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Abstract
We study sums of the form Y F3, S (-1)*F3, S0 L3, and
Sh_(=1)*L3, where m is an odd integer. For each class of sums we obtain
new closed-form expressions. Our findings complement the results of Clary and
Hemenway, and Adegoke.

1. Introduction

Let F,, and L, (n > 0) denote the Fibonacci and Lucas numbers, respectively.
Their Binet forms equal

Fn:u,
a—p

where o and 3 are roots of the quadratic equation 22 —z — 1 = 0.

Clary and Hemenway [2] were the first who obtained remarkable summation
formulas for all sums of the form Y, _, FT?;Lk, where m is an integer. Two examples
of their discoveries are

Ly, = a" + 4", (1.1)

Lf’l,(l/gw_,_g + L3v+2 — Lv — Lv_5) if n =0 mod 4

10
zn:F? _ %)iv(_;Lsz,H(Lgv_l —2L,_5) ?f n f 1 mod 4 12
k=1 joLo(Fsu42 + F3p12 — F, — Fy5)  if n=2mod 4
5Fy1FyLyt1(F3y—1 — 2F,_3) if n =3 mod 4,
where v is the smallest integer greater than or equal to n/2 and
zn:ng _ { %F;%LzﬂanLnJrz ?f n ?s even w3
k=1 Lo EFy Ly 1 Fryo  if nis odd.

IStatements and conclusions made in this article are entirely those of the author. They do not
necessarily reflect the views of LBBW.
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If m is an even integer, these sums have been studied further in the two recent
papers [1] and [3]. For instance, Adegoke obtained the following generalizations in
[1]: if m is even, then

F3m Z F23mk = F’IQYLTLFT%L(TL—‘,-l)(LanTTL(nJrl) + Lm)a (14)
k=1

and if m is odd, then

F2 L2 (LmnFns1y + Fn)  if nis even

- m(n+1)
Lom > B =14 15
’ k; o {L2 F2 o (FonLin(niny + Fn) - if nis odd. (1:3)

mn® m(n+1)
He also discovered formulas for the corresponding Lucas sums. Frontczak [3] in turn
has also derived expressions for the alternating variants. For instance, he showed
that

- ks (D" [ 2 3(=1)"r1 2 2 F3p | 3P
;(—1) Fypr = W[Fsm(nﬂ)—Fgmn]—gm[Fm(n+1)—an "5l TBL,
(1.6)

For m being odd the situation turns out to be more nebulous. As Clary and
Hemenway mention, the generalization of the formula (1.2) results in another four-
part expression. The research community seems not to have analyzed these sums
further and, as a matter of fact, no other sum identities are reported. In this note
we attempt to fill this gap. We establish simple expressions for the cubic sums
when m is odd. We study both the nonalternating and alternating versions. We
also present corresponding evaluations for the Lucas cubic sums.

2. Preliminary Results

In what follows we will require the following standard facts about Fibonacci and
Lucas numbers:

Fo, = (F1)"F, (2.1)
Fg = anan+1 - (_1)717 (22)
L} = Ly 1Ly +5(-1)", (2.3)

Lern = Lm+1Fn + Lanfh (24)

Py = P, +F-F, (2.5)

F3, = B5F}+3(-1)"F,, (2.6)

5Lsn = Ly +Ly— Ly (2.7)
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These facts are well-known to the Fibonacci community (see, for instance, [4]).
Furthermore, we will require the following results, each of which we state as a
separate lemma.

Lemma 1. For every integer n > 1, it holds that
5Lz, = 2L3 + 3L, 1LyLyyy. (2.8)
Proof. Since
2L% +3Ly_1Lps1 = 2(L2+Lnp_1Lps1) + Lo—1Lnsa
= 5(Ln-1Lny1 +2(-1)"),

we must show that
L3, = Ly (Ln—an+1 + 2(_1)n> (29)

Keeping in mind that a8 = —1,a+ 3 = 1,02 = 1 + «a and 3% = 1 + 3, the last
identity follows from the Binet form for Lucas numbers:

Ln(Ln—an+1 + 2(71)71): (an +ﬂn)((anfl +ﬁn71)(an+1 +5n+1) +2(aﬂ)n)
_ (an _i_ﬁn)(aQn +ﬁ2n +a”ﬂ”(oflﬁ+aﬂ71) +2(a5)n)
_ (an _’_ﬂn)(OéQn _’_ﬂ2n _anﬁn(a+5))

