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Abstract
In this paper, we show that there are infinitely many primes of the form % —¢m-+m?
such that 2¢ —m is prime, and that the number of such primes satisfies the expected
asymptotic formula. We show this by adapting the proof of a result of Fouvry and
Iwaniec who showed that there are infinitely many primes of the form ¢ +m? with
{ prime.

1. Introduction and Statement of Results

By following a proof similar to that of a theorem of Fermat regarding representations
of primes as sums of two squares, it is possible to show that all primes congruent to
1 (mod 3) are representable as £> —¢m+m? = N(r), m = {+mw Here, N = Ng(.)/q
refers to the norm in the quadratic field Q(w), where w = (=1 + v/=3)/2. In this
paper, we show that there are infnitely many such primes s.t. R is half a prime.

In particular, we show the following result, which indicates that the number of
such primes satisfies the sort of asymptotic formula one would expect from congru-
ence considerations and the prime number theorem:

Theorem 1. We have

D> AQRL=m)A( —tm+m?) ~ ox

02 —fm+m2<z
for some o > 0.

We shall prove Theorem 1 by following along the lines of the proof of Theorem
20.3 in [2], by using Q(w) rather than Q(:) when working with the bilinear forms
that arise in Section 20.4 of [2]. A related result was proven by Fouvry and Iwaniec
in [3] where it is shown that there are infinitely many primes of the form ¢2 4+ m?
such that ¢ is prime.
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2. Preliminaries

Let v, = log ¢ when /£ is a prime greater than 2 and 0 otherwise. Then, let

Ap = Z Y2l—m = Z r-

02 —fm+m2=n r243s2=4n
Let
A(z) = Z an

n<z

and let
Aa(z) = > an
n<x
n=0 (mod d)

Let p(d) = {v € Z/(d) : v* + 3 = 0 (mod d)}|. We expect that Ay(z) is well

approximated by
p(4d) 1 dr — r?
Malw) == 2 5m

r<+A4z
so we let the remainder terms r4(x) be such that

Ad(x) = Md(IB) + rd(x).

For d even, this is clearly equal to 0, while for d odd, since p(d) is multipicative,

p(d) 4o — r?
9 3 w5

this is equal to

r<+4z
We then have the following:
Proposition 1. Suppose that for some \/x < D < z(logz)~2°
R(z; D) =sup Y _ |ra(y)| < A(z)log ™z (1)
YST <D
and let
T(x; D) = Z Z azmu(m)’. (2)
<D Im<zx

D 1<m<z2D—2
Then, we have that

Z anA(n) = HA(z) {1+ O((logz)~")} + O(T(z, D) log z) (3)

n<x

where

for g(d) = p(4d)/(4d).
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Proof. This is Theorem 18.6 in [2] for our particular sequence. O

3. The Remainder Term

In this section, we verify that (1) holds. From this point on, e(a) = €™, First,
we study the distribution of the roots of the congruence v? + 3 = 0 (mod d) by
studying Weyl sums related to these quadratic roots. In order to do so, we will
establish a well-spacing of the points v/d (mod 1), similar to that established in
[1, 2, 3]. Tt is easy to show that for odd d, the roots to v +3 =0 (mod d) are in a
bijection with representations
(r—s)2+3(r+s)?
4

subject to (r,s) =1,—r—s <r—s <r+s where v(r —s) = (r +s) (mod d).

To show this, note that it is sufficient to verify it only when d = p for primes
p=0,1 (mod 3). The case p = 3 is easily dealt with, so we assume p =1 (mod 3).

In this case, note that since there exists v # 0 s.t. v +3 =0 (mod p), we have
that p|(v++v/=3)(v—+/=3) in Z[w] so it follows that since p{ v++/=3,pt v — /=3,
p is not a prime in Z[w]. Then, it follows that there exists a € Z[w] with norm p.
Multiplying a with units in Z[w] to control the sign of the corresponding value of v
and the relative size of the real and imaginary parts yields the desired result.

