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Abstract
This is a list of problems in combinatorial number theory gathered on the occasion

of the meeting The Music of Numbers to honor the memory of the late Javier
Cilleruelo (1961-2016).

1. Introduction

The conference The Music of Numbers (http://musicofnumbers.kissr.com /index.html)
was held in the Instituto de Ciencias Matemdticas — ICMAT in Madrid on 20-22
September 2017 as a mathematical tribute to Javier Cilleruelo, who sadly passed
away on May 2016. This document gathers several open problems, mostly related
to his mathematical contributions in Number Theory, which were offered by his col-
laborators to honor his memory. We have respected the different styles and formats
of the authors of the problems, which are presented in alphabetical order of the
proposers. We have included problems that Javier had in his files as a research pro-
gram for the future. The list of contributors is Javier Cilleruelo, Antonio Cérdoba,
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Jean—Marc Deshouillers, Moubariz Z. Garaev, Florian Luca, Surya Ramana, Misha
Rudnev, Juanjo Rué, Imre Z. Ruzsa, Oriol Serra and Igor Shparlinski.

We are grateful to the Editorial Managers of Integers, The Electronic Journal
of Combinatorial Number Theory, who kindly accepted to publish this list in the
journal. This will certainly contribute to broadly spreading these problems and
foster research in the areas that Javier loved so much and to which he devoted his
mathematical life.

2. Javier Cilleruelo

1. The probabilistic method gives the existence of an infinite sequence A which
is both a Bs sequence, namely, the sums a + o’ + a” with a,a’,a” € A are
pairwise distinct, and has counting function A(z) > x'/5~.

Problem 1. Improve the exponent 1/5.

2. Let f(x,y) be a quadratic form. We say that A is f-bounded if there is a
constant g such that, for each positive integer n there are at most g pairs
(a,a") € A x A such that f(a,a’) =n.

Problem 2. Prove that, for each € > 0 there is a sequence A which is f—
bounded for each quadratic form f and such that A(z) > z'~¢.

3. The set A = {(f(z),9(x)), z € F,} is a Sidon set with p elements whenever f
and g are independent polynomials with 1 < deg(f),deg(g) < 2. Reciprocally,
it A={(1,9(x)), x € F,}is a Sidon set, then g is quadratic polynomial. Prove
or disprove:

Problem 3. Let A be a Sidon set in Z, X Z, with p elements. Prove that
A= {(f(2),9(2)) : @ € Z,} where 1 < deg(f), deg(g) < 2 and deg(uf(x) +
Ag(x)) > 1 for any (u,A) # (0,0).

4. Let f be a polynomial and consider L¢(n) = loglem{f(1),..., f(n)}. It is
well-known that, for f(z) = z, Ly(n) ~ n which is equivalent to the prime
number theorem. We proved that for an irreducible quadratic polynomial one
has L¢(n) = nlogn + Bn + o(n) where B is an explicit constant depending

on f.

Problem 4. Estimate L¢(n) for
(a) f(z) = (2% +1)(z* +2).
(b) f(z)=2°+1.
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5. What is the largest cardinality of a set A C [n] x [n] which is free of three

homothetic copies of a triangle? The known bounds are n(1 + o(1)) < |4| <
n*/3,

3. Antonio Cérdoba

1. With Javier Cilleruelo we proved that, for each o < 1/2, there is C,, such
that any arc of length R of a circle of radius R contains at most C,, lattice
points. An elementary geometric argument based on curvature considerations
yields the following result: on the sphere of radius R in the n—dimensional
Euclidean space the lattice points contained inside an spherical cap of radius
RY"+1 are located in a finite number of hyperplanes, uniformly on R.

. . 1
Problem 5. What happens when the radius of the cap is R*, -7 < a <17

2. Given a set A = {&;, j € J} of points in the sphere ||z|| = r in R", n > 3
such that
(a) 1§ = &kl = 1 for j # F,
(b) sup; #{&k : ll§; — &l < r'/?} = M.

We consider now the trigonometric sum
§ :aje2m§j~x.
J

Problem 6. Is it true that

o 1/2

sup /|Zajezmg.w‘% < M* 3o, 7
Q

lel=1

J

where Q is a box? With Eric Latorre [9] we proved the truth of the above
statement for n = 2.

4. Jean—Marc Deshouillers

1. For a positive integer s, Erdés and Rényi [15] define a random sequence of
pseudo s-th powers in the following way. They first consider (£,),, a sequence
of random variables with values in {0,1} defined over a probability space €,
satisfying

Prob(¢, =1) = i1/ for n>1 and Prob(§=1)=1.
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Then they define the sequence :Zl; through its indicator function

For w € Q: Hm)(n) =&, (w).
From now on, we forget the reference to w, but keep in mind that we are
dealing with random variables on (2.

