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Abstract
Let M ]

k(N) be the space of weight k, level N weakly holomorphic modular forms
with poles only at the cusp at 1. We explicitly construct a canonical basis for
M ]

k(N) for N 2 {8, 9, 16, 25}, and show that many of the Fourier coe�cients of
the basis elements in M ]

0(N) are divisible by high powers of the prime dividing the
level N . Additionally, we show that these basis elements satisfy a Zagier duality
property, and extend Gri�n’s results on congruences in level 1 to levels 2, 3, 4, 5,
7, 8, 9, 16, and 25.

1. Introduction

Let M !
k(N) be the space of weakly holomorphic modular forms of even integer

weight k and level N , and let M ]
k(N) be the subspace of M !

k(N) with poles allowed
only at the cusp at 1. There is a canonical basis for M ]

k(N) consisting of forms
f (N)

k,m(z) indexed by the order of vanishing m at the cusp at 1. If �0(N) is genus
zero and n0 is the maximal order of vanishing at 1 for a modular form in M ]

k(N),
we define the form f (N)

k,m(z) to be the unique form in M ]
k(N) with Fourier expansion

f (N)
k,m(z) = q�m +

P
n>n0

a(N)
k (m,n)qn, where q = e2⇡iz as usual, so that the gap in

the Fourier expansion between the q�m term and the next nonzero coe�cient is as
large as possible. Such bases were explicitly constructed for levels 1, 2, 3, 4, 5, 7,
13 in [5, 6, 8, 9]; in all of these cases, the coe�cients a(N)

k (m,n) are integers.
For the classical j-function j(z) = E3

4(z)
�(z) = q�1 + 744 +

P1
n=1 c(n)qn 2 M ]

0(1),

1This work was partially supported by a grant from the Simons Foundation (#281876 to Paul
Jenkins).
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Lehner [12, 13] proved in 1949 that the coe�cients c(n) satisfy the congruences

c(2a3b5c7d) ⌘ 0 (mod 23a+832b+35c+17d)

for nonnegative integers a, b, c, d. These divisibility results were refined into con-
gruences modulo larger powers of small primes by Kolberg [10, 11] and Aas [1], and
these congruences were extended to the Fourier coe�cients a0(m,n) of all elements
f0,m of the canonical basis for M !

0(1) by Gri�n [7]. For N = 2, 3, 4, 5, 7, 13, divisibil-
ity results similar to Lehner’s theorem modulo powers of N were proved in [8, 9] for
the coe�cients a(N)

0 (m,n) of the basis elements f (N)
0 (z). In this note, for the genus

zero prime power levels N = 8, 9, 16, 25 we prove analogous congruences for the
Fourier coe�cients a(N)

0 (m,n) of basis elements of weight 0. Additionally, we give
results on duality of Fourier coe�cients and generating functions for these canonical
bases, similar to known results in lower levels, and extend some of Gri�n’s results
on congruences in level 1 to levels 2, 3, 4, 5, 7, 8, 9, 16, and 25.

2. Previous Work

Generalizing Lehner’s theorem on the coe�cients of j(z) to the genus zero prime
levels p = 2, 3, 5, 7, the first author and Andersen [2] proved the following divisibil-
ity results for the Fourier coe�cients a(p)

0 (m,n) when the power of p dividing the
exponent n is greater than the power of p dividing the order m of the pole.

Theorem 1 (Theorem 2 [2]). Let p 2 {2, 3, 5, 7}, and let

f (p)
0,m(z) = q�m +

1X
n=1

a(p)
0 (m,n)qn

be an element of the canonical basis for M ]
0(p), with m = p↵m0, n = p�n0 and

(m0, p) = (n0, p) = 1. Then for � > ↵, we have

a(2)
0 (2↵m0, 2�n0) ⌘ 0 (mod 23(��↵)+8) if p = 2,

a(3)
0 (3↵m0, 3�n0) ⌘ 0 (mod 32(��↵)+3) if p = 3,

a(5)
0 (5↵m0, 5�n0) ⌘ 0 (mod 5(��↵)+1) if p = 5,

a(7)
0 (7↵m0, 7�n0) ⌘ 0 (mod 7(��↵)) if p = 7.

Using this theorem, the authors [9] proved the following divisibility results for
the cases with ↵ > �.

