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Abstract
We determine explicit formulas for the number of representations of a positive in-
teger n by quaternary quadratic forms with coefficients 1, 3, 5 or 15. We use the
theory of modular forms.

1. Introduction

Let N, Ny, Z and C denote the sets of positive integers, nonnegative integers, integers
and complex numbers, respectively. For n € N we set o(n) = 2,4, d. If n ¢ N
we set o(n) = 0. For a,b,¢,d € N and n € Ny we define

N(a,b,c,d;n) := card{(z,y, z,t) € Z* | n = ax® + by? + cz* + dt*}.
Tt is a classical result of Jacobi [8], [2], [16, Theorem 9.5] that
N(1,1,1,1;n) = 8c(n) — 320(n/4).

Jacobi’s result N(1,1,1,1;n) was generalized to N(a,b,c,d;n) for various coeffi-

cients a, b, ¢,d € {1,p,q,pq}, where p and ¢ are different primes. See, for example,

[1] for p = 2 and ¢ = 3, and [5] for p = 2 and ¢ = 7. In this paper we determine

explicit formulas for N(a,b, ¢,d;n) for a,b,c,d € {1,p, q,pq} for p=3 and ¢ = 5.
For ¢ € C with |¢| < 1, Ramanujan’s theta function ¢(q) is defined by

o

plg)= > qv.

n—=—oo

We have

> N(a,b,c,d;n)g" = @(q")e(q")p(g%)e(q?). (1.1)
n=0
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The Dedekind eta function 7(z) is the holomorphic function defined on the upper
half plane H = {z € C | Im(z) > 0} by

,r](2> — ewiz/l? H(l _ eQTI’Z"VLZ>. (12)
n=1

Throughout the remainder of the paper we take ¢ = q(z) := €2™* with z € H.
Hence we express the Dedekind eta function (1.2) as

oo
n(z)=q¢"# ] -q. (1.3)
n=1
Tt is well known [6, p. 11] that ¢(g) can be expressed as
5
n°(22)
o(q) = ——-—. 1.4
) = ) -
Let N be a positive integer. A product of the form
fz) = 1] n2), (1.5)
1<8|N

where r5 € Z, not all zero, is called an eta quotient. When all of the exponents rs
are nonnegative, f(z) is said to be an eta product. We define the modular subgroup
Lo(N) by

FO(N):{< CCL 2>‘a,b,c,d€Z, ad —bc=1, CEO(mOdN)}.

Let m € Z. For each t € {—12,—5,—4,-3,1,5,12,60} we define a character x; by

xt(m) = (%), m € Z. (1.6)

Note that x; is the trivial character. Let x;, and yx, be Dirichlet characters. For
n € N we define the generalized sum of divisors functions oy, ,,)(n) by

T (xty xe5) () 7= Z Xt1 (M) X1, (/M)M. (1.7)
1<m|n

If n & N weset o(y, ., (n) =0. If xs; = xt, = x1 then o(y, ,,)(n) coincides
with the sum of divisors function o(n). For each
(tla t2) :(7207 *3)3 (737 *20)3 (7157 *4)a (747 715); (*47 73)7 (*33 74)7
(1,1),(1,5), (5,1), (1,12), (12, 1), (1,60), (60, 1)
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we define the Eisenstein series Ey, 4, (%) by

Et1,t2 (Z) = Cty ity T Z O(xe, -,XtQ)(n)qnu (18)
n=1
where
1 1
CL1= T5p0 651 Tps G121 —1, cg0,1 = —12,

ey, = 01f (¢1,t2) # (1,1),(5,1),(12,1), (60,1).

For t; = t5 = 1 we write

L(g) 1= Bia(z) =~ + D oln)d" (1.9)

Tt is well known that L(q) is a quasi-modular form of weight 2 (see [9, p. 38]), not
a modular form.