It then follows that

d=r’+rs+s*=

v 4(r —s) r—s
—-=— d1
d r+s +d(7’+5) (mod 1)
where r — s is such that (r — s)(r —s) =1 (mod r + s).
Note that we then have that
|r — s 1
dir+s) = (r+s)?
Now, restrict d to the range 4D < d < 9D. Tt then follows that 2D'/2 < r + s <
3D'/2, so for any two points vy /dy, v /dy, max {m m} <3

Tatss? T1t+s1
V1 Vg 4 1 1 1
di do| T (11 +81)(r2 + 52) - (r1 + 81)? - (r2 + 82)? > D
Then by the large sieve inequality of Davenport and Halberstam, we have the
following result.

Lemma 1. For all a1, s, - € C, we have that

2
vn 2
E § E ane(7>’ <<(D+N)<§ an>.

D<d<2D v2+43=0 (mod d) ' n<N n
d=1 (mod 2)
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Applying Cauchy’s inequality yields

Proposition 2. For all ay,as, -+ € C, we have that
1/2
un
Y Y S ]0iwin($a) o
D<d<2D v2+3=0 (mod d) ' n<N n
d=1 (mod 2)
Now, let

m= S ()

©v2+43=0 (mod d)

Then, by the triangle inequality, the following holds.

Proposition 3. For all ay,as, -+ € C, we have that
1/2
SIS ozhph(d)‘ < DY*(D + N)/? (Z ag> . (6)
d<D'h<N n

Now, we prove that (1) holds by proving the following;:

Proposition 4. For all D <=z

Z Ira(z)] < DY*23/*(log z)*. (7)
d<D

Proof. Note that

Ad(x) = Z Yr-

r2 #‘1352 S"L
724552 =0 (mod d)

It is more convenient for now to consider only the contribution of the terms with
(r,d) = 1. To that end, note that it is possible to replace A,4(z) with

*
Aglx) = > Vr-
r2-¢;3s2 <z
#EO (mod d)
(r,d)=1

We can do this since we have that
D Aa(x) = Ag@) < Y el > L.

d<D d<D r|d r243s2<4x
r24352=0 (mod 4d)
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When r is an odd prime and 7|d, r? + 3s> = 0 (mod d), we have that s = rt for
some t. Therefore, it follows that

Z |[Ag(z) — A(z)| < Z Yr Z T(r?(1 4 3t?)) < z1/2*=,
d<D r<OVE  i\/aafi)r

Now, rather than approximating A}(z), we shall approximate

72 + 352
A% = o f | ——
() > (5
72+4352=0 (mod 4d)
(r,d)=1
for some smooth f supported on [1, z] satisfying

fluy=1, fory<u<z-—y

@) (u) <y~
where y = min{z®/4D'/* 12}. Note that consdering A}(f) instead of A}(z) is
sufficient for proving the desired result since

Z|Ad (z)] < Z T(0*—tm+m?) <Z <<Z )2 < y(logx)?
d<D 02 —tm+m?2¢el nel nel

where I =Z N ([1,y] U [z — y,z]), and r(n) = |{n € Z[w]|Nn = n}|. Note that since
v, is supported on odd primes, we have that

N r? + 352

w- Yy x ()
©v243=0 (mod 4d) (r,d)= s=vr (mod 4d)

Now, let

A= X D Y )f(%).

v243=0 (mod 4d) s=vr (mod 4d

We can replace A%(f) with Ag(f) with an error of O(x/2+) by a similar argument
to that with which we replaced Aq(z) with A}(z), which is small enough. We then
have that by the Poisson summation formula

Aa(f) = % > %Y pre(4d)F, <fd>
r keZ

where

F.(v) = /Rf <T2 thz) e(—vt)dt = 2/000 f <T2 ZSIQ) cos(2mut)dt.
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Note that the contribution to the sum due to the frequency k = 0 is equal
to Mg(x) + O(y), so it is sufficient to bound the contribution from the sum over
frequencies k # 0. To that end, note that by the change of variable ¢t = w+/z/k,

() [P (o

Integrating by parts twice yields that this equals
16\/5(12 > ’ iz . + 3:“” 7rw\/_
23 /0 (f + 2 f 74 cos | — dw. (9)

idZ%« > per(4d)F, (fd)‘

T keZ\{0}

Now, let

R(f,D)= >

D<d<2D

We then have that

D<d<2D

s (4)]

kr#0

To estimate this, we split this into sums with |k| restricted to dyadic intervals.
In particular, we write