Theorem 2 (Theorem 1 [9]). Let p 2 {2, 3, 5, 7, 13} and let

f (p)
0,m(z) = q�m +

1X
n=1

a(p)
0 (m,n)qn
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be an element of the canonical basis for M ]
0(p), with m = p↵m0, n = p�n0 and

(m0, p) = (n0, p) = 1. Then for ↵ > �, we have

a(2)
0 (2↵m0, 2�n0) ⌘ 0 (mod 24(↵��)+8) if p = 2,

a(3)
0 (3↵m0, 3�n0) ⌘ 0 (mod 33(↵��)+3) if p = 3,

a(5)
0 (5↵m0, 5�n0) ⌘ 0 (mod 52(↵��)+1) if p = 5,

a(7)
0 (7↵m0, 7�n0) ⌘ 0 (mod 72(↵��)) if p = 7,

a(13)
0 (13↵m0, 13�n0) ⌘ 0 (mod 13↵��) if p = 13.

Additionally, for N = 4, the authors proved the following theorem.

Theorem 3 (Theorem 2 [9]). Let f (4)
0,m(z) = q�m +

P
a(4)
0 (m,n)qn 2 M ]

0(4) be an
element of the canonical basis. Write m = 2↵m0 and n = 2�n0 with m0, n0 odd.
Then for ↵ 6= �, we have

a(4)
0 (2↵m0, 2�n0) ⌘ 0 (mod 24(↵��)+8) if ↵ > �,

a(4)
0 (2↵m0, 2�n0) ⌘ 0 (mod 23(��↵)+8) if � > ↵.

In [7], Gri�n proved the following congruence results for the Fourier coe�cients
a(1)
0 (m,n) of the canonical basis elements for M !

0(1) = M ]
0(1).

Theorem 4 (Theorem 2.1 [7]). Write m = p↵m0 and p�n0 where ↵,� � 0 and
m0, n0 6⌘ 0 (mod p). Then the following congruences hold.
For p = 2:

a(1)
0 (2↵m0, 2�n0) ⌘ �23(��↵)+83��↵�1 · m0�7(m

0)�7(n
0) (mod 23(��↵)+13) if � > ↵,

⌘ �24(��↵)+83��↵�1 · m0�7(m
0)�7(n

0) (mod 24(��↵)+13) if ↵ > �,

⌘ 20m0�7(m
0)�7(n

0) (mod 27) if ↵ = �, m0n0 ⌘ 1 (mod 8),

⌘ 1
2
m0�(m0)�(n0) (mod 23) if ↵ = �, m0n0 ⌘ 3 (mod 8),

⌘ �12m0�7(m
0)�7(n

0) (mod 28) if ↵ = �, m0n0 ⌘ 5 (mod 8).

For p = 3:

a(1)
0 (3↵m0, 3�n0) ⌘ ⌥32(��↵)+310��↵�1�(m0)�(n0)

n0
(mod 32(��↵)+6)

if � > ↵,m0n0 ⌘ ±1 (mod 3),

⌘ ⌥33(↵��)+310↵���1�(m0)�(n0)
n0

(mod 33(↵��)+6)

if ↵ > �,m0n0 ⌘ ±1 (mod 3),

⌘ 2 · 33�(m0)�(n0)
n0

(mod 37)

if ↵ = �,m0n0 ⌘ 1 (mod 3).
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For p = 5:

a(1)
0 (5↵m0, 5�n0) ⌘ �5��↵+13��↵�1(m0)2n0�(m0)�(n0) (mod 5��↵+2) if � > ↵,

⌘ �52(↵��)+13↵���1(m0)2n0�(m0)�(n0) (mod 52(↵��)+2) if ↵ > �,

⌘ 10(m0)2n0�(m0)�(n0) (mod 52) if ↵ = �,

✓
m0n0

5

◆
= �1.

For p = 7:

a(1)
0 (7↵m0, 7�n0) ⌘ 7��↵5��↵�1(m0)2n0�3(m

0)�3(n
0) (mod 7��↵+1) if � > ↵,

⌘ 72(↵��)5↵���1(m0)2n0�3(m
0)�3(n

0) (mod 72(↵��)+1) if ↵ > �,

⌘ 2(m0)2n0�3(m
0)�3(n

0) (mod 7) if ↵ = �,

✓
m0n0

7

◆
= 1.