= Lgy.
O
Lemma 2. Let m be an odd integer. Then
> Foi = (nt1) 7 , (2.10)
k=1 m
n —1)"F, + (- E,, — F,
Z(_l)kak _ ( ) m(n+1) If ) : (2.11)
k=1 m
S Ly = =D : (2.12)
Ly,
k=1
and N o
-1 an n + -1 LnLn - LT}'L + 2
S () Ly, = " L) (L ) . (2.13)
k=1 m

Proof. The results follow from more general identities from [5]. O
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Lemma 3. Let k and m be integers. Then
Fip + (1) F_y, = L (Fy P + (1) ), (2.14)

and
Lz—&-m + (71)mL2—m =Ln (5Fr2nL3k =+ (71)mL%) (215)

Proof. The first identity is stated as Problem H-95 and solved in [6]. Therefore we
only give a proof for the second identity. We start with

Liym = Lgy1 Fy + L Fp_1,

and
Li—m = (=1)"(LxFny1 — Ly 1 Fr)-
Hence,
L+ (1)L}, = Ly, + (=)L,
= (Lip1Fom + Lkaf1)3 + (LiFms1 — Lk+1Fm)3
= (Lxp1Fom + Lka—1)3 — (Lig1 Fon — Lka+1)3
= Li(F a1+ F )
+3Li1 Fon L Byt (L1 Frn + LicFr—1)
—3Lg1F L Frga (LkaH — Lk“Fm)
= Li (Fm+1 + Fm—l) (F72n+1 + F72n—1 - Fm—lFm+1)
3Lk Fon L (Frpy — Fioy)
+3L7  F2 Ly (Frns1 + Fret)
= L}Ly((Fny1 — me1)2 + Frn1Fms1)
—3Lk 1 Fn L3 (Frng1 + Fono1) (Frngr — Fin1)
+3L; 1 F:LgLy,
= L}Ln(FX+ Fp1Fny1) — 3Ly FyLiLi,
+3L; 1 F:LkLy,
= L}Ln,(2F, + (—1)") + 3Ly41 L L F7 (Liy1 — L)
= LyF2 (2L} +3Ly—1LgLyi1) + (—1)" Ly L.
The statement follows from Lemma 1. O

3. Main Results

Our main results for the Fibonacci numbers are contained in the next theorem.
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Theorem 1. Let m be an odd integer. Then for each n > 1

1
Z (de(n+1) + F3mn — FSm) - L_ (Fsl(nJrl) + Fgm - Fsl), (31)
and
n i F2 X
Z(_l) F’I?Lk = L_m ((_1)nF3m(n+1) + (_1)n+ F3mn - F3m>
k=1 3m
1
— (V" Py + (C)™ R, - FR). (32)

Proof. The key ingredients in our proofs are the following telescoping sum relations:
Let f(k) be a real sequence and m,n and j be positive integers. Then

n n+j J
Z[ m(k + 5)) f(m(k—j))} = Y fmk) = Y fmk),  (33)
k=1 k=n+1—j k=1—j
and
n n+j ,
> (- L fmk + ) = Fmk—)| = D (DM k)
=1 k=n+1—j

J

= Y ()M f(mk). (3.4)

k=1—j

These sum relations may be proved straightforwardly by shifting the summation
index and are also utilized in [3].

To prove Theorem 1 we start with Equation (2.14). We replace k by mk and use
the fact that m is odd to get

EY iy — Feor) = LinFoy Fsmi — Lin Fiy.. (3.5)

Set f(k) = F? and j =1 in (3.3) to obtain
F%(7L+1)+F3m7F31:LmF72ylZF3mk*LmZFslk- (36)
k=1 -

The first identity follows from (2.10) upon replacing m by 3m and rearranging
terms. The second identity follows from (3.4) and (2.11):

n n
(_1)nFr?’L(n+1) + (_l)nJrlF;;Ln - FS’L = LmF72n Z(_l)kF?m’Lk - Lm Z(_
k=1 =

(3.7)
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Equivalent versions of our discoveries are presented in the next two Propositions:
Proposition 1. Let m be an odd integer. Then

m(n—i—l) + FT?LTL + 2FT‘§L + 3(71)n+1F31 (Fm(n+1) - an)

Z B Lo (5F2 —1) B8
and
i(_ k3 (71)n(F31(n+1) - Fr?;m) + 2Fr§1 - 3Fr%z (Fm(n-i-l) + an) (3 9)
e L (5F3, —1)
Proof. Using (2.5) we can write (3.6) as
Fi(nﬂLl) + F;;L" - LmF Z ( mk+1 mk 1) + (LmFgl - Lm) ZF?)
k=1 k=1
(3.10)
Now,
3
Fppgr = (ka + ka71>