For k > s, let 75 ;(n) denote the number of representations of n > 0 as the
sum of k£ elements from A;.

Deshouillers and Tosifescu [13] proved in 2000 that the pseudo s-th powers are
almost surely an additive basis of asymptotic order s + 1. Their main result
is that there exist two positive constants u = u(s) and v = v(s) such that

almost surely : exp(—vn'/®) < Prob(ry .1(n) = 0) < exp(—un'/®).

Problem 7. Do we have Prob(rs .11(n) = 0) = exp(—w(1 + o(1))n'/*) for
some w?

The largest integer which is not a sum of at most s + 1 pseudo s-th powers
being a random variable which is almost surely finite, the following question
is natural and would have an implication in extending the range of validity of
some computations.

Problem 8. What is the law of the largest integer which is not a sum of at
most s + 1 pseudo-s powers?

Cilleruelo, Deshouillers, Lambert and Plagne [4] proved the following:
Let Ay = T'(1/5)/(s%s!) and ¢ > (As(1 —2),))~ L. Almost surely, a sequence of

pseudo s-th powers A has the following property: any large enough integer n
can be written in the form

n=ay+---+ase1, with a; cA and ant1 < (clogn)®.
Problem 9. Can one replace ¢ > (As(1 —2Xs)) ™ by e > (N\s)71?

Problem 10. Show that the above statement does mot hold any longer if
c< AL

The Erd6s-Rényi model for the pseudo s-th powers only takes care of the
“infinite valuation”. Around 2000, Deshouillers, Hennecart and Landreau
[10] developed probabilistic models which also take care of the distribution of
the pseudo s-th powers in arithmetic progressions. For fixed K, they forced
the pseudo s-th powers to be distributed as the real s-th powers in all the
arithmetic progressions modulo any integer less than K. For example, this
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leads almost surely to a density d5(K) for the sums of s pseudo s-th powers.
Moreover, when K tends to infinity, d5(K) tends to 0 when s = 2 and to
a positive limit when s > 3. They also made some numerical experiments
for s = 3 [12] and s = 4 [11] which turned out to be consistent with the
arithmetico-random model.

Problem 11. Find an arithmetico-probabilistic model for squares in which
Landau asymptotics for sums of two squares (i.e. their number up to x is
equivalent to Cz/+/logx) is almost surely valid for sums of 2 pseudo-squares.

Finally, in their numerical exploration of sums of three cubes, Deshouillers,
Hennecart and Landreau [12] noticed that the density of sums of three cubes
seems to have a minimal value around 10'4.

Problem 12. Give some (heuristical) explanation of the fact that the density
of the sums of three cubes is minimal around 10'%.

5. Moubariz Z. Garaev

1. Let p be a sufficiently large prime number. In the joint work with Javier
Cilleruelo [5] we have shown that there is an absolute constant ¢ > 0 such
that the number J of solutions of the congruence

2" =X (modp); z€N, L<z<L+p/n,
satisfies J < p%_c uniformly over positive integers n, A and L.

The method of [5] is effective and the constant ¢ can easily be made explicit,
however it will be small. Heuristically one believes that J < p°!). Here we
pose the following question.

Problem 13. Prove that J < p3/19.

In other words, prove that one can take ¢ = 1/30.

6. Florian Luca

1. An integer n is a palindrome in base g if the coefficients of n in its expansion
n = Zé:o d;g* in base ¢ satisfy d; = d;_; for each i. With Javier Cilleruelo
and Lewis Baxter [6] we proved that, for each g > 5, the set P, = {n € N :
n is a palindrome in base ¢} is an additive basis of order 3. P;+ Py + P, = N.

Problem 14. Let s(k,g) be the smallest number s such that in every coloring
of Py with k colors every integer is the sum of at most s monochromatic
palindromes in P,. Is s(k,g) independent of g ¢
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7. Surya Ramana

1. The two questions given below are due to Javier Cilleruelo and are stated on
page 53 of [7]. This paper studies |A- A| and |A/A|, both when A is a random
subset of [1,n] and when A is an “interesting” set such as shifted primes or
shifted sums of two squares.

Let A C [1,n] be a set of integers, with n — +o0.

Problem 15. Is it true that |A- A| ~ # implies |A| = o(\ﬂg@)?