3. Notation and Statement of Results

The first main result of this paper is the following theorem, extending Theorems 1
and 2 and giving divisibility results for the coe�cients a(N)

0 (m,n) in the prime
power levels N = 8, 9, 16, 25.

Theorem 5. Let f (N)
0,m (z) 2 M ]

0(N) be an element of the canonical basis for N 2
{8, 9, 16, 25}. Assume that (m0, N) = (n0, N) = 1. The following congruences hold
for ↵ 6= �.

a(8)
0 (2↵m0, 2�n0) ⌘ a(16)

0 (2↵m0, 2�n0) ⌘0 (mod 24(↵��)+8) if ↵ > �,

a(8)
0 (2↵m0, 2�n0) ⌘ a(16)

0 (2↵m0, 2�n0) ⌘0 (mod 23(��↵)+8) if � > ↵,

a(9)
0 (3↵m0, 3�n0) ⌘0 (mod 33(↵��)+3) if ↵ > �,

a(9)
0 (3↵m0, 3�n0) ⌘0 (mod 32(��↵)+3) if � > ↵,

a(25)
0 (5↵m0, 5�n0) ⌘0 (mod 52(↵��)+1) if ↵ > �,

a(25)
0 (5↵m0, 5�n0) ⌘0 (mod 5(��↵)+1) if � > ↵.

The space M ]
k(N) has a subspace S]

k(N) consisting of forms which may have
poles at the cusp at 1, but which vanish at all other cusps of �0(N). Just as
the f (N)

k,m form a basis for M ]
k(N), the space S]

k(N) has a canonical basis g(N)
k,m with

Fourier expansions of the form

g(N)
k,m(z) = q�m +

X
n>n1

b(N)
k (m,n)qn,

where n1 is the maximal order of vanishing at 1 of a form in S]
k(N). The second

main result of this paper gives a duality result between the coe�cients of f (N)
k,m



INTEGERS: 18 (2018) 5

and the coe�cients of g(N)
2�k,n. Similar theorems giving such duality results in levels

1, 2, 3, 4, 5, 7, 13 appeared in [5, 6, 8, 9].

Theorem 6. For N = 8, 9, 16, 25, any even integer weight k, and any integers m,n,
we have

a(N)
k (m,n) = �b(N)

2�k(n,m).

The third main result of this paper is an extension, in certain cases, of Gri�n’s
results in Theorem 4 to levels 2, 3, 4, 5, 7, 8, 9, 16, and 25.

Theorem 7. Let N 2 {2, 3, 4, 5, 7, 8, 9, 16, 25}. We have the following congruences
for the coe�cients a(N)

0 (p↵m0, p�n0), where p is the prime dividing N and (m0, p) =
(n0, p) = 1.

a(2)
0 (2↵m0, 2�n0) ⌘ �211m0�7(m0)�7(n0) (mod 216), if ↵ = � � 1,

⌘ 20m0�7(m0)�7(n0) (mod 27), if ↵ = �,m0n0 ⌘ 1 (mod 8),

⌘ 1
2
m0�(m0)�(n0) (mod 23), if ↵ = �,m0n0 ⌘ 3 (mod 8),

⌘ �12m0�7(m0)�7(n0) (mod 28), if ↵ = �,m0n0 ⌘ 5 (mod 8).

a(3)
0 (3↵m0, 3�n0) ⌘ ⌥35�(m0)�(n0)

n0
(mod 38), if ↵ = � � 1,m0n0 ⌘ ±1 (mod 3),

⌘ ⌥36�(m0)�(n0)
n0

(mod 39), if ↵ = � + 1,m0n0 ⌘ ±1 (mod 3),

⌘ 2 · 33�(m0)�(n0)
n0

(mod 37), if ↵ = �,m0n0 ⌘ 1 (mod 3).

a(5)
0 (5↵m0, 5�n0) ⌘ �5��↵+13��↵�1(m0)2n0�(m0)�(n0) (mod 5��↵+2), if 0 < � � ↵  3,

⌘ �53(m0)2n0�(m0)�(n0) (mod 54), if ↵ = � + 1,

⌘ 10(m0)2n0�(m0)�(n0) (mod 52), if ↵ = �,

✓
m0n0

5

◆
= �1.

