#A17 INTEGERS 18 (2018)

GENERALIZED EULERIAN POLYNOMIALS AND SOME
APPLICATIONS

Claudio Pita-Ruiz
Universidad Panamericana, Facultad de Ingenieria, Ciudad de México, Mexico
cpita@up.edu.mx

Received: 8/20/16, Revised: 6/22/17, Accepted: 2/28/18, Published: 3/9/18

Abstract

We consider polynomials Py, (2) = 020 Aap,r (p,7) 27, in which the coeffi-
cients Ay (p,%) are the generalized Eulerian numbers involved in the expansion
(“”jb)p = 3P0 A (p,1) ("*:5”). The numbers A, (p,i) and their proper-
ties were studied in a previous work. The case a = 1,b = 0,r = 1, corresponds
to the standard Eulerian polynomials P o1, (2). We give generalizations for the
known recurrences of P; 1, (2). We also show some applications of polynomials
P, b p (2), including explicit formulas for sums and alternating sums of powers of
binomial coefficients. The main tool we use to obtain our results is the Z-transform
of sequences.

1. Introduction

Since this work is a natural continuation of the previous work [18], where we studied
generalized Eulerian numbers, the beginning has some intersections with it. Hence,
there are some comments at the beginning of this section that appear also in [18].
Eulerian numbers and polynomials have been mathematical objects of interest to
mathematicians along the years: beginning with Euler’s work [10] in the eighteenth
century, they are still considered as objects worthy of study [11, 12], including
several generalizations [15, 16, 17, 19, 24]. Within the works of L. Carlitz we find
(besides the expository work [4]) some generalizations of Eulerian numbers [7, 8],
including g-generalizations of them [3, 5, 6], among other related works [9]. Eulerian
numbers appear as coefficients of the sequence of the so-called Eulerian polynomials
1, 24+ 1, 22+ 42+ 1, 23 + 1122 + 112 + 1,..., considered by L. Euler ([10], pp.
485,486). We will use the notation A (p,i) for the corresponding Eulerian number
in the p-th row and i-th column of the so-called Eulerian numbers triangle, with
rows p=1,2,..., and columns ¢ =0, 1,2,... (see Table 1).
Some shifted versions of the Table 1 appear in the literature also as Eulerian num-
bers triangle. We write P, (z) to denote the Eulerian polynomial Y-%_ A (p,i) 2P~
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pNijoo1 2 3 4 5
1 o 1

2 o 1 1

3 00 1 4 1

4 fo 1 11 11 1
5 [0 1 26 66 26 1

Table 1: Eulerian numbers triangle.

Observe that P, (z) is a (p — 1)-th degree polynomial.
In Table 2 we show some important known facts about Eulerian numbers. In the
formula for alternating row sums, Bj41 is the (p + 1)-th Bernoulli number.

Eulerian numbers.

Explicit Formula: A(p,i) = i} (—1)7 (p;'l) (i—7).
j=
Symmetry: Ap,i)=A(p,p+1-1i).
Recurrence: Ap,i)=iAlp—19)+(p+1-i)A(p—1,i—-1).
Row Sums: i:oA (p,i) = p!.
Alternating Row Sums: i) (—1)i Al(p,i) = W.

Table 2: Eulerian numbers properties.

Another remarkable fact of Eulerian numbers is that they are the coefficients
n+1)
P )

. (";p), which form a basis of the vector space of n-polynomials of degree not

exceeding p. This is the Worpitsky identity [23]:

npziA(p,i) (’”;’"). (1)

=0

appearing when we write nP as a linear combination of the binomials (;‘), (

In a recent work [18], we considered a generalization of Eulerian numbers (in-
spired by (1)), that includes the following situation: the function

s = (") )

r
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is a rp-th degree polynomial function. For r,p € N, the polynomial (2) can be
written as a linear combination of the rp + 1 binomials ("+:]f_i), i=20,1,...,rp,
which form a basis of the vector space of n-polynomials of degree < rp. The resulting
coefficients Aq . (p,7), p €N, i =0,1,...,rp, are some of the generalized Eulerian
numbers (GEN, for short) we studied in [18]. That is, we have

an +b\" & ~(n+rp—1i
O ICE S S
and Ay, (p,i) = 0 for s < 0 or ¢ > rp. In the case a = r = 1 and b = 0,
the polynomial (2) is n” and the mentioned coefficients A; g1 (p,i), p € N, i =
0,1,...,p, are the standard Eulerian numbers A (p, ), and (3) reduces to (1).
The first two elements of the p-th row in the GEN A, ; , (p,¢) triangle (GENT,
for short) are

A0 = (1) (@)
Aaro) = (5 e (1) ®)

In particular, if 0 < b < r, we have A, 5, (p,0) = 0. This happens, for example,
when b = 0. The last element of the p-th row is

a—b+r—1\"
. :

Aa,b,r (p7 Tp) = ( (6)

Two GENT are the following

GENT1: Generalized Eulerian Numbers A; o3 (p, 1) .

Explicit Formula: Ay o3 (p,i) = 3 (=1) (3177_4'1) (1:J)p
i=0 :

3 .
Expansion: (';”)p = 2133141,0,3 (p,7) ("+§,'f72)~
i=

i3] 4] 5 [ 6 | 7 | 8 | 9 |10 [11]12]
1 1

9 | 9 1

54 | 405 | 760 | 405 54 1

S NGCR N V)
== =

243 | 6750 | 49682 | 128124 | 128124 | 49682 | 6750 | 243 | 1
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GENT?2: Generalized Eulerian Numbers A3z 5o (p, 7).

.. . : j 3(i—j p
Explicit Formula: As 24 (p,i) = ]go (-1 (2pl+1) (3( 23)”) .

2p -
Expansion: ()" = 3= Az (p, i) ("T227).
i=0

2p
pnifofl 1 ] 2 | 8 | 4 | 5 [ 6 [ 7 [8]-
1 1] 7 1
2 [[1] o5 | 204 95 1
3 || 1] 993 | 14973 | 33676 | 14973 | 993 1
4 || 1] 9991 | 524692 | 3978637 | 7507078 | 3978637 | 524692 | 9991 | 1

It turns out that the GEN A; o, (2,7) are squares of binomial coefficients (see
the second row of GENT1). More precisely, for k = 0,1,...,r, we have

>R o [ I S

. . . . n\ 2 2r S\ (mA2r—i
(see identity (6.48) in [13]). Thus, the expansion (7)” = Y77 A1, (2,4) ("72777)

can be written as follows
nQ_i 2 n+r—=k (8)
r) k 2r ’
k=0

which is also a known fact (see identity (6.17) in [13]).

In [18] we obtained results for the GEN A, ;. (p,4) that include generalizations
of the properties of Table 2. For the reader’s convenience, we quote some of them
next.

e Explicit formula:

Ao (1) = 3 (1) (”’ .“) (“(ij” b>p.