Let k be an integer. We write M (I'o(N), x) to denote the space of modular forms
of weight k& with multiplier system x for I'o(NV), and Ey(I'o(V), x) and Sk(I'o(N), x)
to denote the subspaces of Eisenstein forms and cusp forms of My (To(N), x), re-
spectively. It is known (see for example [14, p. 83]) that

M (Lo(N)) = Ex(T'o(N)) © Se(To(N)). (1.10)
We deduce from [14, Sec. 6.1, p. 93] that
dimEg(P0(6O)7X1) = 117 dimSQ(P0(6O)7X1) =T. (111)

We also deduce from [14, Sec. 6.3, p. 98] that

dim E2(FO(60)7 X12) = 8, dim 5’2(1“0(60), X12) = 8, (1.13)
dim EQ(F0(60), XGO) = 8, dim 5’2(1“0(60), XGO) =& (114)

There are twenty-six quaternary quadratic forms axz? + by? + cz? + dt? with
a,b,c,d € {1,3,5,15}, ged(a,b,c,d) = 1 and a < b < ¢ < d. Formulas for
N(a,b,c,d;n) for (a,b,¢,d) = (1,1,1,1), (1,1,1,3), (1, 1,3,3), (1,3,3,3), (1,1,1,5),
(1,1,5,5), (1,5,5,5), (1,1, 1, 15) appear in the literature; see for example [2, 3, 4, 15].
In this paper we treat the remaining eighteen forms. For convenience, in Ta-
ble 1, we group these eighteen quaternary forms according to the modular spaces

M, (T9(60), x) to which ¢(¢*)¢(¢”)¢(q%)¢(¢q?) belong.
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M5(T'9(60), x1) | Ma(T'0(60), x5) | M2(I'o(60), x12) | M2(I'0(60), x60)
1,1,15,15) 1,1,3,15) 1,1,5,15) 1,1,3,5)
(1,3,5,15) (1,3,3,5) (1,3,5,5) (1,3,3,15)
(3,3,5,5) (1,5,15,15) | (1,3,15,15) (1,5,5, 15)
(3,5,5,15) (3,3,5,15) (1,15,15, 15)
(3,3,3,5)
(3,5,5,5)
(3,5,15,15)
Table 1

We note that the form (1,1, 3, 5) is one of Ramanujan’s universal quaternary quadratic
forms given in [13].

2. Preliminary Results

We use the following lemma to determine if certain eta quotients are modular forms.
See [7, p. 174], [10, Corollary 2.3, p. 37], [9, Theorem 5.7, p. 99] and [11].

Lemma 2.1. (Ligozat) Let N € N and f(z) = H N (6z) be an eta quotient

1<5|N
1
and s = H sl Suppose that k = 3 Z rs is an integer. If f(2) satisfies the
1<5|N 1<5|N
conditions
(i) Z §-rs = 0(mod 24),
1<5|N

() Y % .15 = 0 (mod 24),
1<8|N

d(d, )2 -
(iii) Z w > 0 for each positive divisor d of N,
1<S5|IN

o (—1)ks
then f(z) € Mi(T'o(N), x), where x is given by x(m) = ( )
m
(iii)" In addition to the above conditions, if the inequality in (iii) is strict for each
positive divisor d of N, then f(z) € Sp(To(N), ).

We note that the eta quotients given by (3.1)—(3.7), (4.1)—(4.6), (5.1)—(5.8) and
(6.1)—(6.8) are constructed with MAPLE in such a way that they satisfy the condi-
tions of Lemma 2.1 for N = 60 and k£ = 2.

The following theorem follows directly from (1.4) and Lemma 2.1.
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Theorem 2.1. Let x1, X5, X12 and Xgo be as in (1.6). If (a,b,c,d) is in the first,
second, third or fourth column of Table 1, then

0(g")e(q")e(a°)p(q?) € Ma(To(60), x1),
0(a")e(q")e(a°)p(q?) € Ma(To(60), x5),
0(q)e(q")e(q°)p(q?) € M2(T'o(60), x12),
0(q")e(q")e(q°)p(q") € M2(T'o(60), xe0),

respectively.

3. Modular Space M2(T'¢(60))

We define the eta products A,.(¢q) and the integers a,.(n) for r € {1,2,3,4,5,6,7}
by

A1(q) = n(2)n(32)n(52)n(15z), (3.1)
Aa(q) = n(22)n(62)n(102)n(30z), (3.2)
Asz(q) = n(42)n(122)n(202)n(60z), (3.3)
Au(q) == n(32)n(52)n(62)n(102), (3.4)
As(q) := n(62)n(102)n(122)n(202), (3.5)
As(q) == 1n*(22)1%(102), (3.6)
A7(q) == 1*(62)1%(302), (3.7)
A:(q) =Y ar(n)g" (3.8)

3
Il
-

Note that
As(q) = A2(¢%) = Au(q"), As(q) = As(¢?), Ar(g) = As(a?).
For 1 < t | 60, we define
Li(q) = L(q) — tL(q"), (3.9)
which is a modular form in M(Ty(t)), see [14, Theorem 5.8, p. 88].

