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Abstract
For the Lucas sequence {Uy (P, @)} we discuss the identities such as the well-known
Fibonacci identities. We also propose a method for obtaining identities involving
recurrence sequences, with the help of which we find an interpolating-type identity
for second-order linear recurrence sequences.

1. Introduction

Let F be an arbitrary field and P, Q be its nonzero elements. The Lucas sequences
{Ur(P,Q)}, {V&(P,Q)} are defined recursively by

frot2 = Pfrg1 — Qfx, (1)

with the initial values! Uy = 0, Uy = 1, Vo = 2, V; = P. The characteristic
equation of the recurrence relation (1) is #2 — Pz 4+ Q = 0. Its roots are o = %

and & = P’zﬂ, where A = P2 —4Q. If A # 0, the Lucas sequences can be

expressed in terms of a and & according to Binet formulas

Upy=——, Vi=d"+a" P=a+a, Q=aa, VA=a—a. (2)

We define U_p, = —U,/QF and V_p = V4/QF for k > 1. Then Binet formulas
are valid for every k € Z. More information about the subject can be found in
(6, 14, 18].

The sequence of the Fibonacci numbers { F}, } is defined by the recurrence relation
Fyyo = Fpy1 + F, (Fy = 0, Fy = 1) [13]. From this definition, it follows that
Fj, = Ui(1, —1). There are many identities involving the Fibonacci numbers [15, 16].
Some of them are derived from identities involving {Uy} if we put P =1, Q = —1.
In this paper, we generalize some identities for {F;} in terms of {Uy}. Often such

n this paper instead of Uy (P, Q) and Vi (P, Q) we will write Uy, and V4, if it is not ambiguous.
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generalized identities have a form close to the initial one. We also present a method
for obtaining identities involving recurrence sequences. To show the efficiency of this
method we obtain some identities for the Fibonacci numbers. The most interesting
result is presented in Theorem 2.

2. Generalizations of Fibonacci Identities

It is clear that any identity which holds for {Uy} can be easy transformed into an
identity for {F)}. But there exist identities involving {F}} for which analogues in
terms of {Uy } are unknown. We note that the discussion fits in the literature [5, 10].
For example, Candido’s identity [2] was generalized in [3]. This result is as follows:

(F.1) 2(F£+Ff+1+F,f+2):(F,?+F,€2+1—|—F,§+2)2,

(GF1)  2(QWi+ P*UL +Up,,) = (Q*UR + PPUZ,, + UR,)>.
Catalan’s identity and its generalization [15] are:

(F2) F} = FoynFyp = (=1)F"F7,

(GF.2) U} = UppnUg—n = QU2

2.1. Two Important Identities for {Ug(P, Q)}

For the Fibonacci numbers the following holds:
(F.3) Foriq = F,fJrl + FZ,

(F4) Fy, = Fy,(2F;11 — Fy).

The generalizations of (F.3), (F.4) are:

(GF.3)  Uspyr = U,fJrl - QUE,

(GF4) Ui = Up(2Ug41 — PUy).

Lemma 1. Let {U;} be the Lucas sequence with parameters P,Q in an arbitrary
field F. Then (GF.3) and (GF.4) are valid.

Proof. Consider the well-known identity U, 4y, = UpUpnt1 — QU Up—1. If we put
n=k+1 and m = k, then we obtain (GF.3). If we put n = k and m = k, then we
obtain Usy, = U (Ukt1 — QUk—1). If we use QUi_1 = PUj — Ug41 in the previous
equality, then we obtain (GF.4). O

These two identities can be found in the literature: both identities are presented
in [17], (GF.3) isin [12, 22]. To show their importance, we note that (GF.3), (GF.4)
can be used to calculate the Lucas sequences. This is an alternative to the more
known method [11], which uses the properties of both sequences {Uy} and {V}}.
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2.2. Higher Order Fibonacci Identities

The following identities hold:

(F.5) Fs,=F2  +F}—F |,

(F6)  Fy=Fh, +2F — F} | +4F}F,_4,

(F7)  Fay=Fpy +4F) — F} |+ 10F FSFyy.

The reader can find (F.5), (F.6) in [1, 4]. The generalizations of the above are:
(GF5)  Uspy =UR,,/P+ (Us — P*)U? + Q3U}_, /P,

(GF.6) U =Ul/P+ (Us—P*U} — Q'U;_, /P +4Q*UpUs_1,

(GFET)  Usp =Up,,/P+ (Us — PHUR 4+ Q°U;_ /P 4+ 10Q*Up 41U Up_1.