.
=0 J

e Symmetries:
(a) The GEN A, 4. (p, ) have the symmetry
Aa,b,r (P7 Z) = Aa,aber'rfl,r (pa p — l) 3 1= 07 17 <o, TP (9)

(b) For odd r € N, the GEN Aj 1, (p,4) have the symmetry

oor—1 . .
A2,1,7‘ <p72+ T) :AQ,I,T (parp—z)7 220717"‘7777_
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e Recurrence: The recurrence for the GEN Aj - (p, ) is given by
. " fi—k+b\[rp+k—i—b )
A = —1.i—
L (P 8) =) ( o ) ( L )AW (p-1Li—k), (11)
k=0
where i = 0,1,...,7rp.

e Row sums: The sum of the GEN A, , (p,i), i =0,1,...,rp, is given by

> Ao () = a8, (12)
i=0 ’

e Alternating row sums:
(a) The alternating sum of GEN A, 4, (p, ), 0 < j < rp, is given by

rp

Z (_l)jAa,b,r (paj) (13)

Jj=0

2rp+1 p T p . p—i;
r'pz Z (ij)(b_j+1) X
=1

=0 11=0 \J

147 iy .
S iais (1 -2 9) Birsii

X 1a

(b) If p is even and r is odd, we have

rp )

Y (1) Avog (p,i) =0, (14)
and

r(p—1) ‘

> (D A (i) = 0. (15)

i=0
(c) If r is odd, we have

rp— "‘;1 _ 1
(—1)" Ag1r (p,z + 2) =0, (16)
i=0

in each of the following cases: (a) p even and r» = 3 mod 4, and (b) p odd
and r =1 mod 4. In fact, in the case r = 1 we have

jA211 p, )—2pE (17)

M@

JZO
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In this article we consider the corresponding generalized Eulerian polynomials
(GEP, for short) in which the coefficients are the GEN A4, (p,¢), ¢ =0,1,...,rp,
that is, polynomials Py p,.p (2) = D020 Aapr (p,) 2P7%. The main tool we use
to study these polynomials is the Z-Transform. In Section 2, we give the defini-
tions and the properties of this transformation that we will use in the remaining
sections. It turns out that when one considers the Z-transform of the sequence
nP (via the Worpitsky identity (1)), Eulerian polynomials appear in a natural way.
We use this fact to obtain, also in Section 2, some known results for the standard
Eulerian polynomials, including recurrences for these polynomials. To generalize
these results is one of the main goals of this work. In Section 3, we consider a
first step of the GEP P, ., (2), namely, the case r = 1. That is, we consider
the GEP P41, (2) = >4 Aap1 (p.i) z2P~%, which appear in the Z-Transform of
the sequence (an + b)’. We obtain several kinds of recurrences for these polyno-
mials, including generalizations of the known recurrences for the standard Eulerian
polynomials. In Section 4, we consider the more general case, corresponding to
GEP P, 4.p(2) = Y0 Aapr (p,i) 2777, which appear in the Z-Transform of the
sequence (anr+b)p7 r € N, r > 2. We obtain a recurrence for these polynomials in
the case a = 1: by using the recurrence (11) for the GEN A, , (p, 1), together with
other combinatorial identities, we demonstrate that

r l - r—I _
r=0\[rp—2r+1+b\2""t(1—-2) dar—t
P @ =23 () (7T ) R )

=0 t=0

This is the most challenging result of this work: Theorem 2. Finally, in Section
5, we show some applications where the GEP studied in the previous sections are
involved. We obtain an explicit formula for some generalized telescoping sums,
and we obtain explicit formulas for some sums of powers of binomial coefficients
Z;":O (“j:b)p in terms of a convolution, and also explicit formulas for the alternating
sums Y7 (—1)7 (470,

s

2. Preliminaries: Z-Transform and Standard Eulerian Polynomials

The Z-transform is a map Z that takes complex sequences a,, = (ag,a1,...,an,-..)
into complex functions Z (a,) (z) or simply Z (ay), given by the Laurent series
Z (an) = Yo%, defined for |z| > R, where R > 0 is the radius of convergence
of the Taylor series Y- ja,z". If Z(a,) = A(z), we also say that the sequence
ay, is the inverse Z-transform of the complex function A(z), and we write a,, =

Z71(A(2)).

Remark 1. The references [14, 21, 22] are good examples of the fact that the
audiences for Z-transforms and for generating functions are different (though not
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disjoint), with engineers for the former and mathematicians for the latter. By taking
a look at the mentioned references, one realizes that there is some different flavor
in the language used in each theory. But plainly the mathematical information
contained in both tools is the same. However, we believe that Z-transforms give a
more gentle environment for algebraic manipulations as those we face in this work.

We will recall now some basic facts about the Z transform that we will use
throughout the work.
The sequence A", where A is a given non-zero complex number, has Z-transform
A 1 z

ZO =Y G- (18)

n=0
defined for |z| > |A|. In particular, the Z-transform of the constant sequence 1 and
the alternating sequence (—1)" are
z

Z(l):zil and - Z((-)") = —. (19)

respectively.
Five important properties of the Z-transform:

1. Z is linear and injective.

2. Advance-shifting property. If Z (a,) = A(z), and k € N is given, then

k—1
Zlanp)=2" [AR) =Y 2 |. (20)
j=0

3. Multiplication by the sequence A". If Z (a,) = A (z), then for a given \ € C,
A#£0,

na Y= A(Z
Z (\"ay) —A(/\).
In particular, we have
Z((-1)" an) = A(-2). (21)
4. Multiplication by the sequence n. If Z (a,) = A(z), then
Z (nay) = fz%fl (2). (22)
Formula (22) implies
Z (n®a,) = z2d—2A(z) + ziA(z) (23)
" dz? dz ’
Z (n*a,) = fzgd—g.A(z) - 322d—2A(z) - ziA(z) (24)
. dz? dz? dz ’

and so on.
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5. Convolution theorem. If Z (a,) = A(z) and Z (b,) = B(z), then
Z (an xby) = A(2)B(2), (25)

where a,, *b,, is the convolution of a,, with b,,, defined as the sequence a,, *b,, =
Z:L:Q Qag bn7t~

Observe that, for a given sequence a,,, the convolution
n
an*lz(Zai>:(ao,a0+a1,a0+a1—|—a2,...), (26)
i=0

is the sequence of partial sums of a,. In general, the multiple convolution a,, * 1,
which means a,, * 1% 1%---x1, where the sequence 1 appears k times, is the sequence
of k-th partial sums of the sequence a,,. For example, for £k = 2 we have

an ¥* 1 = (ag, 2a¢ + a1, 3a¢ + 2a; +az,...).

If A(z) is the Z-transform of the sequence a,, then the Z-transform of the
sequence a, *" 1 (of the r-th partial sums of a,) is, according to (19) and (25),

z
z—1

Z(an*u)_( )rA(z). (27)

Let A(z) be the Z-transform of the sequence a,. The sequence b, =

0,...,0,a9,a1,...), with k zeros at the beginning, is such that b,+r = a, and
bo = -+ =b_1 = 0. According to (20), we have Z (b,1x) = 2*Z (b,), or
Z(ba) =M A(2). (28)

In particular, observe that according to (27) and (28), we have

Lkt n—k
Z_1<21A(2)> = Zai =(0,...,0,a9,a9 + ay,ap + a1 + as,...). (29)
i=0

From (19) and (22), we see that the Z-transform of the sequence n is

d =z z

Z =—z— = . 30
() “dzz 1 (z—1)? (30)
The same argument gives us
d 1
Z (n2) - 2z = 2+ 1) (31)
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dz(z+1 2 (2 +42+1
z2(¥) = ak(j'ig ((;%1;')7 (32

and so on. Also, it is immediately verifiable that

z(z+1)

. 33
(z — 1)2 (33)

Z(@2n+1) =

The Z-transform of the sequence (:f), where r € N is given, is

() e

The proof is an easy induction on r left to the reader.
According to the advance-shifting property (20), together with (34), we see that

for 0 < k < r, the Z-transform of the sequence (”;’:k) is
k k+1
z((”+ ))—Z - (35)
r (z—1)
Observe that, according to (26) and (34), we have
z i(‘7> S .z (36)
=\ ) ATy ey
J_

which gives us, by using (35), the well-known property of binomial coefficients
n .
1
> ()-(1) o
. r r+1
7=0