a(7)
0 (7↵m0, 7�n0) ⌘ 7��↵+15��↵�1(m0)2n0�3(m

0)�3(n
0) (mod 7��↵+1), if 0 < � � ↵  3,

⌘ 72(m0)2(n0)�3(m
0)�3(n

0) (mod 73), if ↵ = � + 1,

⌘ 2(m0)2n0�3(m
0)�3(n

0) (mod 7), if ↵ = �,

✓
m0n0

7

◆
= 1.

a(4)
0 (2↵m0, 2�n0) ⌘ �211m0�7(m0)�7(n0) (mod 216), if ↵ = � � 1,

⌘ 20m0�7(m0)�7(n0) (mod 27), if ↵ = �,m0n0 ⌘ 1 (mod 8),

⌘ 1
2
m0�(m0)�(n0) (mod 23), if ↵ = �,m0n0 ⌘ 3 (mod 8),

⌘ �12m0�7(m0)�7(n0) (mod 28), if ↵ = �,m0n0 ⌘ 5 (mod 8).
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a(8)
0 (2↵m0, 2�n0) ⌘ �211m0�7(m

0)�7(n
0) (mod 216) if ↵ = � � 1,

⌘ 20m0�7(m
0)�7(n

0) (mod 27), if ↵ = � 6= 0, m0n0 ⌘ 1 (mod 8),

⌘ 1
2
m0�(m0)�(n0) (mod 23), if ↵ = � 6= 0.m0n0 ⌘ 3 (mod 8),

⌘ �12m0�7(m
0)�7(n

0) (mod 28), if ↵ = � 6= 0, m0n0 ⌘ 5 (mod 8),

⌘ 1
2
m0�(m0)�(n0) (mod 23), if ↵ = � = 0, m0n0 ⌘ 3 (mod 8).

a(16)
0 (2↵m0, 2�n0) ⌘ �211m0�7(m

0)�7(n
0) (mod 216), if ↵ = � � 1,

⌘ 20m0�7(m
0)�7(n

0) (mod 27), if ↵ = � > 1, m0n0 ⌘ 1 (mod 8),

⌘ 1
2
m0�(m0)�(n0) (mod 23), if ↵ = � > 1, m0n0 ⌘ 3 (mod 8),

⌘ �12m0�7(m
0)�7(n

0) (mod 28), if ↵ = � > 1, m0n0 ⌘ 5 (mod 8),

⌘ 1
2
m0�(m0)�(n0) (mod 23), if ↵ = � = 1, m0n0 ⌘ 3 (mod 8).

a(9)
0 (3↵m0, 3�n0) ⌘ ⌥35 �(m0)�(n0)

n0
(mod 38), if ↵ = � � 1, m0n0 ⌘ ±1 (mod 3),

⌘ ⌥36 �(m0)�(n0)
n0

(mod 39), if ↵ = � + 1, m0n0 ⌘ ±1 (mod 3),

⌘ 2 · 33�(m0)�(n0)
n0

(mod 37), if ↵ = �, m0n0 ⌘ 1 (mod 3).

a(25)
0 (5↵m0, 5�n0) ⌘ �5��↵+13��↵�1(m0)2n0�(m0)�(n0) (mod 5��↵+2), if 0 < � � ↵  3,

⌘ �53(m0)2n0�(m0)�(n0) (mod 54), if ↵ = � + 1,

⌘ 10(m0)2n0�(m0)�(n0) (mod 52), if ↵ = �,

✓
m0n0

5

◆
= �1.

4. Constructing Canonical Bases

In this section, we explicitly construct canonical bases for the spaces M ]
k(N) and

S]
k(N) for the levels N = 8, 9, 16, 25 and prove Theorem 6.
The congruence subgroup �0(8) has 4 cusps, which may be taken to be at

0, 1
2 , 1

4 ,1. We choose the Hauptmodul

 (8)(z) =
⌘4(z)⌘2(4z)
⌘2(2z)⌘4(8z)

= q�1 � 4 + 4q + 2q3 + · · · 2 M ]
0(8),

where ⌘(z) = q1/24
Q1

n=1(1�qn) is the Dedekind eta function. The values of  (8)(z)
at the cusps 0, 1

2 , 1
4 are 0,�8,�4 respectively. The basis elements f (8)

0,m(z) of weight
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0 for m � 0 are then polynomials of degree m in  (8)(z), chosen so that the Fourier
expansion begins

f (8)
0,m(z) = q�m +

X
n�1

a0(m,n)qn.