One way to prove (GF.5)-(GF.7) is to use (2). But obtaining such identities by

using the Binet formulas is difficult. In the next section we discuss how we obtain
similar identities.

3. A New Method for Obtaining Identities for Linear Recurrences

First we consider the matrix method that is often used to prove some identities
concerning the generalized Fibonacci and Lucas numbers [12, 17]. We have the
following matrix formulas:

Ueyr Vg1 _ 6 (1 P _ (P -Q
( U Vi ) =M 0 2/ where M = T (3)
Uk Uk+1 o 0 1 k _ 0 _Q
<Vk Vk+1> = (2 P) R", where R = N (4)

Theorem 1. Let {U,(P,Q)}, {V.(P,Q)} be the Lucas sequences with P,Q € F.
Then there exist the following representations of Upy and Vi via Uy, Ugyq:

— (m i iTrm—i
Ui =3 () UL 5)
1=0
% m 7 TrTm—1
Vo= 3 () vy (6)
=0

where m € Z*, k € Z and such that UyU11 # 0. Moreover, there are no other
representations of the form Y 7" c;ULU ", where ¢; are coefficients that do not
depend on k.

Proof. By (3), we have

- Uki1 (*PU 1+ V 1)/2
= (T CERR) g
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It is well known that Vi, = PU — 2QUj_1. Then

M — Uptr —QUik '\ _ (U —QUy (8)
U, —QUig Uy Ugy1— PUyg

since Ug41 = PU — QUj—1 and therefore

1 0 0 —
Mk = UkJrl (O 1) + Uk (1 _g) = Uk+1.[+ Ui A, (9)

_ (0 -@Q
A= (1 - P) . (10)
Tt follows from (4) that if P is replaced by —P in R, then we obtain A. In addition,
if we use Vj, = PUy — 2QUj_1 in the matrix formula (4), then

m_ (~QUn-1(P.Q) —QUa(P,Q)
: _< Un(P,Q) Um+1(P,Q)>' (11)

By the Binet formulas, it can be seen that U,,(—P, Q) = (=1)""U,,(P, Q). Then

where

_1)m+1Um(PaQ) (_1)mUm+1(P’ Q)

Thus .
M™ = (MF)™ = (Upga I + Uy A" =Y (2 )U,@AZU,:’;—;. (13)
i=0
Since
mk __ * * i * *
M™F = (Umk *> and A’ = ((_1)¢+1Ui *> , (14)

the representation (5) follows from (13). Let tr(X) denote trace of the matrix X.
From (8) and (13), it is seen that

m m o _i
tI‘(Mmk) = Umk:-‘rl - QUmk:—l =Vnr =tr (Z (Z )Ul;AyUl:kl )

= Z( >Uk tr (A°) U7 . (15)

By (12), tr (4") = (—1)"(—QU;_1 + U;11) = (—1)"V;. Using this in (15), we get (6).
Let a;(P,Q) = (1) (=1)""'U;, then Upp = 1 ai(P, Q)UkUkH’ Suppose that
there is another representation in the analogical form Up,, = S bi(P,QULU ,?:LHZ.
Then Y27 (b — a;)ULU " = 0. We can take P = 2,Q = 1; in this case Uy, = k.
Therefore, we have > . (b; —a;)k'(k+1)™"* =0 (mod k), and hence k | (by — ao).
This must hold for any k£ > 0, and is possible only if by = ay. By analogy we prove
that b; = a; for 0 < i < m. So the representation (5) is unique. The uniqueness of
the representation (6) can be proved similarly. O
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We note that the study fits in the literature. For a generalization of (5) see
Remark 4.1 in [20]. When P? —4(Q) is not a perfect square (see [19], Corollary 2.10),
both identities are proved.

