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Abstract

We show that if there exists an integer subject to some congruence conditions that
cannot be written as the sum of the norm of an ideal in Z[exp(27i/2*)] and at most
k powers of 2, k > 3, then there are infinitely many such integers. Also, if there
exists an integer that cannot be written as the sum of an integer which is the norm
of an ideal in Z[exp(2mi/p)] and at most p — 2 powers of p, where p > 3 is a prime,
then there are infinitely many such integers. Finally, it is shown that there are
infinitely many integers not the sum of the norm of an ideal in Zlexp(27i/p)] and
at most p — 2 powers of p, for p > 3 prime.

1. Introduction

Crocker [1] proved that if there exists an integer Ny = 0 mod 36 that is not ex-
pressible as the sum of two squares and at most two powers of 2, then there are
infinitely many. He proved that there are infinitely many integers not the sum of
two squares and at most two powers of 2. Platt and Trudgian [3] gave a shorter
proof and showed that if there exists an integer Ny = 0 mod 18 that is not express-
ible as the sum of two squares and at most two powers of 2, then there are infinitely
many. They then showed the existence of such an Ny, thus showing that there are
infinitely many integers not representable as the sum of two squares and at most
two powers of 2. Let ¢ = exp(27i/8) and consider the norm of ideals in Z[(]. Using
PARI/GP, we may verify that Q[(] has class number 1 and hence we may think of
the norm as the norm of an element. Let x4y + 2¢2 4+w(? be an arbitrary element
in Z[¢]. Tt has norm

N(z,y,z,w) = [I  oc@+y¢+2+w®
seGal(Q[¢]/Q)
(x +y¢ + 2¢% + wl®) (@ + y¢® + 2¢° + w()
X(@ +y¢” + 2+ wl") (@ + y¢" + 20 + wl)
= o'+ (dwy + 222)2? + (—dzy® + 4w?2)z
+(y* + 20y? — 4wy + 2 +w?),



INTEGERS: 18 (2018) 2

where the first two equalities are standard facts and the last may be computed
in PARI/GP. In this note, we show that if there exists an integer Ny such that
No = 0 mod 196 and Ny is not expressible as the sum of N(z,y, z,w), z,y, z,w € Z,
and three powers of 2, then there are infinitely such integers. In general, we show
that for k > 3, if there exists an integer Ny such that Ny = 0 mod 2F~1(2% — 1)2
and Ny cannot be represented as the sum of an integer which is the norm of an
ideal in Z[exp(2mi/2¥)] and at most k powers of 2, then there are infinitely many
such integers. Also, if there exists an Ny such that Vg cannot be expressed as the
sum of an integer which is the norm of an ideal in Z[exp(27i/p)] and at most p — 2
powers of p, where p > 3 is a prime, then there are infinitely many such integers.

Lemma 1. Let N(z,y,z,w) = z* + (4wy + 222)2% + (—4zy® + 4w?2)z + (y* +
2w2y? — dwz?y + 24 + wt), x,y,2,w € Z. Suppose that an integer n cannot be
represented by N(x,y, z,w). Then neither can 2°n for a > 0.

Proof. Since n cannot be represented by N(z,y, z,w), its prime factorization must
contain an odd prime p Z 1 mod 8 to an odd power. If the prime factorization of
n contains an odd prime p Z 1 mod 8 to an odd power, then so does that of 2%n,
a > 0. U

Lemma 2. Let N(z,y,z,w) = z* + (dwy + 22%)2% + (—42y® + 4w?2)z + (y* +
2wy? — 4wz?y + 24 + wt), z,y,2,w € Z. Suppose that an integer n = 0 mod 196
cannot be represented as the sum of N(z,y,z,w) and at most three powers of 2.
Then neither can 2°n for a > 0.

