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Abstract
In this paper, starting from the shifting property for the ordinary Fibonacci and
g-Fibonacci numbers, we obtain some combinatorial identities involving the gen-
eralized Fibonacci and g-Fibonacci numbers of the first and second kind, and for
the ¢-Fibonacci polynomials. In particular, we specialize these identities to the Fi-
bonacci polynomials, the Pell polynomials, the Jacobstahl polynomials, the Cheby-
shev polynomials, the Fermat polynomials and the Morgan-Voyce polynomials.

1. Introduction

The Fibonacci numbers f, , [4] [16, A000045], are defined by the recurrence f,,12 =
fn+1+fn with the initial values fy = fi = 1. These numbers have been generalized
in several ways. For instance, Carlitz [2] defined the g-Fibonacci numbers f,(q) by
employing a particular statistic on the set of Fibonacci strings (i.e. binary strings
without two consecutive 1’s), and proved that they satisfy the recurrence

fny2(q) = fn+1(Q)4’qn+1fﬁ(Q)

with the initial values fo(¢) = fi(¢) = 1. These numbers have been further
generalized as follows.

The generalized Fibonacci numbers of the first kind f,[Lm} , [8, 10], are defined by
the recurrence

=

with the initial values

e T e T e T T T A

’ m—2 ) m—1

The generalized q-Fibonacci numbers of the first kind f,&m] (¢), [10], are defined by
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the recurrence

@) = ()
Fg @)+ R )+ )

with the initial values
@) = s@ == =0 and  f"(g) =1.

The generalized Fibonacci numbers of the second kind g,[lm] , [14], are defined by
the recurrence

(1)

with the initial values g([)m] = gg m — = g,[;n ] 1 = 1. The generalized q-Fibonacci

[

numbers of the second kind gnm]( ), [14], are defined by the recurrence

g™ =g () + ¢ e () (2)

with the initial values g([)m] (q) = ggm] (¢)=---= g[mmil(q) =1.
The g-binomial coefficients, or Gaussian coefficients, are defined by

where [n],! = [nlyln — 1]4---[2]4[1], are the g-factorial numbers and [n], =
14+qg+q¢>+---+¢" ' are the g-numbers, and satisfy the recurrence

()= ()= () @

For ¢ =1, we have the usual binomial coefficients.
In [12], we obtained the following identities (shifting property)

i(g)fkﬂkznzo(z_ti)fk (4)

k=0
kﬁ:_o <Z>qfk+1(Q) = kzn:_o (Z 1_ i)qfk'(Q) (5)

for the Fibonacci and the g-Fibonacci numbers. In [13], we obtained some general-
izations of identity (4) for the bivariate Fibonacci polynomials. In this paper, we
extend identities (4) and (5) to the generalized Fibonacci and ¢-Fibonacci numbers
of the first and the second kind (Sections 2 and 3), and to the ¢-Fibonacci poly-
nomials (Section 4). In particular, we specialize these identities to several classical
polynomial sequences, such as the ones given by the Fibonacci polynomials, the Pell
polynomials, the Jacobstahl polynomials, the Chebyshev polynomials, the Fermat
polynomials and the Morgan-Voyce polynomials.
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2. Generalized Shifting Property

We start by generalizing identities (4) and (5) to the generalized Fibonacci and
g-Fibonacci numbers of the first kind. Specifically, the following theorem.

Theorem 1. For every m,n € N, m > 2, we have the g-binomial identity

Z (Z) flgm( ) fk+m 3( )Agcm](Q)
k=0 q ©)

=3 (1) @@ 17 ).
k=0 q
where

Ay = (@) = g @)~ = ).

In particular, for q =1, we have the binomial identity

A e
B (7)

A1\ m] m] [m]
:I;J(k—s-l)f’@ Jir1 Jetm—a-

Proof. From recurrence (1), by replacing n by k, we have

A (q) = g () = R () = A @)+ )
from which we obtain
) 1@ @) — @) — = PR ()

= @) M o >f,£ﬁ]m @)+ @A @) £ a(a)

that is,

A @) £ (@) AT (9)
= @) A @ @)+ T T @) T ()

Then, we have

n—1
> (,m) @ @A @)

k=
— n—1
Z(,m) N S+ 3 () 0 A a0
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Replacing k£ by k —1 in the first two sums, we obtain

D (Z) @ @A (@)

k=1
=3 (e s+ X (1) 0 A0,

k=1 k=0

and then, by recurrence (3), we have

Z ( ) fk+m 3(Q)A£€m] (9)
k=
"g) - L@ (@) — () - - — af @)
— | (n k+1< n ) [m]
+ ) - o)

— [+ a5 a) - £25(0) + ) gaf ™ @) - £ (a)
=S (1) A gt )

([ + g — alnl) £ @) - £ (a) -
Since [n+ 1]4 — ¢[n]g = 1, we have the identity

) @ P () — a2 () — - — af )
= ([n+ g — alnl) F5 @) - £ () fo o (a)

if and only if

P (@) = a2 @) — - = afs " a) = fay(a)
that is, if and only if

(@) = £ (a) + a2 ) — - — afl )

and this equation is true by recurrence (1), with n = —1. Hence, we have identity
(6). O

Remark 2. For m = 2, we recover identities (4) and (5). Moreover, for m = 3,
we have the identities

Z() (@) (#a(0) - qk+1f,£3]<q>)=§(Zji)qf,£3]<q>fﬂl<q>, ®
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& 3 & 3] £[3
S () ) = X ()i )
k=0 k=0
Finally, for m = 4, we have the identities

Z() o)) (7@ — 1 @)~ 1 )
P (10)

_Z (Zi::i) [4] )fk+1( )flgj]—Z(Q)u

= 4] q[4 4 4 N A,
Z()f”fﬂl(fm A=) = ()t an

k=0 k=0

In next theorem, we generalize identities (4) and (5) to the generalized Fibonacci
and ¢-Fibonacci numbers of the second kind.