Observe also that, according to the Worpitsky identity (1) and formula (35), the
Z-transform of the sequence n?, where p is given, is

p . Sp—itl
Z(n?) = ZA (p, ) mv (38)
i=0
which means that
2y 0 A(p,i)zPt 2P, (2)
R P S fpl)”“ ' )

That is, the numerator of Z (n?) is z times the Eulerian polynomial P, (z). By
setting Py (z) = 1, formula (39) makes sense for all non-negative values of p, so we
have Py (2) = P1(2) =1, P,(z) = z+ 1, and so on.
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According to (22) and (39), we can write

o o1y d zP,_1 (2)
GV R @R () - R ()
(z—1)*
T SCETRN ' DY SO} o)
(1)
Comparing (40) with (39), we obtain that
Bp(2)=2(1=2) Py (2) + (14 (p—1)2) Ppo1 (), (41)

which is the well-known recurrence for Eulerian polynomials.
On the other hand, expression (39) together with (20) allow us to write, for
m € N, that

Z((n+m)?P)=2z" %—Zi—: . (42)
=0

The linearity of the Z-transform, and (39) again, give us that

eon=2 (S (Qet) L@

k=0 k=0

Thus, from (42) and (43) we have that

p m—1 .

P, P, »
Z(p)mp—kzk;(illzzm zpi(’ill_zj_j ) (44)
= \k (z—1) (z—1) i ?

Formula (44) can be written as follows
P m—1
p) p—k Pk (Z) m Pp (Z) p. m—1—j
mPr =" jPz . (45)
S () e X
Observe that if we set H; = H; () = %, then we can write (45) as follows
m—1 ,
(H + m)P _ Zme _ Z jpzm—l—j7 (46)
§=0

where the left-hand side is understood as in Umbral Calculus: it is expanded by
the binomial theorem, and the superscripts (exponents) of H are converted to sub-

scripts, that is, H* is Hj, = %, k=0,1,...,p.
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In the simplest case of m = 1, formula (45) looks as follows

- Pe(z) 2B (2)
2 ( ) — D ()Pt (47)

k=0

and its version of (46) is

(H+1)" = 2H,, (48)
Observe that we can write (47) as Y- _o (7) (f’i(lz))k = (ZZP_”SQ, so we can define

Hy by H, = (f’i (12))k7 and formula (48) remains valid. This version of (48) appears
originally in Vandiver’s paper on Bernoulli numbers ([20], formula 12, p. 506). (In
passing, Carlitz [2] refers to (48) as “an interesting formula”.)

From (47), we immediately obtain the known recurrence

R =3 (5) -1 A (19)

k=0

for Eulerian polynomials, which gives the polynomial P, (z) in terms of the previous
p polynomials Py (z), k =0,1,...,p—1, (see for example [11], formula (2.7), p. 12).
For instance, we have Py (2) = (z —1)+2=2+1, P3(2) = (z = 1)° +3(z2 — 1) +
3P (z) = 22 + 4z + 1, and so on.

We can write (44) as follows:

Py (2) = (50)

pP— m—1
( )mp k 1)p—1—k Pk Z _ 1 P Z ]pzm, j—1
7=0

i

g k=0

where p > 1. That is, expression (50) is in fact a family of recurrences for Eulerian

polynomials; the case m = 1 is (49). For example, for m = 2,3 we have the
recurrences
p—1
Pz ( (B)2r -0 R + - 1)”), 1)
k=0
and
1 e 1-k
_ —k p—1- P
Bp(2)= 33 (; <k>3p (z—1) Py (2) + (2 +2°) (= 1) ) (52)
respectively.

Expression (44) has more to offer: substitute z by 1 to obtain
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P kp ( ) 1 sz

p—k 2 Tk\z) 1 2. 93

Z() (1—z)FT " am (1—z Z] (53)

Now we use the fact that 2% P, (1) = 2P (z) for any k € N, and write expression

(53) modifying its left-hand side (avoiding the term k = 0 of the sum, for which the
relation z* Py, (1) = 2P (2) is false), as follows

m m ZPk
R z() = ZM (50

( z (1—z

from which we finally obtain the following closed formula for the weighted sum of
the p-th powers of the first m positive integers, >J7" | j?27, where 2 # 0,1 is the
weight (see [11], formula (2.8), p. 12):

Zza‘jp:(l—?’# Z() - k%, (55)

j=1 (1 =0

In the original work of Euler [10] we find results involving alternating sums of
powers Z;n:l (—1)” jP; see also [1] for a different approach.
By using (49), we can write (55) as follows

i1 (1P (1 — 2m) —mp—hzm (1 — 2)
;Z Z( ) T Piz). (56)

k=0

For example, we have

m ) p—1 PR+ 0 ymy mP—k (1™
$ 5 () s

2k+2

j=1 k=0
or ) 1
m p— p—k
i . p\ (2m
> =3 (1) S rn.
j=1 k=0

By using the alternating row sums formula for Eulerian numbers (see Table 1)
we can write

2m , p—1 o
; (-1 7= (Z) (—1)* 2m)P* (12k—+13,€+1-

k=0

More generally, for p € N given, let w € C be a p-th root of 1, w # 1. Then,
according to (56), we have
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;gmle‘lj” = —pi (i) 7(?171)17:1& ().

k=0 w)

For example, we have

S Z (i) G * ;> " R,

j=1 k=0

where ¢ = /—1.

3. Generalized Eulerian Polynomials I: » =1

In this section we consider GEP of the form
p .
Papap (2) = ZAa,b,l (p,i) 2", (57)
i=0

where the coefficients are the GEN A, 31 (p,1) = Z;':o (—1) (p‘;l) (a(i—j)+0b)".

Some examples are

Papia(z) = bzta—b, (58)
Pipia(z) = b2+ (a2 + 2ab — 2b2) 24 (a— b)2 ,
Papas(z) = b’2°+ (a® +3a’b + 3ab® — 30°) 2°

+ (4a® — 6ab* + 3b%) 2 + (a — b)°.

The case a = 1, b = 0 corresponds to the standard Eulerian polynomials
Pio11(2) =1, Pig12(2) = 2+1, Plo13(z) = 22+ 42+ 1, and so on. Ob-
serve that P, 1, (2) is a p-th degree polynomial if and only if b # 0, otherwise
it is a (p — 1)-th degree polynomial, as in the case of the standard Eulerian poly-
nomials Py o,1,(2). We set P,p1,0(2) = 1, for any b € R. Observe also that
Pa,a,l,p (Z) = CLpZPL(LLp (Z)

From (4), we see that the leading coefficient of P, 1, (2) is bP. From (6), we see
that the independent term of P, 1, (2) is

Pa,b,l,p (O) = Aa,b,l (p,p) = (a - b)p7 (59)

and then z = 0is a zero of P, 1, () if and only if a = b (which is the case when the
polynomial P, p 1, () is a”z times the standard Eulerian polynomial P; 91, (%), as
we noticed before).
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From (12), with » = 1, we see that the value of Py 41, (2) at z=11s

P
Paprp (1) =D Aap (pi) = a’pl, (60)
=0
and from (13), with r = 1, we see that the value of P, 51, (2) at z = —1 is

P (271 1) By
Pasia (1) = (-2 3 (V)i B B, (61)
=0

According to the expansion

P ~[(n+p—1
(CL?’L + b)p = Aih s ( ) 7’) I (62)
> Aunnty ("

together with (35) and (57), it is clear that the generalized Eulerian polynomial

Puv1,p () appears in the numerator of the Z-transform of the sequence (an + b)”,

namely

2P, (2)

(-1
We can mimic what we did to obtain the recurrence (40) for standard Eulerian

polynomials, in order to obtain a similar formula for GEP P, ;1 ,, (2) (see also [24]).