Theorem 3.1. A basis for Mz(T'o(60)) is given by

{Li(q) | t = 2,3,4,5,6,10,12,15,20,30,60} U { A, ()} (1<r<7)-
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Proof. By taking both x and v as the trivial character in [14, Theorem 5.9, p. 88|
and appealing to (1.11), we have that {L:(q) | t = 2, 3,4,5,6,10,12, 15,20, 30,60} is
a basis for F2(I'y(60)). By Lemma 2.1, A,.(¢q) € S2(T'x(60)) for each r € {1,2,3,4,5,
6,7}. The set {A.(q9)}1<r<7) can be shown to be linearly independent. Thus
it follows from (1.11) that the set {A,(q)}1<r<7) is a basis for So(I'g(60)). The
assertion now follows from (1.10). O

To shorten the lengths of the identities in Theorems 3.2 and 3.3, we set
R(q) := L(q) — 2L(¢*) +4L(q"), (3.10)

which is not a modular form.

Theorem 3.2.
*(0)¢*(") =§R(q) —2R(¢°) + ?R(qS) —10R(¢")
+ 2 (41(0) - 242(0) +443(q) + 4 41(0) + 845(a),
v(@)e(a)p(@®)p(a") :% (R(q) +3R(q°) = 5R(¢”) — 15R(¢"?))
2 A1(0) + Ax(a) +645(0)
P (¢*) =2 Rla) - 2R() + 5 Rla’) — 10R(¢")

Proof. We prove only the first identity as the other ones can be proven similarly.
By (1.4) and Theorem 2.1 we have ©?(q)¢?(¢*®) € M2(T'¢(60)). By Theorem 3.1,
©*(q)9?(¢*) must be a linear combination of Li(q) (t = 2,3,4,5,6,10, 12,15, 20,
30,60) and A,.(q) (r € {1,2,3,4,5,6,7}), namely

P (@e*(¢"°) = > zaLalg +Zyz ; (3.11)

2<d|60

for some scalars x4 and y; in C for 2 < d | 60 and 1 < ¢ < 7. The Sturm bound
for the modular space Ms(T'o(60)) is 24 (see [9, Theorem 3.13]). Equating the
coefficients of ¢"™ for 0 < n < 24 on both sides of (3.11), we find a system of
linear equations, with the unknowns z; (i € {2,3,4,5,6,10,12,15,20,30,60}) and
y; (j €{1,2,3,4,5,6,7}). Using MAPLE [12] we solve the system and find that

PWAE) = L2+ 3La0) ~ 3L4(0) — 3Ts(0) — 3 Lo(0) + 5 Laol0)
+§L12(Q) + §L15(Q) - ; o(q) — —L3o( )+ ;LGO(Q) (3.12)
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2 4 8 8 16
+§A1(q) - gAz(fJ) + §As(q) + §A4(q) + gAs(q)-

Substituting (3.9) into (3.12) we obtain

©*(9)¢*(¢") %L(q) - gL(qg) —2L(¢*) + gL(q )+ 130L( ) +4L(q%)
- 2L) - 80(¢?) ~ 10L(¢") + S L(¢™) +20L(¢")

2
—40L(¢™) + 3 (A1(9) = 242(9) + 445(g) + 44a(g) +845(q)).
After rearranging the terms in the above equation we have

¢’ (@) (@") :g (L(q) = 2L(¢*) +4L(q")) — 2(L(¢”) — 2L(¢°) + 4L(¢"?))
()~ 20(g") + 4L(¢)
—10(L(¢") — 2L(¢*°) + 4L(¢*")) (3.13)
+ %(A1 (q) — 242(q) + 4A3(q) + 4A4(q) + 845(q)).
The assertion now follows from (3.10) and (3.13). O

We now give explicit formulas for N(1,1,15,15;n), N(1,3,5,15;n) and
N(3,3,5,5;n). For n € N we set

r(n) :=o(n) —20(n/2) + 4o(n/4). (3.14)
Theorem 3.3. Let n € N. Then
N(1,1,15,15;n) = 37’(n) —2r(n/3) + 1—01"(11/5) — 10r(n/15)

+ %( 1(n) — 2as(n) + 4az(n) + 4aqs(n) + 8a5(n)),

N(1,3,5,15;:n) = %(r(n) +3r(n/3) — 5r(n/5) — 15r(n/15))
+ g 1(n) + ax(n) + 6as(n),
N(3,3,5,5:n) :% (n) — 2r(n/3) + ?r(n/S) — 10r(n/15)
+ %( 5a1(n) — 14as(n) — 20as(n) + 4as(n) + 8as(n)).