Now we consider another way of obtaining the identity (5). We can use a method
similar to the partial fraction decomposition. We begin with the supposed identity
Unk = Y oiegai( P, Q)U,QU,?:L‘_? Then we get the system of m + 1 equations whose
variables and coefficients are functions of P, Q:

Uni = Y ai(P,Q)ULUL (= [(m = 1)/2] <k < [m/2]). (16)
i=0
Since Uy = 0, Uy = 1, it is seen that ap = 0, a,,, = (=1)™"'U,,. The remaining
coefficients can be found by solving the system.
Example 1. Us, = aoU}},; + a1UZ Uy, + a2Up 1 U + asU}. The system (16) for

this case is:
U_s = apU3 + a1 UGU_1 + axUpgU?, + a3U3,,

Uy = aon + a1U12U0 + CLQUlUg + CL3U§,
U3 = aoUS’ + a1U22U1 + (12U2U12 + a3U13,
U6 = aoUg + a1U§U2 + a2U3U22 + a3U23.
Using U3 = —(P* - Q)/Q* Uy = -1/Q, Uy = 0, Uy = 1, U3 = P* - Q,
Us = P?—4P3Q+3PQ?, we get the solution ag = 0, a; = 3, az = —3P, a3 = P2—Q.
So Usy, = 3U,§+1Uk — 3PU+1UE + (P?2 — Q)U}. This is consistent with (5).
Example 2. Consider the Fibonacci Pythagorean triples identity [9].
(F.8) (Fe—1Fry2)? + (2FpFrq1)® = F3p .
Suppose that there exists an identity of the form

(17)

1 (Uk-1Uk42)* + c2(UpUs41)? + csUgy 4, = 0. (18)
To get the system for the variables ¢; we put £k = —1,0,1. Then

aP?/Q" +¢3/Q* =0,
61P2/Q2—|—83 =0, (19)
CQP2 + 63(P2 — Q)2 = O

If the system has no solutions (the rank is 3), then we can state that the identity
of the form (18) does not exist. In this case we may modify it by adding new terms
and obtain a new system. In fact, the rank is 2. We put ¢3 = —1, then the solution
is c1 = Q?/P?% ¢y = (P? — Q)?/P? c3 = —1. But when we use the Binet formulas
to verify the resulting formula we see that it is not valid. Moreover, if we get the
system which corresponds & = 0,1,2, then the determinant of the system matrix
is —2P* (P? - 2Q) (P* - Q) (P*+ Q) /Q. Thus, the solution exists if one of the
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following holds: P = 0, P? = 2Q, P? = +Q. But if we add c,Uy,_1UpUp 11U 12 to
the left side of (18), then we find the generalization of (F.8) as follows:
(GF8)  (QUs-1Up42)* + ((P? = QUiUk41)? = (PUszk41)*+
2Q(P*4+Q)Uk1UUp11Up 2.
Remark. In general, we cannot assert that the method leads to the final result
which holds for all & since a supposed formula similar to (18) is checked by a system
only for some values of k. So we need to use the Binet formulas to prove that the
final result is valid for all k. In Example 1 this check is not necessary, since by

Theorem 1 we know that the identity which involves Uk, Uk, Ugy1 exists. But we
obtained the unique solution using the method.

Example 3. We want to get an identity of the form
2 2 2 _
ClUk+1+CQUk +63Uk71 =0. (20)
We put k£ = —1,0,1 and obtain the following system

c2/Q* 4+ c3P?/Q* =0,
c1+e3/Q* =0, (21)
61P2 +co = 0.

Since the determinant of the system matrix is 2P?/Q%*, we conclude that for a
nonzero P there is no identity which contains only squares of three consecutive
terms of {Uy}. But if we try to find an identity of the form

U + Ui + e3Up_y + caUp_y =0, (22)

then we obtain
(GF.9) UI?+1 — QUi_, = (P? = Q)(U} — QU_,).
If P=1and Q = —1, then we get the identity for the Fibonacci numbers:
(F.9) F13+1+F13—2:2(F13+Fk2—1)~
As shown the method is good not only for generalizing Fibonacci identities, but

also for finding new identities. Below we present some results that we obtained
using this method. Some of them are well-known.