For spaces M ]
k(8) of arbitrary even weight k, the first basis element of weight k

may be obtained from the first basis element of weight k + 2 or weight k � 2 by
multiplying or dividing by the form

S(8)(z) =
⌘8(8z)
⌘4(4z)

= q2 + 4q6 + 6q10 + · · · 2 M2(8),

which has all of its zeros at the cusp at 1. Thus, the first basis element will always
be (S(8)(z))k/2. The rest of the basis elements in weight k may be constructed
by multiplying by powers of  (8)(z) to get the appropriate leading term q�m and
subtracting earlier basis elements to obtain the gap in the Fourier expansion. We
thus construct canonical bases for all M ]

k(8) consisting of modular forms f (8)
k,m(z)

for each m � �k with Fourier expansion

f (8)
k,m(z) = q�m +

1X
n=k+1

a(8)
k (m,n)qn,

and all of the coe�cients a(8)
k (m,n) are integers.

In level 9, we use the Hauptmodul  (9)(z) = ⌘3(z)
⌘3(9z) = q�1 � 3 + 5q2 � 7q5 + . . .,

which has a simple pole at 1 and values of 0, 3
p

3
⇣
�
p

3⌥i
2

⌘
at the cusps at 0,±1

3 .

Basis elements f (9)
0,m(z) are polynomials of degree m in  (9)(z), and the first basis

element of weight k±2 is obtained by multiplying or dividing the first basis element
of weight k by

S(9)(z) =
⌘6(9z)
⌘2(3z)

= q2 + 2q5 + 5q8 + . . . 2 M2(9).

In level 16, the Hauptmodul is  (16)(z) = ⌘2(z)⌘(8z)
⌘(2z)⌘2(16z) , with a pole at 1 and

values of 0,�2,�4,�2⌥ 2i at the cusps 0, 1
8 , 1

2 ,±1
4 . The form

S(16)(z) =
⌘8(16z)
⌘4(8z)

= q4 + 4q12 + 6q20 + . . . 2 M2(16)

is used to obtain the first basis element in weight k ± 2 from the first basis element
in weight k.

In level 25, the Hauptmodul is  (25)(z) = ⌘(z)
⌘(25z) , with a pole at 1 and values of

0,
p

5
✓

1�
p

5
4 ⌥ i

q
5+
p

5
8

◆
,
p

5
✓
�1�

p
5

4 ⌥ i
q

5�
p

5
8

◆
at the cusps at 0,±1

5 ,±2
5 . We
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N 8 9 16 25

n0 k k 2k 10bk
4 c+ 2k0

n1 k � 3 k � 3 2k � 5 10bk
4 c+ 2k0 � 5

Table 1: Values of n0, n1

define E(25)
0 (z) = 1, and note that the first basis element in weight 2 has q-expansion

given by
E(25)

2 (z) = f (25)
2,�4(z) = q4 + q6 + 2q9 + 3q14 + 2q16 + . . . ;

it has maximal order of vanishing at 1 and has integral Fourier coe�cients, but
is not a linear combination of eta-quotients. To obtain the first basis element of
weight k ± 4 from the first basis element of weight k, we multiply or divide by the
weight 4 form given by

S(25)(z) =
⌘10(25z)
⌘2(5z)

= q10 + 2q15 + 5q20 + 10q25 + . . . 2 M4(25),

so that if k = 4` + k0 with ` 2 Z and k0 2 {0, 2}, then the first basis element in
weight k is E(25)

k0 (z)(S(25)(z))`. To get additional basis elements we multiply earlier
basis elements by  (25)(z) and row reduce.

Constructing a canonical basis {g(N)
k,m(z)} for the subspace S]

k(N) of forms which
vanish at all cusps away from 1 follows a similar process. To obtain the first
basis element of S]

k(N), we multiply the first basis element f (N)
k,m(z) of M ]

k(N) byQ
a
b
( (N)(z) � ca/b), where a

b runs over the non-1 cusps of �0(N) and ca/b is
the value of  (N)(z) at the cusp a

b . Additional basis elements are constructed by
multiplying by  (N)(z) and row reducing.