Z ((an+b)P) = (63)

Proposition 1. We have the following recurrence for generalized Eulerian Polyno-
mials Pap1p (2)

Papap(2) = (64)
az(1=2)Pypq1p-1(2) +(@a=b+(a(p—1)+b)z) Papip-1(2).
Proof. We use (22) and (63) to write
Z ((an +b)?)
-z ((an +b) (an + b)”_1>
d 2P, p1,p-1(2) 2Py p1,p—1(2)

= —az—

& -1 VT o1p
(z—1)7 (ZPé,b,Lp_l (2) + Pap,1,p-1 (2)) —p(z =1 2Papipor (2)

- " (2—1)2p
ZPa,b,l,pfl (2)
ey
B S LI

Comparing (63) and (65) we obtain the desired conclusion (64). O
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On the other hand, observe that the advance-shifting property (20) tells us that,
for any non-negative integer m,

Z((a(n+m)+b)?P)=2" Z((an—i—b)p)—‘ (aj +b)F 277 | . (66)

That is, we have

(z — 1)+

M <Zpa,b717p (Z) o Z (aj _|_b)P P
= Z((an + b+ ma)?)
-z(} <§> (ma)” " (an + b)’f)
-y (Z (may’ ™ —Z(f“””i’)’lﬁ)- (67)

We can write (67) as follows

mPlLb,L (Z) . p —k a,b,l,k e m—
ﬁzz k) (z — 1) +Z‘U+bp I (68)

k=0 j=

and again, as in (45), we have the following version: set H; = H;(z) =
Papi,(2)/(z —1)7FL. Then we can write (68) as follows

m—1
2™ H, H—i—map—i—z (aj + b)P zm=177, (69)
7=0

where (H + ma)” is expanded by the binomial theorem, and the exponents of H are
converted to subscripts. In particular, when m = 1, formula (68) is the following

ZPa b l,p - a b,l,k ) p—k P 70
(z— :D+1 Z k+1 05 (70)
k=0

and its version (69) is
zH, = (H +a)” +b". (71)

Thus, (71) is a generalization of Vandiver’s formula (47), which is the case a = 1,
b=0of (69), with Hj = Pl,O,l,j (Z) / (Z — ].)j
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By writing (70) as follows

Papap(z) = (72)
1 p—1 D m—1 .
m—1 Z (k) (ma)p_k( 1)p 1= kPab1k Z— 1 p Z a] +b i 1=j
Z 2 k=0 7=0

i=0

we see that this is an infinite m-family of recurrences for the GEP P, 41, (2). The
cases m = 1 and m = 2 of (72) are as follows:

p—1
Pai )= 3 (1) =07 Pupas ()4 17 (0

k=0
Popip (2) = .
1 pi (p> (2a)1)—k (z — I)P—l—k Papag (2)+ (z=1)P (P2 + (a+b)") | .
IS \F -

Observe that the symmetry relation A, p1 (p,7) = Aga—b1 (p,p— 1) (see (9)),
allows us to write

p

Poa—bip(2) = D Ava-si(pi) 2"

p

- Z Aa,afb,l (pvp - Z) 2"
1=0
p
- ZAa,b,l (p,’L)Z
=0

Thus, P, 4—b,1,(2) is the reciprocal polynomial of P, j1,(2) = Z Aapa(p,i)zP.

In other words, we have

Poab1p(2) =2PPapip (271) : (75)

From

Loab10 ) _ 5 (0t 1) by) =2 (ZP‘“”L” 2 (—b)p> ;

(z—1)P*! (z — 1P
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we see that

Poa-bip(2) = 2Pa b1 (2) = (=) (z = D)PF.

In particular, we have that P, 4.1 (2) = 2Ps0,1,p (2) = a?2P1,0,1,p (2) (as we no-
ticed before), and that Py 11, (2) = 2P101, (2) = 2P P11, (271) is the reciprocal
polynomial of P g1, (2). Observe that, by using (75), we can write (63) as follows

ZerlPa,afb,l,p (271)
(2 _ 1)p+1

Thus, proceeding as in (65) and using again (75), we can obtain “mixed” recurrences

Z((an+b)?) =

(76)
such as

Papip(2) = (77)
a(z=1)2" 2P 4 1 p1 (271) + (ap+ bz (2 = 1)) Papip-1 ()

which gives us, in particular, the following recurrences involving the standard Eu-
lerian polynomials Pj o1, (2) and their reciprocal polynomials P 1,1, (2):

Pioip(z) = (z=1)2"2P 11,1 (z7") +pProip-1(2),

Piiip(z) = (z=12"?Po1, () +@+2(z-1)Priip-1(2).

Next, we explore the relation among GEP P, ;1 (%) for different values of the
parameters a,b. The main result is given in the following proposition.

Proposition 2. Let a,b,c,d be given complex numbers, a,c # 0. The generalized
Eulerian polynomial P, 1. (2) can be written in terms of the generalized Eulerian
polynomials Pe g1 (2), k=0,1,...,p, according to

Posip(z) = 27 ki) (z) (%)k ((b —am— “j) (2 — 1))“ Pran (2)
ST e atn gy )

where m is a given non-negative integer.
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Proof. We have

2Pab,1,p (2)
(Z _ 1>P+1

(cl)pz<(C(n+m)+d+ bc;adcm>p)

(
2 (B0 (55 o) )
<

= Z ((an + b)")

k=0
P p—k m—1
a\P p\ [ bc—ad m [ ZPeaik(
- E) Z(k) < a _cm> z (- k+1 Z (cj + )"
k=0 j=
a k d\""* 2P,
L@ (e T) T
— k) \c c (z—1)
p k p—k m—1
- Py (e a2 )k ymi
Z(k) (c) <b am c> Z(cy—l—d) z
k=0 j=0
. k A\P" 2P
LW D) T
Pt k) \c c (z—1)
m—1
=Y (b—a(m—j)=",
j=0
from which the conclusion (78) follows. O

p
Note that (78) implies Py 1, (1) = (2)” Poa1,p (1), that is, ¢® Y Agp (i) =

i=0
aP Z Aca1 (p,i). We already knew this: the complete storyisc? Y7 A, 1 (p, 1) =

aP ZZ 0 Ac,a1 (p,i) = aPcPpl, and is a consequence of (12).
The simplest case m = 0, from (78), looks as follows

Punn@ =3 () (O ((- ) -0)" Prassa. 9

k=0

If we set ¢ =2,d =1 and z = —1, we can use (17) to obtain from (79) that

Papip(—1)=(-1)" Z (Z) a¥ (2b — )P * E. (80)

k=0

Compare (80) with (61).
Two particular cases of (78) are the following:
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1. Set c=1,d =0 in (78) to obtain

Pa,b,l,p (Z) (81)

—m f: (Z) a* (b—am) (z—=1)""" Pro1x(2)

k=0

m—1
ZilerlZ b*CLm j))Pmlj
=0

which shows that the GEP P, 31, (z) can be written in terms of the standard
Eulerian polynomials P; g1 (2), k=0,1,...,p. For example, with m =0, 1,
we have

Papip(2) =) <;Z> a® (b(z— 1) Proik(2),
k=0

Papp ZZ ( > —a)(z= 1) Proak(2)—(z =)' (b—a).