1 k
Ru(f.D)=5 ) S D v (4d)F, (@> ’
D<d<2D ' on<|k|<2ntt v
Note that R(f, D) = > 5o Ra(f, D). Then, we have that by (8) and Proposition
R, (f,D) is
1 T+ 5 W
LD SN D DI SEWITLSy ( )( )
D<d<2D ! an<|g|<antt

2n+1

<%

Sww
Yo D we(d)f ( )‘dw

D<d<2D on<|k|<2ntl T
z'/2(log z
lgl/z X (D +2"/@) 2 (2" Vo) 2.

Similarly, we also have that by (9) and Proposition 3 R, (f, D) is

D\/E gnt1 2wz N[+ 3aligjz
S |2 | X Do wew(dd) (f -y ) |
0 D<d<2D'2n<|k|<2n+l T
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(ES/Q(IOgLC)SDS/Q . N
< y222n (D+2 \/5)1/2(2 \/5)1/2-

The desired result then follows since we have that

Y R.(f,D)< > W<D1/%3/‘*(mgz)3
n>log(Dv/z/y)/ log 2 n>log(Dv/z/y)/ log 2
and
x5/4(logx)4 1/2,.1/4 1/2 1/4,3/4 4
S Ra(£.D) < T B DV Dy )Y < DY log ).
0<n<log(Dv/z/y)/ log? y

]
4. The Bilinear Form
Now, we shall bound the billinear form in (2) by estimating the sum
Bi(M,N) = Z Z A (1) (10)

N<n<N' ! M<m<M’

for some arbitrary M < M’ < 2M,N < N’ < 2N. In particular, we show the
following result.

Proposition 5. For § a sufficiently small positve number, we have that
B(M,N) < MN(log MN)=# (11)
for all A >0, where M = N°.

This implies that T'(z; D) < z(logx)~4 for the same reason (20.20) implies
Proposition 20.8 in [2], and therefore, from it follows the main theorem.

Proof. First, note that it is sufficient to estimate

Bi(M,N) = Z Z Amnp(m) |,
N<n<N’ 'M<m<m’
(m,n)=1

since if (m,n) = d, if d < M2 we can just transfer the factor of d to n, and
otherwise use the trivial bound. Writing v(a) to denote v Rre q, note that we have

that
Apn = Z ’Y(a)

Na=n
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so by unique factorization in Q(w), we have that for relatively prime m,n,

Amn = % Z Z ’Y(mn)

Nm=m Nn=n
where the factor of 1/6 accounts for the six units 41, +w, +w? in Z[w]. It follows
that

BN = Y

N<N(n)<N’

> )],
M<N(m)<M’
(m,n)=1

The coprimality condition can easily be dropped by a similar argument by which
it was added, so it follows that it is sufficient to show that

By(M,N)=

N<N(n)<N

Z fy(mn)u(m)‘ <« MN(log MN)=4,
M<N(m)<M’

By Cauchy, we have that it is sufficient to show that

2
Bs(M,N)= Y < M?N(log MN)~4.

N<N(n)<N'

Y. y(mn)u(m)

M<N(m)<M’

Expanding and reversing the order of summation, we have that

B3(M,N) = > p(my)p(mz) S(my, ma),
M<N(my),N(mz)<M’
where
S(my,mg) = Z ~v(nmy)y(nms).
N<N(n)<N’

Now, let ¢1, 5 be such that
nmy 4+ nmy = {4

nmy + nmy = 4,

and let A(ml,mz) = A= i(mlﬁg — ﬁlmg). Note that El,fg < 4\/ MN. When
A = 0, note that the contribution By(M, N) satisfies

By(M,N) < N(logN)*> "3 "1

Imﬁlmgzo
which is clearly < M2N(log M N)~4. Otherwise, we have that

i(€1m2 — Ezml)
A

ﬁ:
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so it follows that
Zlmg = £2m1 (mod A)

and that
A’N < N(fymg — lomy) < A%N'.