If n0, n1 are the maximal orders of vanishing at 1 for a form in M ]
k(N), S]

k(N),
so that basis elements have the Fourier expansions

f (N)
k,m(z) = q�m +

X
n>n0

a(N)
k (m,n)qn,

g(N)
k,m(z) = q�m +

X
n>n1

b(N)
k (m,n)qn,

then Table 4 gives values of n0 and n1 for the values of N considered here; note that
if �0(N) has cN cusps, then n1 = n0 � cN + 1. We note also that by construction,
all of the coe�cients a(N)

k (m,n) are integers for N = 8, 9, 16, 25.

Proof of Theorem 6. With these bases constructed, we can prove Theorem 6. To do
so, we note that the product f (N)

k,m(z)g(N)
2�k,n(z) lies in the space S]

2(N), and therefore
must have a pole at 1 since n1 = �1 for k = 2 and N = 8, 9, 16, 25. By examining
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the Fourier expansions and the values of n0 and n1, we see that the constant term
of this form is a(N)

k (m,n) + b(N)
2�k(n,m).

Ramanujan’s ✓-operator ✓ = 1
2⇡i

d
dz = q d

dq sends modular forms in M ]
0(N) to

forms in S]
2(N), as can be seen from the well-known intertwining relation ✓(f |0�) =

(✓f)|2� (see for example [4]). Since n1 = �1, the space S]
2(N) is spanned by

the derivatives q d
dqf (N)

0,m (z) for m � 1, and the constant term above must be zero,
proving Theorem 6.

5. Proving Congruences

We will use the Up and Vp operators (see [3]). To this end, for a modular form
f(z) =

P1
n=n0

a(n)qn 2 M !
k(N), we define

Up(f(z)) =
1X

n=n0

a(pn)qn 2 M !
k(pN),

Vp(f(z)) =
1X

n=n0

a(n)qpn 2 M !
k(pN).

If p|N , then we actually have Up(f(z)) 2 M !
k(N), while if p2|N , then Up(f(z)) 2

M !
k(N/p).
To prove Theorem 5, we need the following lemma.

Lemma 1. The following equalities are true.

U2(f
(8)
0,2m(z)) = f (4)

0,m(z), V2(f
(4)
0,m(z)) = f (8)

0,2m(z)

U3(f
(9)
0,3m(z)) = f (3)

0,m(z), V3(f
(3)
0,m(z)) = f (9)

0,3m(z)

U2(f
(16)
0,2m(z)) = f (8)

0,m(z), V2(f
(8)
0,m(z)) = f (16)

0,2m(z)

U5(f
(25)
0,5m(z)) = f (5)

0,m(z) V5(f
(5)
0,m(z)) = f (25)

0,5m(z).

Additionally, if m0 and the level are relatively prime, we have

U2(f
(8)
0,m0(z)) = U3(f

(9)
0,m0(z)) = U2(f

(16)
0,m0(z)) = U5(f

(25)
0,m0(z)) = 0.

From Lemma 1, it follows that

a(16)
0 (4m, 4n) = a(8)

0 (2m, 2n) = a(4)
0 (m,n),

a(9)
0 (3m, 3n) = a(3)

0 (m,n),

a(25)
0 (5m, 5n) = a(5)

0 (m,n),

and Theorem 5 follows immediately from Theorems 1, 2, and 3.
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We next prove Lemma 1, beginning with the N = 8 case. We first claim that if
f 2 M ]

0(8), then V2U2f 2 M ]
0(8). To see this, note that f |� is holomorphic at 1

for all � 2 SL2(Z) \ �0(8) . It su�ces to show that (V2U2f)|� is holomorphic at 1
for all such �. However, V2U2f(z) = 1

2 (f(z) + f(z + 1/2)), so it is enough to show
that f | [ 2 1

0 2 ] [�] is holomorphic at 1. But this can be written as f | [↵] [ ⇤ ⇤0 ⇤ ] for some
↵ 2 SL2(Z) \ �0(8), so the claim follows.