(See formula (36) in [24].)

2. Set a =1,b=0in (78), and rename c,d as a, b to obtain

P1o,1p (2) (82)
P
=q Pz Z: (i) (=(b+am)(z — 1))p_k Py (2)
m—1
Z—1p+12j— Pmlj
7=0

which shows that the standard Eulerian polynomial P; 1, (2) can be written
in terms of the GEP P, 41 (2), k=0,1,...,p. For example, with m =0, 1,
we have

Poap@ = a3 (1) b= 0P Puan (),

k=0

= _pzz ( ) (b+a)(z 1))1)% Popik (2) + (1 —2)PT.
From formula (78) we can obtain two new families of recurrences for the GEP

(besides the known family of recurrences (72)). We show them together in the
following corollary.
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Corollary 1. For any given m € N, we have the following recurrences for the
generalized Eulerian polynomial Py p 1 p (2):

Papap(2) = (83)
1 m—1
— Z—lpzaj-i-bpml]
2J 7=0
j=0
p—1 D
+ (k) (am)"™* (z = )" P ( )) :
k=0
Papap(2) = (84)
1 m—1
— (z=1)" > (b—a(m—j)’z""1"
zJ 3=0
j=0
p—1 D
—2™ Z (k) (—am)’ " (z—1)""'7" P, b1k ( )) )
k=0
Popip(z) =a"Pro,(2) (85)

N Z ( ) yrk (a” (=m)” " Proax (2) = (—am — b)P " Pyyo (Z)> :

Proof. Expression (83) is the already known recurrence (72). Let us prove (84) and
(85). Observe that the polynomial

Ep: (Z) (%)k ((b —am= %) (z - 1))1”“ P.aik(2), (86)

k=0

of the right-hand side of (78), does not depend on ¢ or d. That is, we have

(O (b-oe-)-t) s

(@ a® ((b—am) (z — 1))’ Pro1x (2) (87)

M= 10

=
Il
<]

[
NE

(5) am = 0P P 2 (59

=
Il
o
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corresponding to (86) with ¢ = 1 and d = 0, and (86) with ¢ = a and d = b,
respectively.
By using (88) we can write (78) as

p
Popip(z) =2 Z ( ) 1))p7k Poyik(2) (89)
k=0
m—1
Z_1p+1z _am J))Pmlj7
7=0

from which (84) follows. On the other hand, expression (87) can be written as

Peaip(z) =c"Pio1y(2) (90)

£

X (cp (b —am)?™ P1,0,1,k (2) — (bc — acm — ad)pik P.ai1k (z)) ,

and then the polynomial

5 ( )(Z . 1> (c” (b—am)"™" Pk (2) = (be — acm — ad)’™" Peg (Z)) ’

k=0

(91)
from the right-hand side of (90), does not depend on a or b. Then we have, from
(91) with @ = 1 and b = 0, that

SO

X (cp (b — am)pik Py o1k (2) — (be —acm — ad)pik P.ai1k (z))

p—1

Z ( ) 2= 1P (e (=mP T Proak (2) = (—em = d)P T Paa k() - (92)
=0

Thus, expression (92) allows us to write (90) as follows:

Peanp(2)=c"Pioi1yp(2) (93)
+Z<§) (2 = 1P (e (=)™ Proe (2) = (—em = )" P 1 (2))
k=0

Rename ¢, d as a, b to obtain (85). O
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Observe that (85) makes sense for m = 0, giving the recurrence

p—1
Puin () =@ Prong ()= X (1) 60 =27 Pupan ().
k=0 k
When a = 1,b = 0, formula (83) becomes the known family of recurrences (50) for
the standard Eulerian polynomials, and (85) becomes a trivial formula. However,
formula (84) gives a new family of recurrences for the standard Eulerian polynomials
P11, (2), namely

Pioip(2) = (94)
e (CEVD DY e
&~ a
p—1
_m Z (Z) (=m)PF (z — )Ptk Proak (Z)>
k=0

For example, the case m =1 of (94) is

Ju

P

Proap ()= (17 (=17 =30 () (-7 = 07 F P ). 09

k=0

Compare with (49).

4. Generalized Eulerian Polynomials II: » > 1

In this section we consider the GEP

rp
Pa,b,np (Z) = Z Aa,b,r (p7 l) er—z7 (96)
=0

in which the coefficients are the GEN

Ao () = 3 (-1 (T (97)

=0 J "

involved in the expansion (3), where r > 1.
The leading coefficient of the polynomial Py ., (2) is (b)p (see (4)), and then, if

r

b > r, the polynomial P, ; ., (2) has degree rp. If b = 0, the degree of P, ¢, (%) is
r(p — 1) (this is the case of the GEP Py o, p (2)). Ifb=0, we set P11 (2) =1.
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Observe that the polynomial P g2 (2) can be written, by using (7), as follows

Prora(z) = Z (;)er’“. (98)

k=0

From the expansion (3), we see at once that the GEP P, ,, (z) appear in the
numerator of the Z-transform of the sequence (a":b)p. In fact, we have

= (<an + b>P> _ #2Paprp (2) (99)

r (z— 1)t
The reciprocal polynomial of Py ,p (2) i Paa—bt+r—1,rp (2). That is, we have

2" Py rp (2_1) = Poa—btr—1,rp (2) (100)

In fact, by using (9), we have that

™D ,
P Puprp (271) = 2P Aapr (00) (7))
=0
Tp
= ZAa,a—bJr'rfl,r (pv rp — Z) 2"
=0

Tp

= Z Aa,a—b—&-?“—lﬂ” (p’ 7’) 2P
=0

= Pa’a7b+r71,’r‘,p (Z) ’

which proves our claim (100).

We would like to obtain a recurrence for GEP P, ., (2) that generalizes the
recurrence (64), corresponding to the case r = 1, which in turn generalizes the
known recurrence (41) for the standard Eulerian polynomials. As we will see next,
this is a very difficult task. However, we will see also that there is a particular case
with a nice formula for that recurrence.

Let us consider first the case r = 2. Beginning with the Z-transform of the
sequence (“"2+b)p, namely formula (99) with r = 2,

2 < <an N b)p> _ 2Paboy (2) 101

(z —1)%F
we will mimic the procedure we used to obtain the recurrence (64). First we write
(‘m;b)p as (‘m;b) (‘m;b)pil. Then we expand (“"2+b) as za’n® +a(b—3)n +
1b(b—1). Next we use (30) and (31) to obtain
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- <(an2—|— b)p) (102)

p—1
1a22< (erb >+a<b
2

1 an + b\ "~ !
- -1 Z
b (( 2 )

_ laQ Z2d_23Pa,b,2,p—1 (Z)+ dZPabZ,p 1(2)
2 dz? (Z_1)2p—1 dz (Z 1)2p 1

1 d ZPa b,2,p—1 (Z) 1 ZPa b,2,p—1 (2)
— b—— | ——— sl - V7 —b(b—1) —>22r — 7
az ( ) &z (z—1)% ! 5 ( ) (z— 1)1

t\)
/—\
/‘\

I~}

S

+

S
——
~s
\_/“

Now we have to do some algebraic work (that we omit), and finally we get, from
(101) and (102), the desired recurrence for the GEP P, 42, (2):

Papap(z) = (103)
1
50222 (z — 1)2 L/L/,b,Q,p—1 (2)

2(z=1)(Ba—2b+ 14 (a(4p—5)+20—1)2) P, 45, 1 (2)

b+ 2
+(+a

Awlm

>z2+(a2(6p—5)+a(1—2b)(2p—3)+2b(1—b))

(3 s

For example, if a = 2,b = 1, the recurrence (103) for the GEP P15, (2) is

[NCHIRN

P12, (2) = 22° (2 — 1)2 P2”,1,2,p—1 (2) (104)
—2(z=1)(54+@8p—9)2)Py19, 1(2)

4p -3
+(< p2 >22+(10P—7)Z+1> Poi2p-1(2).