Therefore
S(my, ma) = > Yer Ves -

@1\1122[2\111 (mod A)
A2ZN<N(lymg—Llomq)<AZN'

Now, we state Proposition 20.9 in [2].

Proposition 6. We have

) Suax. 3 v —e@ T DD e | < aP(logz) ™!
QSQae ’u(gg)i £y,02<x l1,02<x
yER [€1—al2|<y |61 —als|<y

l1=al> (mod q)

where Q = x(logx)~B for some B > 0 that depends on A.

Now we can split up S(my, ms) into classes restricted to
{1 = aly (mod A)

for a € (Z/(A))* such that amy = m; (mod A) and apply Proposition 6. It then
follows that
B3(M,N) < By(M,N) + O(NM?*(log MN)~4)

where

BOLN) = YN umutm) 2 Y e

M<N(my),N(mz)< M’ 0 fa<a
A2N<N(l1mag—Llomq)<A2N/

where 7(A) is the total number of a € (Z/(A))" such that amy = m; (mod A). By
the prime number theorem, we have that the inner sum satisfies

> Yo, 76, = X + O(MN(log MN)~4)

£1,62<x
AZN<N(lima—Lomy)<AZ2N’
where

X = // dbydly = |A // dudv:%ﬂ\/g|A|(N’fN).

AVN<|tyma—Llom; |[<AVNY N<|utwv|<N’
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It therefore now remains to estimate

Si= XY lmou(my) MON3

M<N(my),N(ma) <M’

Splitting this up for all (my, my) =0, we then have that

AN(0))|A|N(d
=Y #(d) >N pmy0)pa(ma0) L ((A)NN(O;) ©
0 M<N(my0),N(m20)<M’ ¥
(ml,mz) (mlmz,b) 1

(AN(2))|A[N(2)

=2 @ > (m1)pa(ma) .

o 8 N[<N(mla),N(m20)§M/M R CP(AN(D))
(mp,mz)=(mimg)=1

Since we have that

1
WAN@)= Y 1=N@) (1 - p) ,
ac(Z/(AN(0)))* p|N(0),ptA
a=mom; ! (mod DA)

it follows that

A
—S@NE) XY umutm) I
) M<N(m10),N(mad) <M’ ¥
(m1 mz) (m1m2) 1

By multiplicativity, we have that

HEVIN o -1
) ~ e

Using this and reversing the order of summation, we have that

=Y R@NE) XY pmoam) 3R de(d)
° M<N(m10),N(mz0) <M’ A
(m1,m2)=(mimsz)=1

SNGACAUD S TRIED 9 SENRTLITICY
0 d<2M M<N(mi0),N(mad)<M’
(my,m2)=(mima)=1

m1ﬁz :ﬁl mo (mod d)

=> W @N@E) > dgp Z S p(my) pe(ma)h(my)1 (ms),
) d<2M X M<N(mi0),N(ms0)<M’
(m1,mz)=(mimz)=1
where x runs over the characters of Z[w]/(d) and ¥ (m) = x(m)x(m), where the last
statement follows by orthogonality. To estimate this, we use the following version
of the Siegel-Walfisz Theorem that follows from the main result in [4].



INTEGERS: 18 (2018) 11

Proposition 7. For any character ¢ on ideals of Z[i], we have
S um)(m) <4 xlloga)
N(m)<z
for all A > 0.

Now, let

So.a.0(M) = > p(my)p(ma)ih(my )ih(my).
M<N(m12),N(m20) <M
(m1,m2)=(mimz,0)=1

Then, it is easy to see that S7 ; (M) = Sy a,4(M) + O(M'*¢) where
So,a.u (M) = SN f(my) pu(ma)h(my ) (ms).

M<N(m;0),N(mpd)< M’
(my,mz)=1

We then have that

1% (01) S, (M/N(01))
01 €Z[w]\{0}

- ST m)e(my) > p(ma)d(my) |,

M<N(my0)<M’ M<N(ma0)<M’

so by a variant of Mdbius inversion, we have that
So,d. (M) < (M/N(2))*(log M/N (0)) 4.

The desired result follows.
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