Proof. By assumption, n, n—2%, n—2%—2% and n —2% —2%—2¢ a,b, ¢ > 0, are not
representable by N(z,y, z,w), z,y,z,w € Z. Therefore, by Lemma 1, 2n, 2n — 2%,
2n —2% — 2% and 2n — 2% —2Y —2¢ a, b, ¢ > 1, are not representable by N (z,y, z,w),
z,y,z,w € Z. Also, sincen =0mod 4, 2n—1,2n—1—-2% witha > 1,2n—1—-1-1,
2 —1-2-22n—1—-2% -2 with a,b > 2, 2n — 1 — 2 — 2% with a > 3 are all
odd but not 1 mod 8, so they are not representable by N(z,y, z,w), z,y, z,w € Z.
On the other hand, the cases 2n —1 — 1 and 2n — 1 — 1 — 2% with a > 1 reduce to
the case with one and two powers of 2 respectively. Finally, since n = 0 mod 49,
2n—1—2—4 =2n—7 = 42 mod 49 and hence is not representable by N(x,y, z, w),
z,Y, 2, w € 2. O

2. Generalization

Let Ny, C {22 + y?|z,y, € Z} C Z be the set of integers that are norms of ideals in
Z[exp(2mi/2¥)]. This set of integers has the property that a power of an odd prime,
p?, divides m € N}, if and only if p* = 1 mod 2*. Therefore, all odd integers in N},
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are 1 mod 2%. Let ord(p,2") denote the order of p in (Z/2¥Z)*. The density of the

set, for k > 2, is
1-1
IL 11 5= 1//ppd =0
d|2k=2 ord(p,2%)=d

Let Ny(x) = [{n € Nk|0 < n < z}|. By Theorem 1 of [2], Ny(x) =

_r
(logx)lfl/ﬂc*l .

Lemma 3. Let k > 3. Suppose that an integer n € Ny. Then neither is 2°n for
a > 0.

Proof. Since N, has the property that a power of an odd prime, p®, divides m € Ny
if and only if p* = 1 mod 2%, then n ¢ A} implies 2n & ;. O

A generalization of Lemma 2 holds for all k& > 3.

Lemma 4. Let k > 3. Suppose that an integer n = 0 mod 2¥71(2% — 1)2 cannot be
represented as the sum of an integer in Ny, and at most k powers of 2. Then neither
can 2°n for a > 0.

Proof. Suppose that n = 0 mod 25! is not representable as the sum of an integer in
N}, and at most k powers of 2. By inspection, the only case that needs to be checked
is whether 2n— (2F —1) is in NV}, since any sum of k& powers of 2 not equal to 2% —1 is
either even or not 2¥ —1 mod 2*. For each k, although 2n — (2 —1) = 1 mod 2¥, let
n =0mod (2¥ —1)2. Then 2n — (2¥ —1) = —(2¥ — 1) mod (2¥ —1)2. Since 2 —1 =
3 mod 4, there exists some ¢, ¢ = 3 mod 4 prime and m odd, dividing 2* — 1, and
(28 —1)/¢™,q) = 1. Then 2n—(2¥ —1) = —(2¥ - 1) = —¢™((2¥ —1)/¢™) mod ¢*>™.
However, a sum of two squares must be congruent to qmlm” mod ¢>™ for some even
m’ and (m”,q) = 1 when q is a prime such that ¢ = 3 mod 4, therefore 2n — (2¥ —1)
is not the sum of two squares, and is not in N. O

Let M, be the set of positive integers that are norms of ideals of Z[exp(2mi/p)],
p > 3 a prime. This set of integers has the property that for a prime ¢ # p,
a power of ¢, ¢* divides an integer in M, if and only if ¢® = 1 mod p. The
integers in M, that are relatively prime to p are all 1 mod p. By Theorem 1 of

2], {n € Mp|0 <n <z} = g

Lemma 5. Let p > 3 be a prime. Suppose that an integer n ¢ M,,. Then neither
is p*n for a > 0.

Proof. Since M,, has the property that a power of a prime g # p, ¢%, divides
m € M, if and only if ¢* =1 mod p, then n &€ M,, implies pn & M,,. O

Lemma 6. Let p > 3 be a prime. Suppose that an integer n cannot be represented
as the sum of an integer in M, and at most p — 2 powers of p. Then neither can
p®n for a > 0.
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Proof. Let n meet the conditions of the lemma so pn minus the sum of at most p—2
powers of p is either 0 mod p, where we use Lemma 5, or neither 0 nor 1 mod p. O

Lemma 7. The integer 11 is not the sum of an integer in M3 and at most one
power of 3; the integer 9 is not the sum of an integer in Ms and at most three
powers of 5; the integer 20 is not the sum of an integer in My and at most five
powers of 7.