Observe that, by taking Py 120 (2) = 1, the right-hand side of (104) makes sense
with p = 1:

2:2(z-11)" —2(z-1)6-2) (1) +Bz+1)(1) =32+ 1,

which is the polynomial P 1 21 (2). With p = 2, we use the polynomial P, 1 21 (2) =
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3z 4+ 1 in the right-hand side of (104), to obtain that
2:2(2 =12 324+1)" —2(2 - 1) (5+72) 32+ 1)" + (1022 + 132 +1) 32 + 1)
=923 45522 + 312 + 1,

which is the polynomial P 122 (2). With p = 3, we use P2122 () = 92% + 5522 +
31z + 1 in the right-hand side of (104), to obtain that
222 (2 = 1)2(92% + 5522 + 312+ 1) —2 (2 — 1) (5 + 152) (92° + 5522 + 312 4 1)’
+ (3627 + 232 + 1) (92° + 552> + 312 + 1)
=272° 4 8112* + 28282° 4 188422 4 209z + 1.

"

which is the polynomial P 1 23 (2), and so on.

If we pursue a general recurrence for the GEP P, 4., (), for any r € N, the next
step should be to repeat, in the case r = 3, the procedure of the cases r = 1 and
r = 2. Then, we would hopefully be able to figure out the form of the recurrence
in the general case, in order to have a conjecture for the desired recurrence, and
finally, of course, to prove the conjecture. But this seems likely to be impossible,
except if the parameter a is equal to 1. In this case, formula (103) can be written
as follows:

Prpop(2) = (105)
1
522 (z — 1)2 P{fb,z,pq (2) —2(z=1)(2-b+(2p+b—3)2) P{,b,Q,pq (2)

N (<b+2(2p—1))zz(b2) (b+2p—2)z+ (b;1>)P17b,27p_1 (),

and we were able to identify that (105) is the case r = 2 of
Prprp (2) = (106)

: l — r—I1 _
F—b\ [(rp—2r+14+b\ 2t (1 —2)"" dr!
ZZ( t )( -t ) (r—1)! o1 Lbrp-1 (2) .-

1=0 t=0

Observe that the case r = 1 of (106) is
Proap(2) =2(1=2) P41, 1(2) +(1=b+(p—1+0)2) Prpip-1(2),

which is formula (64) with a = 1.

The rest of this section is devoted to proving the recurrence (106). We begin
with two lemmas containing some combinatorial identities that have some interest
on their own.

Lemma 1. Let i,a,7,s, be given non-negative integers, 0 < s < r. We have the

identit
B TR 3 oy R s T
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Proof. We proceed by induction on i. The case ¢ = 0 is clear: both sides are equal
«

to ( ) Indeed, in the case i = 1 it is also easy to see that the left-hand side
(O) =) (’kl) is equal to (—1)° (1) (271). If (107) is true for a given i € N, let

s/ \r r—1
us prove that it is true for ¢ + 1. We have

S ()0
- 2 (OC) e (OC)E)
ST 1 ES e G T T
- () e (060
e ()00
= () e (D)
D) -Coim)) o ()00
JO) e (L))
)« (Z)) )

as desired. 0

I
T
—_
=
~
»w +
—_
~__
RS
Q
=
|
w |
—
"

Lemma 2. Leti,a,r, s, m, be given non-negative integers, 0 < s < r. We have the
identity

tio g (-1 (t i s) (tTZ> (Z zm) <a ; l:t m) = (-1)° (;) (?_;) (108)

Proof. We proceed by induction on m. For m = 0 the result is true by (107). If
it is true for m € N, let us prove that it is also true for m + 1. First, note that
the induction hypothesis with «,,r and s replaced by a — 1,4 — 1,7 —1 and s — 1,
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respectively, says that

r—1 t

I A0 | Gty

or

<

-
|

-

S RN [T (| QS

~
I
-
~
Il
<

This can be written as

Sy er () )TE) o
y

~

e (e

SR T(A PAE) | G| i)
e ()T
BRI

as desired. 0

After interchanging indices and replacing i and s by o —4 and r — s, respectively,
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expression (108) can be written as follows

S (L))
o ()6

This is the formula we will use in the proof of the main result of this section
(Theorem 2 below). We mention in passing the nice identity

Tar e (L)) ()

i=s t=01=0

M

(valid for any s = 0,1,...,r, and any non-negative integers «, r, m), obtained from

(108) together with
a—r—+s . .
7 a—1 a—+1
Y ()E) -G (12

which is identity (3.3) of [13].
Expressions (110) and (111) are, in fact, infinite families of identities. For exam-
ple, if in (110) we set m = 0, m = «, and m = r, we obtain the identities

;u)” (s—r+l> (CH> (r—l)
Sy (L)) ()

~

S ()
(6

respectively. Some of the identities contained in (111) are

paba ”t(t_s><>(?fif)

i=s

Il
s
5

-~
Il
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Now we are ready to prove the main result of this section, namely, recurrence
(106), stated in the following theorem. We again write the corresponding formula
(106) to be demonstrated.

Theorem 2. We have the following recurrence for the generalized Fulerian poly-

nomials P1prp (2):

Piprp(2) = (113)

LA — r—l1 —
r—0\(rp—2r+1+b\ 2"t (1-2) dr—!
S () e e )

=0 t=0

Proof. If p = 1, formula (113) is clearly true, so we can suppose that p > 1. We
want to show that

ZZ »<rp+1>< i+b> » 114)

1=0 5=0
r l
= Z(Z(T_b>(rp_l2r+l+b>zl_t> 1l'zr_l(1—z)ril
=\t —t (r—=10!
_; rlp=1) 4 1)+1 Z—]—‘r—b p—1 (p—1)—i
=D N (e [

=0 7=0

Beginning with the right-hand side of (114) we have

27": (zl: <r - b> (Tp ~ ?7’:; I+ b) zl_t> . ! s !

1=0 \t=0
_; 1) 4 . —1
d! i (rp=1)+1\ [i—j+b\" r(p—1)—i
X > 2 (=) ( . Z"P
dz = = J r
:r ZI: r—>b\/rp—2r+1+b -t 172 r—l
= \izo \ !t b=t
r(p—1) i . . — .
" < (—1)/ rp—1)+1\(i—F+b\""\ (rip—1)—i r(p-1)—i
i=0 \j=0 J r r—1
_7"(17—1) i (_1)j <7“ (p—1)+ 1> ( —-Jj+ b)p 1er—i
i=0 \j=0 J "
+

FECHCTI) o

(115)
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Observe that

-t

rp—2r + 1+ b) z_t> (7‘ (p—1)— l) (1= )=t o=t

st () )T ()

1=0 t=0 k=0
r r o r—l
= 3 ;J (1) ( ! t) ( :f t) ( " li o b) .
" (r (p *ll) i>237 (116)

where in the last step we substituted k+¢ with s. In (110) set « = rp and m = r—b,
and replace 7 by i + b, to obtain

l(l)t(sl_t) (ri;EJ (r(p—ll)—i> (T(p—lz—l—i-b)
o () o

Thus, the right-hand side of (114) can be written, according to (115), (116) and
(117), as follows:

i) ) o

=0

T T

Il
<

=01

ol T p 1 7 . . —1
d ll < —1)+1> (l—Jer)p rp—1)—i
dz =0 j= O J r
r(p—1) i ) . . p—1
=X (e () )
i=0 \j=0 J "

