65

_ 32182272 u (n) n 2313216 a (n) n 35136 a (n) n
7377 16 713 17 —65 18 q .

When we solve for W3 16)(n), we obtain the stated result. O

a12<n)

a15(n)

4. Number of Representations of a Positive Integer n by the Octonary
Quadratic Form a (23 + 22 + 22 + 22) + b (22 + 22 + 22 + x2)

Let n € Ny. The number of representations of n by the quaternary quadratic form
22 + 22 + 22 + 23 is defined by

rq(n) = card({(x1, x2, 3, 24) € 7+ | n= x? + x% + a:?,) + xﬁ})
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Clearly r4(0) = 1. For n € N the Jacobi’s formula r4(n) is

ra(n) =80 (n) — 32 U(E

o (28)

A proof of the Jacobi’s formula r4(n) is given in K. S. Williams’ book [32, Thm 9.5,
p. 83]. This Jacobi’s formula will be very useful in the following.

Let a,b € N be such that a < b and ged (a,b) = 1. Let N, (n) denote the
number of representations of n by the octonary quadratic form (3). Then

N(ap)(n) = card({(x1, z2, 3, T4, 5, Ts, 27, T8) € 78 | n=a(z?+ a2
+a3 + o) + b (23 + 2§ + 27 + 23)}).
The following result is then deduced.
Theorem 7. Letn € N. Then

N(1,12)(n) =80 (n) — 320( —1—80( ) 320(

4) 48)
+ 64 W(ng)(n) + 1024 W(ng (Z) — 256 (W(1 3)( ) + W(1 48)( ))

4) 16 64)

n
+ 64 W1 16)(n) + 1024 W(l,lG)(Z) — 256 (W(1,4)(Z) + W(1,G4)(”)>’
Ns.ay(n) =80(%) — 320(~= 320 (%

3 12 4) 16)
n n

N(1716)(TL) :80'( )* 320'( +80’( ) 32 (

) + 8o (

Proof. We only prove the formula for N 12y(n) since those for Ny 16)(n) and
N(3,4)(n) are done similarly.
From the definition of N4 ) (n) we set (a,b) = (1,12) and it then follows that

Naap(m) = 37 rara(m) = ra(m)ra(0) +ra(O)ra(5) + > rara(m)

(I,m)eN? (1,m)eN?
[+12m=n +12m=n

We apply Jacobi’s formula (28) to derive

Nw12)(n) =80 (n) — 320(7) +80({3) - 320(52)
£ Y (8o()— 320())(80(m) — 320(™))

(1,m)eN?
+12m=n
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We observe from the previous identity that
m

1 )) =64o(l)o(m) — 2560(1)U(m)

4
I, m

(8a(l) — 320(&))(80(771) —320(
- 2560(1)0(%)
A. Alaca et al. [2] have evaluated

Wii,12)(n) = Z a(l)o(m).

(1,m)eN?
1+12m=n

When we apply the injection which sends [ to 4l, then we infer

n l
W(1,3)(Z): Z U(z)g(m): Z a(l)a(m).
(1,m)eN? (1,m)eN?
I+12m=n l+3m:%

The evaluation of W(; 3)(n) is given by J. G. Huard et al. [13, Thrm 3, p. 20]. When
we use the injective function which sends m to 4m, we conclude that

m
W1 ,48)(n) = Z 0(1)0(2): Z o(l)o(m).
(1,m)eN? (1,m)eN?
I+12m=n +48 m=n

The evaluation of Wy 45)(n) is given in (25). When we simultaneously make use of
the injective functions which send [ to 4 and m to 4m, we deduce that

l m n
> U(Z>U(Z) = > a()o(m)= W(1,12)(Z>-
(1,m)eN? (1,m)eN?
l+12m=n +12m=%

Again, A. Alaca et al. [2] have given the evaluation of W(; 12y(n).
We then gather these evaluations together to obtain the stated result for N 12y(n).
O

Instead of using the results of the evaluation of Wy 12)(n) and Ws 4 (n) ob-
tained by A. Alaca et al. [2], one should apply those improved results obtained by
E. Ntienjem [24].

5. Number of Representations of a positive Integer n by the Octonary
Quadratic Form c (acf + xix0 + m% + a:§ + x314 + :BZ) +d (acg + Tsxe
+axZ + 22 4+ xrws + x3)

We apply (26) and (25) as well as other evaluated convolution sums to determine
a formula for the number of representations of a positive integer n by the octonary
quadratic form (4) for (¢,d) = (1, 16).
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Let n € Ny and let s4(n) denote the number of representations of n by the
quaternary quadratic form 2% + z1x5 + 23 + 23 + x334 + 27, that is,
s4(n) = card({(z1,z9, 23, 24) € Z* | n = 2% + 2129 + 23 + 23 + w374 + 77}).

It is clear that s4(0) = 1. J. G. Huard et al. [13], G. A. Lomadze [19] and K. S.
Williams [32, Thm 17.3, p. 225] have proved that for all n € N
n

s4(n) =120(n) — 360(3).

(29)
The number of representations of n by the octonary quadratic form (4) is

R1,16)(n) = card({ (w1, x2, 23, T4, T5, T¢, T7, T8) € Z8 | n = (a7 + 2172
+ 3 + 23 + w324 + 27) + 16 (27 + 2576 + 2§ + 2% + 2728 + 33)}).
We then infer the following result:
Theorem 8. Let n € N. Then

|3

R1.16)(n) =120(n) — 360(2) + 120(—=) — 360(%) + 144 W,y 16)(n)

—~ W

)
n
+ 1296 W(1,16) 3

16
) — 432 (W(3716) (TL) + W(1,48) (TL)) .

Proof. We have

n
R(1,16)(n) = Z s4(l)sa(m) = 54(”)84(0)+54(0)54(T6)+ Z sa(l)sa(m).
(1,m)€eNg (1,m)eN?
I+16 m=n I+16 m=n

We apply (29) to derive

R1.16)(n) = 120(n) — 360(%) +120( %) — 360 (%)

16 48
+ ) (120(1)—360(%))(120(771)—360(%)).
(1,m)eN?
I+16 m=n

We know that

(120(1) — 360(%))(120(771) - 360(%)) = 1440(l)o(m) — 4320(%)0(771)
Z

~ 43200 () + 12960(%)0(%).

The evaluation of

(1,m)eN?
I+16 m=n
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is shown by A. Alaca et al. [5]. We apply the injective function which sends m to
3m to derive

m
> o(l)o(3) = > a(l)o(m) = Wi as)(n)
(1,m)eN? (1,m)eN?
I+16 m=n 1+48 m=n

which is given in (25). We make use of the injective function which sends ! to 3! to
conclude

l
Z a(m)a(g) = Z o(l)o(m) = W(3,16)(n)
(1,m)eN? (I,m)eN?
I+16 m=n 3l+16 m=n

which is given in (26). We simultaneously apply the injective functions which send
[ to 3l and m to 3m to infer

m l n
} : J(g)g(g) = E o(l)o(m) = W(1,16)(§)-
(1,m)eN? (1;m)eN?
1+16 m=n I+16m=%

which, again, is evaluated by A. Alaca et al. [5].
Finally, all these evaluations are put together to obtain the stated result for
R(Llﬁ) (’I'L) O
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Table 4: Power of n-functions being basis elements of S4(T'(48))
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Figure 1: Inclusion relation of the modular space of weight 4 for T'g(48).
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