By the previous two lemmas, there are infinitely many integers not the sum of
the norm of an ideal in Z[exp(27i/p)] and at most p — 2 powers of p for p = 3,5, 7.
It is also true that there are infinitely many integers not the sum of the norm of an
ideal in Z[exp(27i/p)] and at most p — 2 powers of p for p > 3 prime.

Theorem 1. There are infinitely many integers not the sum of the norm of an
ideal in Zexp(2mi/p)] and at most p — 2 powers of p, for p > 3 prime.

Proof. Suppose n = —1 mod p. The sum of p— 2 powers of p is never —1 mod p and
is exactly p—2 if it is —2 mod p. Integers in M, are either 0 or 1 mod p. Therefore,
if n is the sum of an integer in M,, and p — 2 powers of p, it is the sum of a 1 mod p
integer in M), and p — 2. There are infinitely many numbers g;1g2 = 1 mod p where
q1,92 # 1 mod p are primes, and ¢1¢2 € M. In these cases, n = ¢1¢2 +p — 2 is not
the sum of an integer in M, and p — 2 powers of p. O

3. Discussion

We are not sure whether or not there exists some Ny = 0 mod 2¥71(2% — 1)? that
cannot be represented as the sum of an integer in A} and at most k powers of 2,
k > 3. Since

k
Sl 5 1) =etopapee,
aa€<j\aka 1<2b<z

we don’t know whether or not there are infinitely many integers not representable
as the sum of an integer in N} and k powers of 2, k > 3. Also,

p—2
Z 1 Z 1 = z(log z)P~3F1/(P=1),

Platt and Trudgian [3] showed the interesting observation that there are a positive
proportion of integers not the sum of two squares and at most one power of 2, and
both Crocker [1] and Platt and Trudgian [3] proved that there are infinitely many
integers not the sum of two squares and at most two powers of 2. The following
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may also be observed on sums of integers in N} and at most k — 1 powers of 2,
k > 3 or sums of integers in N}y and at most k powers of 2, k > 3. By Theorem 1
of [2],

x : _ k
[{n € Ngn < x,n = a mod 2k}| is < W’lf&il or a power of 2:mod 2
finite otherwise.

Also, the number of integers that are the sum of at most k£ — 1 powers of 2 and
less than 2 and that are congruent to a mod 2* is finite if and only if the binary
representation of a has k — 1 or more 1s. Therefore, the number of integers less
than z and congruent to 2 — 1 mod 2* that are the sum of an integer from A}, and

at most £ — 1 powers of 2, is < W. Therefore, a positive proportion of

integers less than x and congruent to 2¥ — 1 mod 2* are not the sum of an integer
from N, and at most k — 1 powers of 2, k£ > 3. When there are at most k powers of
2, the number of integers that are the sum of at most k powers of 2 and less than x
that are congruent to a mod 2 is > log z if the binary expansion of a has exactly
k —1 1s, and finite if it has k& 1s. The number of pairs (n1,ns) with ny,ns less than
x, n1 € N}, ng the sum of at most k powers of 2 and congruent to some a mod ok

where the binary expansion of a has exactly k — 1 1s, is > z(log z)1/2" .
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Appendix: Computer Code

p=T7; v=vector(1000);

for(n=1,1000,v[n]=1);

for(n=1,1000, a=factor(n); m=matsize(a); for(i=1,m[1], if(a[i,1]%p!=0%p,
if((ali, 1) %p!=1%p,v[n]-))));

for(n=1,1000, if(v[n]<0,v[n]=0));

v2=v;

for(i=1,1000, if(v2[i]==1, for(j=1,1000, w=0;j2=j; while(j2>0,w+=((j2)%p);
12 (12-(12%p)),/p); iH(w<=(p-2), f(i-+}<=1000,v[i+]]+-+))));

for(i=1,1000, if(v[i]==0,print1(i” 7)));