" <z + b) <7"p— i— b> -
—\ s r—s
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To end the proof, according to (114) and (118), we have to show that the following
polynomial identity is true:

r

0

Let us change the sum of indices i + s by the new index 4 (which runs from 0 up
to rp). Expression (119) is then written as follows

1=J +b) —i = (119)

ii(—l)j(”’j N(

i=0 j=0

/\

I
=3

SE e (7)) =
Sy (U

e Cits—b _
" <z s+ )(rp i+s )erz.
r—s s

Plainly, expression (120) is true if and only if, for ¢ = 0,1, ..., rp, we have that
i _ IN Ji— i b\ P

> (=1y (rpfr ) (l I > - (121)
— J r

S (U

But (121) is precisely the recurrence (11) for the GEN Ay 3, (p, ). Thus, the proof
is complete. O

As an example, let us consider the case r = 3, b = 0. The coefficients of the
GEP P o3, (2), are the GEN A; 03 (p,?) (see GENT1 in Section 1). In this case
the recurrence (113) can be written as follows:
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2 (1—2) &3
Piosp(2) = %@PLO,&;;A (2) (122)
22(1—2)? @2
tE-5:+9 L i)

3p—4 d
+ (( p2 )22+3(3p—4)z+3> z(1—z)£131m,9,1 (2)

3p— 3\ . 3p—3 3p—3
R I o R M v

If we set p = 3 in the right-hand side of (122), and use the polynomial P; g 32 (2) =
23 4922 + 92 + 1, we obtain

B(1-2)>°
6

+ ((2>22+15z+3> 2 (1—2) (32° + 182 +9)

+ <(§>z3+3(2>22+3(f>z+1) (2> +92°+ 92+ 1)

= 2545425 +4052% 4+ 76023 + 40522 + 54z + 1,

2(1-2)°

(6) + (42 +3) = (62 + 18)

which is P170,37p (Z)
Observe that, by using expression (98) for P o2 (2) together with the recurrence
(113), we can write the following explicit formula for the GEP Py 3 (2):

Piors(2) = Z El: Z <:> <;+5> <:_I;) <IZ)2 (1—z) trti=h=io (123)

1=0 i=0 k=0

5. Some Applications

We present two applications: (1) General telescoping sums, in which the GEP
P, 1, (2) (studied in Section 3) are involved, and (2) Sums and alternating sums
of powers of binomial coefficients, in which the GEP P, ,, (2) (studied in Section
4) are involved.

5.1. General Telescoping Sums

The main result in this subsection is the following:
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Proposition 3. Let m be a given positive integer, and let wg, k=0,1,...,m—1,
be the m-th roots of 1, namely wy = exp 27”’“. The sequence (an + b)* can be written
as an m-telescoping sum according to

m—1
(an +b)P = apwp (124)
k=0
n—1 /m—1
+> (Z Bka‘l‘t> ((a(t +m) +b)F — (at + b)),
t=0 \ k=0
where
m=1, . \p _m—1—j
Z—w " (aj + b)) 2
ap = lim G920 (@0 HD) , (125)
Z— Wy z2m—1
L o Zz—w
B = dm 2 (126)
Proof. Substitute (72) in (63) to obtain
Z((an+b)P) = (127)
= 1 ;75:1 p k ZPap 1k (2)
aj—l—bpmlj—&-m ()(ma)p e
1320 —Lig\k (z— 1)
(A) (B)
Since 2™ — 1 = Z:J (z —wk), we can expand in partial fractions the rational
o X (ag )P :
function =< b to obtain
m—1 m—1 a
bP m—1—j __ k
— > (it =2 o
§=0 k=0

where ay, is given in (125). Then, expression (A) can be written as follows

m—1 m—1 m—1
lza]+bpmlj_Zakz_wk—Z<Zakwk> (128)
7=0 k=0 k=0

Similarly, we have the partial fraction decomposition

m—1
-y A (120)

where () is given in (126). Then
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Thus, expression (B) can be written as follows

1 = p p—k ZPablk(Z)
i 2 (1) ey e

k=0 (=
1 m—1 P p ok k p)
= -Z Orw (ma)’ " (an+b)" — (an + b)
()2 (2 )
= LY B Z (@t m) 07— (an b)) (130)
k=0

The Convolution theorem (25), together with (28), give us from (130) that ex-
pression (B) is

1 = D p—k ZPap 1k (2)
g 2 (1) ot e

(=
(Z (Z Brwn=1= t) a(t+m)+b)f — (at + b)”)) . (131)
t=0 \ k=0
Finally, the desired conclusion (124) comes from (127), (128) and (131). O

There is a different form of writing the term (B) in (127). Observe that

—1

1 ’)Z: (i) (ma)? ™" %

(=
—1 P
() (B () B B
z— —\k (z—1) (z—1)
= m( Z(w ) (a(n+m)+b)P — (an +b)"). (132)
k=0
The product (Hk 0 ) Z ((a(n4+m)+b)’ — (an + b)) is the Z-transform
of the convolution

wit ek Wl xwl ok ((a(n+m) +0)P — (an + b)), (133)

and, according to (28), the factor z=™ in (132) produces an “m-delay” in the
sequence (133). Thus we can write the term (B) in (127) as follows

n—m Js J2

Do D Y el R (G m) + B — (agi 4+ b))

Jm=0 Jj2=071=0
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That is, formula (124) from Proposition 3 can be written as follows:

(an + b)” Z W+ (134)

J3 J2

Z Z an Jm .. J3 J2 62 J ((a(jl+m)+b)p*(ajl+b)p)v

Jm=0 J2=071=0

where oy, is as in Proposition 3.

In the case m = 1, expression (128) i (1), and expression

(131) is

Sy (D) ’“%— (E_j +0)" —(at+b>P>>.

k=0 (z—

Thus, formula (124) is in this case

(an + b)” bP+Z (t+1)+b)" — (at + b)), (135)

which is the standard telescoping sum of the sequence (an + b).
When m = 2, formula (124) can be written as follows:

(an+b)P = bp“g“’) +bp_(;+b) (—1)" (136)

i( ") (@ (t+2) + ) = (at +b)"),

[\:)|>—l

and the convolution version (134) can be written as follows:
(

b + (a +b)? +bi”—(a+b)p

(an+b)P = ; . (—1)" (137)
n—2 Jja2
+D° D (D" (a1 +2) + )P — (aji + b))
J2=071=0
For m = 3, formula (124) can be written as
(an +b)P = (138)
W+ (a+b)P + (2a+b)P 26 —(a+b)P —(2a+b)" 2nrw
+ Ccos —(—
3 3 3
p_ P
(a+b)" —(2a+1b) sin 2nm
V3 3
1« n—1—t)w . 2(n—1—-¥8)7
gz (10033 \/§51n3> X

X ((a(t+3)+b)? — (at +b)P).
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5.2. Sums of Powers of Binomial Coefficients

Plainly, expansion (3) together with (37), gives us at once that

" laj+ b\ & ~f(n+l+rp—1
g( S = A wa (M), (139)