Proof. Appealing to (1.1), (1.9), (3.1)—(3.8), and equating the coefficients of ¢" on
both sides of the equations in Theorem 3.2, we deduce the asserted results. ]
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4. Modular Space M5(T'¢(60), x5)

Let n € N. We define the eta quotients B,(q) and the integers b.(n) for r €
{1,2,3,4,5,6} by

i(q) = L) (1)
Balg) = n(z)%jé):;(&)’ (4.2)
Bs(q) = 77(32)77;21(2377(152), (4.3)
Bufq) = WILOEE), (1.0
Bty = 2RI ) ws
alg) = MU0, (4.)

B.(@) = i e (@)

Theorem 4.1. Let x5 be as in (1.6). A basis for Ma(T'o(60), x5) is given by
{E15(tz), E51(tz) |t =1,2,3,4,6,12} U{B,(q) | r =1,2,3,4,5,6}.

Proof. Let r € {1,2,3,4,5,6}. By Lemma 2.1, we have B,.(q) € S2(T'0(60), x5).
The set {B,(q)}1<r<¢) can be shown to be linearly independent. Then appealing
to (1.12), we deduce that {B,(q)}1<r<e) is a basis for S5(I'0(60), x5). By taking
e = x5 and x,%¥ € {x1, x5} in [14, Theorem 5.9, p. 88] and appealing to (1.12) we
have that {E1 5(t2), E51(t2) |t = 1,2,3,4,6,12} is a basis for E2(T'9(60), x5). The
assertion now follows from (1.10). O

To shorten the lengths of the identities in Theorem 4.2, we set

Ti(q) :== E15(2) + 6E1,5(32) + 4E1 5(42) + 24E5 5(122), (4.8)
Ty(q) := 2E1 5(2) — 3E1,5(32) + 8E1 5(42) — 12E1 5(122), (4.9)
T3(q) :=2E51(2) + 3E5,1(32) + 8E5,1(42) + 12E5 1(122), (4.10)
Tu(q) :== E51(2) — 6E5,1(32) + 4E5,1(42) — 24E5 1(122), (4.11)

and for n € N we define

t1 (n) = J(X1,X5)(n) + 60(X1,X5)(n/3) + 40(X17X5)(n/4) + 240—(X1:X5)(n/12)’ (4'12)
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ta(n) = 20 (yy x5) () = 30 (31 x5) (1/3) 4 80 (1 .xs) (N/4) = 120(y, y5)(n/12), (4.13)
£3(n) = 20 (x5 ,x1) (1) + 30 (x5,31) (1/3) 4 80 (x5 x1) (N/4) + 12015 1) (n/12), (4.14)
t4(n) = O (x5 x1) (M) = 60 (x5 x1) (1/3) + 40 (5 x1) (/4) = 240, 1) (n/12). (4.15)

Theorem 4.2. Let x; be the trivial character and x5 be as in (1.6). Then

1 14
N(1,1,3,15;n) =to(n) — gtg(ﬂ) + Ebl(n) + 2by(n)

— 2y(n) + Sba(n) — 6bs(n) — Abo(n).

N(1,3,3,5:m) =(n) + ta(n) — 2bi(n)
+ 2ba(n) + 2b3(n) — §b4(n) —2b5(n),
2

N(1,5,15,15;n) :é(tl(n) +t4(n)) + gbl(n)

5 5
N(3,5,5,15:n) zé(tg(n) ts(n) + %bl(n) _ gbg(n)
_ 1—54b3(n) - §b4(n) + 2bs(n) + §b6<n).