Problem 16. Is it true that if |A- A| ~ |[1,n] - [1,n]| then |A| ~n?

8. Misha Rudnev

1. Let A be a finite set in a field F' and let D = A — A. We can prove by using
crosss ratios that there is € > 0 such that

|D - D| > |D|**.

Problem 17. Show that, for each N > 2 there is M = f(N) such that
|DM| > AN,

9. Juanjo Rué

1. In a joint work with Cilleruelo, Rué, Sarka and Zumalacdrregui [8] we studied
the behavior of loglem(A), where A is a subset of {1,...,n} in which each
element is chosen independently with probability p. In particular, precise
estimates for the expected value and variance of loglem(A) were obtained.

Problem 18. Is there a scaling limit for the random variable loglem(A)?

Javier conjectured that the answer is a normal limit law.

10. Imre Z. Ruzsa

1. Let p be an odd prime. The size of the largest Sidon set in Zik is p”.

Problem 19. What happens in Z}%k“?

Problem 20. What if p is composite?
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2. Let f be a completely multiplicative function such that

Z f(n)=en+0(1)

n<x
with ¢ # 0.

Problem 21. Is it true that for every prime p either f(p) =1 or |f(p)| < 17

Assuming an affirmative answer it is not difficult to describe all such functions.

Problem 22. Formulate at least a plausible conjecture for the case ¢ = 0.

3. Let A be a finite set of integers.
Problem 23. Is there another set B such that
|B|~ |A|, |B+ B|~|A—-A|?
Problem 24. Is there another set C' such that

C—Cl~|A+ Al [O+C| ~ [A— AP

The meaning of & in the above two problems is up to a factor of |A|°.

All known inequalities involving the sumset and the difference set are sym-
metric (a positive answer to the above problem would explain why). However,
typically the difference set is bigger; constructing sets with more sums than
differences is more difficult and the excess is smaller than in the opposite
direction.

4. Let A C N be a set of positive density.

Problem 25. Is it true that A — A has a nonempty interior in the Bohr
topology, that is, it contains a set of the form

{n:flar(n—a)|| <e,...,|lax(n —a)| <e}

with an integer a and real ay, ..., ?

11. Oriol Serra

1. Let f(n) be the minimum number of monochromatic solutions of the Sidon
equation z +y = z + ¢ in a 2—coloring of Z/nZ.

Problem 26. Give an estimation of a lower bound for f(n). Is there a 2—
coloring with fewer monochromatic solutions than a random 2—coloring?
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This is a particular instance of the general problem of finding the minimum
number of monochromatic solutions to linear equations posed by Ron Graham.
For 3—term arithmetic progressions in the integers Parrilo, Robertson and
Saracino [17] showed that random colorings are not the ones which minimize
the number of monochromatic patterns. An analogous result was obtained by
J. Wolf [20] for 4-term arithmetic progressions. In Cameron, Cilleruelo and
Serra [1] we gave some formulas relating the counting of different color patterns
of solutions to linear equations in a coloring of a group. Stating precisely the
problem for the Sidon equation was a question that Javier particularly liked.

12. Igor Shparlinski

1. About seven years ago, Javier [2] gave an asymptotic formula for the least
common multiple of the first N values of a quadratic polynomial

f(z) = az® +br+c € Z[z] : loglem[f(1), -+, f(N)] = Nlog N+ By N +o(N)

where By depends only on f.

In 2013, J. Rué, P. Sarka and A. Zumalacérregui [18] obtained in the case of
f(x) = 22 + 1 a more explicit bound on the error term, with a logarithmic
saving. Their method can also be applied to more general quadratic polyno-
mials.

The obstacle for further improvements and generalisations is in our poor
knowledge of the distribution of roots of polynomial congruences modulo
primes. In fact the only known results are that of W. Duke, J. Friedlan-
der and H. Iwaniec [14] and its extensions by A. Téth [19] and K. Homma
[16].

On the other hand, in the case of polynomials in two variables, we know lots
more: For counting roots in large boxes, one can use the Bombieri bound, for
small boxes, one can use a large variety of results of several authors, including
Javier Cilleruelo himself. This naturally leads to the following:

Problem 27. Given a polynomial f(x,y) € Z[x,y], obtain an asymptotic
formula for
loglem[f(m,n),1 < m,n < N

with a power saving in the error term.

A natural starting point could the case of polynomials of the form f(x,y) =
q(z,y) — a with a quadratic form ¢ and an integer a. In this case, there
are results of A. Zumalacdrregui which give nontrivial information about the
distribution of solutions in boxes of any size.
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