It turns out that, in some cases, the right-hand side of (139) can be written as
the convolution of the odd positive integers sequence 2n + 1 with a polynomial.
This is, for example, the case a = 1, b = 0, 7 odd, p even. In fact, formula (14) tells
us that the GEP Py o, (2) = >0 A1,0, (p,1) 2"P~" (which is a 7 (p — 1)-th degree
polynomial), with r odd and p even, is such that P; o, (—1) = 0. That is, we can

write P grp (2) = (2 +1) Qp(p—1)—1 (2), where Q,(p,—1)—1 (2) isa (r (p — 1) — 1)-th
degree polynomial. Indeed, it is not difficult to obtain the explicit factorization

rp—1 k

Proryp(2) =(2+1) ZZAmr pi) (~1) R ik, (140)
k=r i=0

Thus, formula (99) gives us that

NG )
J _ z ZPl,O,r,p (Z)
2(50)) - S

=0
2’2 rp—1 k
i+k —1—k
= e D 30 ) Aver () (1)
(z—-1) P
r 1=0

rp—1 rp—k

_ 2GRy k2
= (2_1)2 kgzg 107 2% 1) (Z*l)rp. (141)

From (141), together with (25), (33), and (35), we see that for r odd and p even,
the sum Y 7, (2 )p can be written as the convolution

" \P ol k n+rp—1—k
S () =@t X S e wacn (I
j=0 k=r i=0 p
Moreover, observe that

rp—1 k

i —-1-k

ZZAloT’ p7 )+k (n+/rp )Oa
k=r i=0 p—1

forn=0,1,...,7r — 1. Thus, we can write

rp—1 k
itk (n+rp—1—F n
ZZAIOT p7 )Jr < rp— 1 >: (r)Sr(p—l)—l (n)v

k=r i=0
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where S,(,—1)—1 (n) is a (r (p — 1) — 1)-th degree n-polynomial.
Summarizing, for r odd and p even, we have

i (i)p = (2n+1) (Z) Srp-1)-1 (1),

=0

where the polynomial S,.,_1)_1 (n) is given by

n\ R n+rp—1—k
) itk —-1-
Srp-1)-1(n) = (r) Z ZAl,o,r (p,i) (=1) " ( rp—1 )

k=r 1=0

As we will see in the following examples, the polynomial S,,_1)—1 (n) has a nice
form when we write it in powers of n — s, where r = 2s + 1. When r = 1, we have
the following formula for sums of even powers of integers

n

ijP =(2n+1) *nSgp_2 (n),
7=0

where p € N and Sy, 2(n) = n7! Zngll Zf:o A1,0.1 (2p,19) (—1)"t* ("""ggj_k).
Concrete examples are

n

ZkQ = (2n+1)x*n,

k=0

ZkA = (2n+1)xn(2n®—1),

k=0

S = @n+1)xn (30" —5n”+3).
k=0

Some examples of (142) with r = 3 are

i(g)Q - %(271—1—1)*(?) ((n—1)2—2),
zn:(§>4 = 7—12(2n+1)*(;‘)><

X (2(n—1)8—23(n—1)6+157(n—1)4—604(n—1)2+936),
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and with r = 5
i(lg)z - i'(2n+1 ()( 4 9(n—2)> +24),
i(:f - 3451600 n+ 1) ()

2(n—2)" =83 (n—2)" +2209 (n — 2)"

x [ —44389 (n — 2)® + 648681 (n — 2)° — 6375828 (n — 2)*
136988608 (n — 2)* — 93657600

Let us now consider alternating sums of powers of binomial coeflicients. Observe
that, by using (3), (21) and (37), we can write

" E\? z —zPigrp(—2 rp Z2P1, p(—2

k=0 (z=1)(z+ 1)rp+1.

If r is odd and p is even, we have, using (140), that

(5 )

<

p—1

224 1) 55 Avo (pyi) (—1)7HF (2P 1k

=(=1 Tp k=r i=0
=1 (2—1)(z+ 1)Terl
-1 k rp+1—k
S iy E
Lo L r \s (—Z _ 1)Tp+1 3

from which we conclude that

Zn:(—l)’””( )p szlzk:AmT (p.i) (1) (n”p_k) (143)

r
=0 k=r i=0 p
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Some examples are

i (_1)k+n ]{32

S
o
=~

S
&+
w
\_/V\_/
_|_

n+2 n+1
= 1
11 )
n 2
k+n - n+3 n+2 n+1
S ) - (-2
k=0
2
n+5 n+4 n+3
24
(") =2 (") (")
n+2 n+1
24 .
) 5
Similar discussions, beginning with the alternating sums (15) or (16) replacing

(14), yield the corresponding formulas for sums of powers of binomial coefficients.
Related to (15), for r odd and p even, we have

n r(p 1)-1 g
k+r irk (n+rp—1—Fk
S @n+1)x ) § Ay (pi) (—1 .
k—o( " ) ! k=0 =0 b (7 ) rp—1

Related to (16), for r = 1 mod 4 and p odd, or r = 3 mod 4 and p even, we
have
Z": <2k: + 1)1’ B
. =
k=r

rp—1—|r/2| k+(r—1)/2

Crtne 3 3 e ) (DT 1>/2(”+TP—1—’f—LT/2J>.

P rp—1

A different approach to the alternating sums of powers, including more general
weighted sums, begins with the advance-shifting property of the Z-transform (20)
(see (66) and (67)). Using (20) and (99), we can write

Prominrp(t) Z<<a(n+m)+b)p>

(z—l)”}+1 r
et z((an+b>) le s
=0
m ZPabT,p S 1(a]:_b

(Z _ rp+1
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from where we get

-1 P
mz (akjb) _ ZPab,rp (2) - 2Py am+b,rp (2)
2k - (Z - 1)7‘p+1 Z (Z B 1)rp+1 ’
k=0
or, replacing z by 27!,
mz—:l L (ak + b)p _ 2" Py borp (Z_l) _m 2"P Py amtb,r,p (Z_l) (144)
prd r (1 _ Z)T;D-i-l (1 _ Z)TP-H

Further, by using (100) we can write (144) as follows

m—1
Z Zk <ak + b)p _ Pa,a7b+rfl,7‘,p (Z) Hm Pa,a(l—m)—b+r—1,r,p (2)

k=0 r (1—2)"" (1—2)"" 7
and finally, replacing b by a — b+ r — 1 we get
m—1
etk a—btr =1 Pariy(s) o Parames(®)
Z z , = ol rprl (145)
= (1-2) (1-2)

Formula (145) gives us the value of the weighted sum of the left-hand side, where
z € C, z#0,1 is the weight, in terms of the GEP P, ., (2) and Py p—gm.rp (2)-
If weset a =1,b=0,z = —1, we get from (144) and (145) that

i, o k k p: (_1)Tp Pl,O,r,p (_1) A R L (_1)7‘;0 Pl,m,r,p (_]-)
S (-1 (-1)

orp+1 orp+1 ’

and

S (F) = P e P 1)
k=0

r orp+1 orp+1

respectively. For r odd and p even we have P; g, ,(—1) = 0, and then we obtain
the following alternating sums of powers of binomial coefficients

m—1
e ()P 1
S 05 (V) = g P (1),

k=0

and
m—1

— kE+r\? 1
k+m _ - _
) ("5 =g om0,

k=
in terms of the value of the GEP Py 1, p (2) OF Py mrp(2) at z = —1. Explicitly,
we have, for r odd and p even:

S 0 (H) = g X A ) (1)

k=0 =0

1 & ivi (rp 1N (i—j+m\”
= g (TN

i=0 j=0
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(compare with (143)), and

m—1 rp
k+r\" 1 , ;
k+m o i
E (—1) < , ) = Tomrl E,O Al,—m,r (p7 Z) (_1)

k=0
1 & j+i (rp+1\[i—J—m P
= gt (T ()

i=0 j=0
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