F10)  Foyp=F2, —F2 4,

GF.10) PUy =UZ, — Q*UZ_4,

F11)  F2, =4FFe 1+ F7,,

GF.11) UZ., =2P(P? - Q)UyUi_1 + (Q* — PHU?_, + P2Q*UZ_,,
F-12) Fk2+2_Fk272 :3(F1<2+1_F1371)7

GF12) Ul - Q'UE_, = (P?—2Q)(UZ., — QUL ).
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Note that (GF.9) and (GF.12) have similar forms. To generalize (GF.12) consider
clU,f+m + CQU}?+Z + 03U,37l + C4U,37m = (0. With the help of the method we get the
following system:

aUZ_ +UP + 03U12+1/Q2(l+1) + U2 1/ QM+ =0,
U2 + coUP + csUR/Q* + c,UZ /Q™ = 0, (23)
U2, + C2U12+1 + C3U12_1/Q2(l_1) + e U, /Q2m=1) = 0.
The rank is 2. If we put ¢; = Ulz_|r1 — Q*U2,, then ¢ = —(UZ,, — Q*UZ_,),
cs = QU2 1 — QU2 ), ca = —Q*™ (U2, —Q?UZ,). Using (GF.10), we obtain
(GF13) UQl(UI?+m - szUlz—m) = UQM(UIE—H - QleI?—l)7
(F-13) FQZ(FI<;2+m _FkZ—m) :FQm(Fl?H _Fk{l)
Another way to prove (GF.13) is to use Catalan’s identity (GF.2). It follows that
UR,,,—Q*UZ_,, = UsUsm, U2, —Q*UZ_, = Uz, Uy, which completes the proof.
To generalize (GF.9) we consider the most general formula which involves only
four squares of sequence terms: U7 + c1UZ,,, + c2UZ,, + csUZ,,, = 0. Using the
method, we get

(GF14) U =UZ,, UU/(Q*"U—mUs—m) + U§+lUsUm/(Q21U3_lUm_l)+
Ul?-i-sUmUl/(QQSUmfsUlfs)a
FIFS/(Fl—mFs—m) Fk2+lFsFm/(Fs—lFm—l)+
R Fn i/ (Fn-sFis).
Here we mean that [, m, s are distinct integers. The analog for cubes is
(GF.15) U= U,?+mUlUpUs/(ngUl,mUp,mUsfm)—k
U UnUpUs /(Q¥ Ui Up 1 Us 1)+
UI§+pUlUmUS/(Q?’pUl—pUm—pUS—p)+
U,§’+sUlUmUp/(Q?’SUl,SUm,SUp,S).

Similar identities on sums of powers of the terms of the Lucas sequences can be
found in [7, 21].

(F.14)  F2=F2..

Theorem 2. Let {Uy} be the Lucas sequence with parameters P,Q in an arbitrary
field F. Let d; (0 <i<n) be distinct integers. Then the following holds:

N n . n Uzid]
Uk-‘ro: = E Uk"rdi H U : (24)
i=0 j=0 ~di=d;
J#i

Proof. We denote (o/@)® = y. Then

ktz /= _ =k\" k, _ =k\"
up,, — (W) _ g <u) _ (25)
[0

a—«
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We see that Uy, , is the product of @*" and the polynomial in y of degree n with
coefficients in F. Since Uy_q, = a*(a”%y —a~%)/(a — @), the right side of (24)
has the same structure as U}, . Since Uy = 0, it easy to see that (24) is valid for
x =d; (0 <1i<mn). Thus, the polynomials of degree n on the left and right sides of
(24) are equal, since they are equal for n + 1 different values of the variable. O

Note that (24) is related to Lagrange interpolation. If we put = = 0, then after
simple transformations we obtain an identity that generalizes (GF.14) and (GF.15):
=3 g 11 26)
Qe Ud —d;
J?él

As an example, we give some Fibonacci identities that can be obtained from (24):

FI?+2+FI§72:3(F£+1_F571)+6Fl§a (27)
Fl?+3 - Flis = 4(F13+2 - Fliz) + 20(Ff+1 - Fl?71)7 (28)
Fovs— Fp_g =8(Fpyo+ Fp o) +40(FY,, — Fp_,) — 60Fy. (29)

Corollary 1. Let pg, p1 be nonzeros in F, and let the sequence {Wy(ao, a1;po,p1)}
be defined by the relation Wiio = poWi1 + p1 Wi, with Wy = ag, W1 = a1, where
ap,a; € F. Let s be an integer such that Wy = 0, and d; (0 < i < n) be integers
such that Wq, —a;+s # 0 for i # j. Then the following holds

Wiy, = ZWker H UESTER (30)

—d; +s
J#z

Proof. Tt is known [8] that Wy (ag, a1; po, p1) = a1Uk(po, —p1) + aop1Uk—1(po, —p1).
The rest of the proof is analogous to the proof of Theorem 2. O
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