Proof. We prove only the first identity as the other ones can be proven simi-
larly. By Theorem 2.1, ¢©%(q)¢(q®)p(q'®) € Ma(T'o(60),%s5). By Theorem 3.1,
©%(9)¢(¢®)p(q'®) must be a linear combination of {E1 5(t2), Es1(t2) |t =1,2,3,4,
6,12} and {B.(q) |7 =1,2,3,4,5,6}, namely

6
(@) e(a) = Y waBrs(dz)+ Y yaBsi(dz) + Y zBi(q)  (4.16)
i=1

1<d|12 1<d|12

for some scalars x4, yg and z; in C for 1 < d |12 and 1 <4 < 6. By [14, Corollary
9.20], the Sturm bound for the modular space M(I'y(60), x5) is 24. Equating the
coefficients of ¢™ for 0 < n < 24 on both sides of (4.16) and appealing to (4.9) and
(4.10) we obtain

X (q)e(d®)p(q"?) =Tu(q) — éTS(Q) + %31(61) +2B5(q)
~2By(q) + ; Bala) ~ 6Bs(a) ~ 4Bola).  (417)

The assertion now follows from (1.1), (4.7), (4.13), (4.14) and (4.17). O
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5. Modular Space M2(T'¢(60), x12)

Let n € N. We define the eta quotients C,.(q) and the integers c¢.(n) for r €
{1,2,3,4,5,6,7,8} by

C1(q) = 7)(22)77(327)7725)1;2767352)77(122), (5.1)
Colg) = n(2)77(4Z):’7((262z))1;7((3122)@n2(15Z), (5.2)
Gl = n577(2<z)>n<11z5>2)<3(02z> ’ o4
co-siglilige
oS
o= >0
Culq) = n2(4Z)n(5:()2770(;0:();70(;52)77(602)’ (5.8)

- i ()" (59)

Theorem 5.1. A basis for Mz (Ty(60), x12) is given by
{E112(t2), Er2,1(t2), E_a —3(t2), E_3 —a(tz) | t = 1,5} U{C;(9) } 1<r<s)-

Proof. By taking € = x12 and x,¥ € {x—4,X—-3,X1,X12} in [14, Theorem 5.9,
p. 88] and appealing to (1.13), we deduce that {E1 12(t2), E12,1(t2), E_4 _3(t2),
E_3 _4(tz) | t = 1,5} is a basis for E5(T'(60), x12). Let 7 € {1,2,3,4,5,6,7,8}. By
Lemma 2.1, Cy(q) € S2(I'0(60), x12). The set {C\(q)}(1<r<s) can be shown to be
linearly independent. Thus appealing to (1.13) we deduce that {C;(q)}1<r<s) is a
basis for S5(T'0(60), x12). We complete the proof by appealing to (1.10). O

To shorten the lengths of the identities in Theorem 5.2, we set

u1(n) = 60y, x15(1) = T(x10.x0) (M) = 20 ix—a) () + 30 (s x—a) (1)
u2(n) 3= 60y, x12(7) + 0 (x12,31) (1) + 20 (x_5x-0) (1) + 30(x s .x_a) (1)
u3(n) := 20y, 312 (M) = O(xaax0) (1) +20(x g ,x_4) (1) = T(x_yx_5) (M),
ug(n) = 20y, 12 (1) + O(x15,x1) () = 20( 4 x_0) (1) = O(x 4 x_5)(N)
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Theorem 5.2. Let x1 be the trivial character and x12 be as in (1.6). Then

N(1,1,5,15;n) zi—gul(n/@ + Eug(n) — 1—203(71) + 3_204(71) — %CG(H),
N(1,3,5,5:n) %ul(n) iqu(n/S) ‘;’2 \(n) — %@m) - %03(11)
+ %@(n) - %cs(n) - 1—206(@ - %q(n) + %ng(n),
N(1,3,15,15;m) =2 us(n) — 1aus(n/5) + Joea(n) — ea(n) — roes(n)
+ pea(n) — Tacs(n) + 1heo(n) — ser(n) + Docs(n),
N(3,3,5,15;n) :%u3(n/5) %m( )+ gcl(n) + ?—gcz(n) + %@,(n)
146 36 22 14 128

T 39 ca(n) + 1—305( n) + ECG(H) + EW(“) - Ecs(n)'
Proof. The proof is similar to that of Theorem 4.2. O

6. Modular Space M>(T'o(60), xe60)

Let n € N. We define the eta quotients D,(q) and the integers d,(n) for r €
{1,2,3,4,5,6,7,8} by