By looking at Fourier expansions, we see that V2U2 acts as the identity on
f (8)
0,2m(z) and annihilates f (8)

0,2m+1(z). Additionally, V2(f
(4)
0,m(z)) must be a modu-

lar form in M ]
0(8) with a pole of order 2m at 1, and

V2

⇣
U2(f

(8)
0,2m(z))� f (4)

0,m(z)
⌘

is a form in M ]
0(8) which vanishes at 1 and must therefore be identically zero,

proving Lemma 1 for N = 8. The proof for N = 9, 16, 25 is similar.
For p = 2, 3, 5, 7, 13 define

 (p)(z) =
✓
⌘(z)
⌘(pz)

◆ 24
p�1

2 M ]
0(p),�(p)(z) =

1
 (p)(z)

.

We note that  (p)(z) has a pole at 1 and a zero at 0 and is equal to f (p)
0,1 (z) � C

for some constant C, and that �(p)(z) vanishes at 1 and has a pole at 0. To
prove Theorem 7, we will use the following equalities of modular functions, writing
j(z) = f (1)

0,1 (z) + 744 in terms of  (p)(z) and �(p)(z).

j(z) = (2)(z)(1 + 28�(2)(z))3,

= (3)(z) + 756 + 196830�(3)(z) + 19131876(�(3)(z))2 + 387420489(�(3)(z))3,

= (5)(z) + 750 + 196875�(5)(z) + 20312500(�(5)(z))2

+ 615234375(�(5)(z))3 + 7324218750(�(5)(z))4 + 30517578125(�(5)(z))5,

= (7)(z) + 748 + 196882�(7)(z) + 20706224(�(7)(z))2 + 695893835(�(7)(z))3

+ 10976181104(�(7)(z))4 + 90957030178(�(7)(z))5

+ 38756041628(�(7)(z))6 + 678223072849(�(7)(z))7.
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We use these and similar equalities to compute that

f (1)
0,1 (z) ⌘ f (2)

0,1 (z) (mod 216),

⌘ f (3)
0,1 (mod 39),

⌘ f (5)
0,1 (z) (mod 55),

⌘ f (7)
0,1 (z) (mod 74),

⌘ f (4)
0,1 (z) (mod 28),

⌘ f (8)
0,1 (z) (mod 24),

⌘ f (16)
0,1 (z) (mod 22),

⌘ f (9)
0,1 (z) (mod 33),

⌘ f (25)
0,1 (z) (mod 5).

Writing f (1)
0,m(z) as a polynomial in j(z) and using j(z) =  (2)(z)(1+28�(2)(z))3,

we find that

f (1)
0,m(z) = j(z)m + am�1j(z)m�1 + . . . + a0

=  (2)(z)m + Am�1 
(2)(z)m�1 + . . . + A0 + 216P (�(2)(z)),

where Ai 2 Z and P (x) is a polynomial with integer coe�cients. Similarly, we can
write f (2)

0,m(z) as a polynomial in  (2)(z) with integer coe�cients, so that

f (2)
0,m(z) =  (2)(z)m + Bm�1 

(2)(z)m�1 + . . . + B0

with Bi 2 Z. Subtracting the two polynomials, we obtain

f (1)
0,m(z)� f (2)

0,m(z) =
X
n�1

Cnqn

=

 
mX

i=0

(Ai �Bi) (2)(z)i

!
+ 216P (�(2)(z)).

Because this is a modular form in M !
0(2) which vanishes at 1 and therefore cannot

have poles of order i at 1, the coe�cients Ai�Bi of  (2)(z)i on the right side must
be zero for i = m,m�1,m�2, . . . , 1, 0 in turn, and the di↵erence f (1)

0,m(z)�f (2)
0,m(z)

must be divisible by 216. Using similar methods in other levels, we obtain the
following result.
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Lemma 2. For any m > 0, we have

f (1)
0,m(z) ⌘ f (2)

0,m(z) (mod 216),

⌘ f (3)
0,m(z) (mod 39),

⌘ f (5)
0,m(z) (mod 55),

⌘ f (7)
0,m(z) (mod 74).

Using these congruences, the p = 2, 3, 5, 7 cases of Theorem 5 immediately follow
from Theorem 4; the N = 4, 8, 16, 9, 25 cases follow by applying the Vp operator to
the p = 2, 3, 5 cases and using Lemma 1.
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