= F’I’?’Lk) + Ff;ak—l + 3Pﬂ’mk}?mk:—lF’mk:—i-l
= Fpp+Fpy_ 1+3ka( Fop+ (= 1)mk>
= 4F’r§1k+F’mk 1+3( ) mk>

and the first formula follows from (2.11). The second statement is proved similarly:

()" Py + ()" PR — FS = L Fzz Ve (Pl = Fnr)

The result follows essentially from (2.10). O

Proposition 2. Let m be an odd integer. Then

i Famne1) + Fsmn + 10F3 3(=1)"+1
ZF3 _ 13m(n+1) 3 + (=1

5Ly (5F% — 1) 5L (Frn(ns1) = Fon), — (3.11)

and

i(,l)kp?» — (71)n(F3m(n+1) - F?)mn) +10F3, 3
m 5L, (5F2 — 1) 5L,

(Fm(n—&-l) +an) (312)
k=1
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Proof. Since m is odd we immediately get from (2.6)

1
3 n+1
Frn1) = g(FBm(nH) —3(=1)"" Fnsn)),

and 1

F3 = E(Fgmn — 3(—1)”an).
Inserting these relations into the above equation and simplifying gives the statement.
The alternating sum is proved in the same manner. O

We conclude this section with two explicit examples for m = 1 and m = 3 using
the results from the last Proposition:

3(=1)"t!
Z FP=_— F3n+3 + F3, +10) + ———F, (3.13)
" 1 3(—1)"+t
Z B} = 330 (Fonto + Fop + 80) + % (Fsnts — Fsn), (3.14)
=1
- 1 3
SR = %((_1)%1@%3 — F3,) +10) — =i, (3.15)
k=1

" 1 3

Z(_l)kF??k - ﬁ((_1)71(an+9 — Fyy,) +80) — 2—0(F3n+3 +F3,).  (3.16)

4. Analogue Results for Lucas Numbers

Next we state the analogue discoveries for the Lucas sequence. Since the proofs are
very similar to that ones given in the last section, we only sketch them.

Theorem 2. Let m be an odd integer. Then for each n > 1

E L (L377L(n+1)+L3mn Lm— ) L (L3 (n+1)+L Lfn*8), (41)
and
Z” 5F2, n _
( L3 ((_1) LSm(n+1) + (_1) LSmn - L3m + 2)
m

E
I
-
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Proof. Use (2.15) in combination with (3.3) and (3.4) with f(k) = Lj. The first-
order sums are evaluated according to (2.12) and (2.13). O

Proposition 3. Let m be an odd integer. Then

Xn: 8 Liy(ns1y + Linn +15F5 (=1)" (Lim(ny1) = Lmn) — 15F; (Lm — 2) — Ly, — 8

L TR L (5F2 — 1) ’
(4.3)

and

an (-)kL3 , = (=D)"™(L3, i1y = Liun) +15F5, (Lin(ni1) + Lmn) — 15F7 (L +2) — L7, + 8

= Lon(5F2 — 1) '
(4.4)

Proof. Use (2.7) and

L1 = 4L%k + L1 — 15(=1)" L. (4.5)

The remaining first-order sums are evaluated again according to (2.12) and (2.13).
O

Proposition 4. Let m be an odd integer. Then

LSm (n+1 + L3mn - L3m + 2 3 n
(4.6)

and

S (_1)n(L3m(n+1) - L3mn) - (LSm - 2) 3

(4.

using the identity Lz, = L3 — 3(—1)"L,,, which can be derived from (2.3) an

7)
Proof. The formulas are a consequence of further modifications of (4.3) and (4.4)
d
(2.8). O

For m =1 and m = 3 the explicit examples are:

1
ZLk =1 (Lsn+s + Lan —6) +3((=1)"Lp—1 + 1), (4.8)

3
Z L3, = Lgn+9 + Lgn — 78) + T (=1)"(Lsnts — Lsn) — 2), (4.9)
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((=1)"(Lsnt3 — Lan) —2) 4+ 3(Lnt2 — 3), (4.10)

==

> (1)L =

k=1

and

Z(_l)kLgk = 7_16 ((=1)"(Lonto — Lon) — 74) + Z(L3n+3 + L3, —6).  (4.11)
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