P = oo "
Dala) 10(23()27](5;();72()5;()677()12(2’1)0 2()202) (6.2)
Dsta) = ”ng)f(fj:&i) . -
Da(q) = n@’gﬁigifg%g?uﬁ) o
Da(q) = n(z)n(:sz)n(;l(ZQ):)(l?Z) (302) (6.5)
D) — n(32&(21)22()1532()20,?)6032()30@7 (6.6)
Di(g) = n(2z)n(5z)nél(gg)zv;@OZ)n(inZ)7 (6.7)
L ) "

) = Zdr(n)qn- (6.9)
n=1
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Theorem 6.1. A basis for M>(T'y(60), x60) s given by

{E160(2), Ee0,1(2), E512(2), E12,5(2), E—20,-3(2), E_3,-20(%),
E_15,-4(2), E_4,-15(2)} U{Dr(0) } (1<r<8) -

Proof. By taking € = xg0 and x,% € {X—20, X—15: X—4, X—35 X1, X5, X12, X60} in [14
Theorem 5.9, p. 88] and appealing to (1.14), we deduce that

{E1,60%), F60,1(?), E5,120), E12,5(2), E_20,-3(), E—3,-20?), E_15,-4(), F_4,—15()}

is a basis for E(I'9(60), x60). By Lemma 2.1, D,(q) € S2(I'0(60), x60) for each
r € {1,2,3,4,5,6,7,8}. The set {Dr(q)}(lygg) can be shown to be linearly in-
dependent. Thus by (1.14), {D;(q)}<,<s) 18 a basis for S3(I'0(60), xe0). The
assertion now follows from (1.10). O

Theorem 6.2. Let x1 be the trivial character and x12 be as in (1.6). Then

1
N(1,1,3,5n) :E (300()(17)(60)(”) - U(X607X1)(n) - 60()(5,)(12)(77‘)
+ 5U(X12,X5)(n> - 3U(X—207X—3)(n) + 1OU(X—37X—20)(”‘)
- 20—()(—157)(74)(”) + 150—()(74,)(—15)(”)) - dS(”)a
1
N(1,3,3,15:n) =75 (100(X1,x60>(n) = O (xe0:x1) (1) 20 (x5 315) () = 5T (315,x5) (M)
- O'(szo,X—s)(n) + 100’(X73,X720)(n) + 2U(X7157X74)(n)>
- 50()(—40(—15)(”) + d4(n)7
1
N(l’ 5,9,15; n) :E (6U(X1)X60 (n) ~ O(x60,x1) (n) + 60(X5,X12)(n) ~ O(x12,X5) (TL)
+ 3G(X 205X — 3)(”) - 2O'(X 3,X— 20)(“) - 20’()(7150(74)(")
+ 3U(X 4,X—15) ) + dl
1
N(la 15,15,15; n) 12 (20—()(17)(60 (n) J(Xszl)( ) + 20—(X5:X12)(n) - 0(X12,X5)(n)
~ O(x—20,x— 3)(”) Jr20—()( 3,X— 20)( )+ 20—()(715»(—4)(”)
16
~ i) (1)) — g (0) + 3da() + 5 (),
1
N(S’ 3’ 3’ 5; n) :ﬁ <1OU(X11X60)(TL> - U(Xeo,)ﬁ)(n) - 2U(X5,X12)(n) + 5U(X12»X5)(n)
+ O-(X720,X73)(n) - 100’()(73’)(720)(”> + 20’()(715,)(74)(’”‘)
25 10
= 50(x_sx1e) (M) = Tdi(n) = S-ds(n)

5 50 5
- 6d4(”) + 2ds(n) + 3616(”) + gds(”),
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1
N(?” 5,9,5; n) :E (60(X17X60) (n) - U(X607X1)(n) - GU(XS,Xlz)(n) + U(X127X5)(n)

- 3U(X—207X—3)(n) + 20()(—3»(—20)(”) - 20()(—157)(—4)(”)

16 5
+ 30’()(—40(—15)(”)) + §d7(n) - gdg(n)7

1
N(3’ 5,15, 15; TL) P (20.()(17)(60)(”) - U(XGle)(n) - 20’(X57X12)(n)

12

+ O(x12,x5) (n) + U(X7207X73)(n) - 20’()(737)(720) (n)

1 2
+ 2J(X—157X—4)(n> - U(X—4,X—15)(n)) - édl (n) - gdS(n)

1 2 2 1
——d - =d =d —dg(n).
To%(n) = ds(n) + 3ds(n) + Zds(n)
Proof. The proof is similar to that of Theorem 4.2. O
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