Theorem 3. For every m,n € N, m > 2, we have the g-binomial identity

- n m m m
> ( k) AL C)RER AN () 1 LA ()
k=0

B Z (k + 1) (@951(D) + Ippm—2(a) -

(12)

In particular, for q =1, we have the binomial identity

(0 il ml(m) 1 ] fml m]
];)(k)gk Ik +m—39k+m—1 = Z (kJrl) Ire+1" " Iktm—2 - (13)

Proof. From recurrence (2), we have

gL'i]l(Q) g;[fl]m Q(q)g;[ﬁm(Q)
=g(@) g S @a (@) e @a T (@) - gl (),

and then

Z (k N 1) 90 (@) 92 (@9 ()

n—1 n—1
_ n [m] [m] n 1 [m] )
= kZ:O (k I 1>qgk+1( ) "Jkt+m—1 ) + kZ:O (k n 1>qq 9y (Q) gk+m72(Q) .
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Replacing k£ by k —1 in the first two sums, we obtain

Z( ) ") gt s@al 1 (a)
q

k=1
n n—1
m m n . m m
z() @ a0+ () ),
=1 =0 q

and then, by recurrence (3), we have

Z < )g;[cm] g @l @) g @) (@)l ()

q

zn: n k+1 n
k k+1

k=0

[m]

gz[gm] (q)-- "Iktm— 2(q)

—[n+ ]qgo g)-- g,[n]z(Q)ﬂL[n]qqg([)m](q)-'-gﬁz(q)

—Z(Zﬂ) @) g a(a) — (10 + 1] — alnlg)gl ™ @) glrla(a)
=0

Since [n + 1] —¢[n] = 1 and all the initial conditions are equal to 1, we have
identity (12). O

Remark 4. For m = 2, we recover identities (4) and (5) once again. For m = 3,
we have the identities

" /n " /n +1

> < k) OV SHOEDY ( b 1) (@it (a), (14)
k=0 q k=0 q

- B3 N~ (P o
SQen-g(ee. w

and, for m = 4, we have the identities

n n
4 4 4 n+1\ 4 4
> (3) ' @adh@atly0 =3 (311 el @a@. 0
k=0 q k=0 q
S 4 4] [ —~ (n+1 4 [
> ()oklaihotts =2 (31 )bl st a7
k=0 k=0

3. Other Identities

Theorems 1 and 3 give a natural generalization of the original shifting property
for the Fibonacci and ¢-Fibonacci numbers, given by identities (4) and (5). The
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following Theorems 5 and 7 give a different, but equally natural, generalization of
this property. For the generalized Fibonacci and g-Fibonacci numbers of the first
kind, we have the next theorem.

Theorem 5. For every m,n € N, m > 2, we have the g-binomial identity

> (Z)q(—l)k @) A @B )

o . (18)
n m m
Z(kﬂ) A @A @) ()
=0

where

B (9) = (@) + R @)+ T ).
In particular, for q =1, we have the binomial identity

-~ (n ] ( m] ] ]
Z(/f)(_ ) f fknJ:m 2(fkn+lm72+fkn+ﬁbm 3 +fm>
h=0 (19)

_Z(k+1) fk ]fk+1 fl£+]mfl
Proof. From recurrence (1), by replacing n by k, we have

@+ U (@) 4+ PR @) = BT 0 - R @)

from which we obtain

) @G @)+ g @)+ d T ()
— @) @ (@) = T @) A ()

Then, we have

n—1
-1

- (1) ol o
k=0 q

n—1 n
- Z (k—|—1> (_1)k+1qk+1f][cm]( ) fk+m 1( )
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Replacing k£ by k —1 in the first two sums, we obtain

> ( ) ") A @ () + o+ A (0)
k=1 q

-y (k)q<1>k gy (@)

k=1
+Z (kH) @)L @A)

and then, by recurrence (3), we have

Z() " q) e @ (@) + -+ A (@)
— 1@ @ ) + -+ af ™ @)
k l +qk+1 ”1) DM@ F (@)
. +1] “%) £ @) + lgaf @ 157 @) - 1 ()
(Zﬁ) ) 1, @)
— ([ + 1)y — alnl) 5™ (@) -+ fir (a)
Since [n+ 1] — ¢[n] = 1, we have the identity

S @) L@ )+ af @) = (g —alnl) £ @) - 1 (@)

if and only if

M:

M:

k=0

fai(a) = Fula(a) + a2 fil(a) + o+ afg™ ).
and this equation is true by recurrence (1), with n = —1. Hence, we have identity
(18). O
Remark 6. For m = 2, we have the identities

n

S (0@t =3 (1)) V@R, e

k=0

kX::) (k:) 2": (Z I 1) ) frfrtr - (21)

k=0
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For m = 3, we have the identities

Z() @@ (@ + ¢ 1)
k=0
*Z (Zﬂ) M@ @@,

1
(Z)( DS L+ ) =30 (0T ) A e

k=0

(22)

>

k=0

For m = 4, we have the identities

" (24)
=Z(Zﬁ)< ¥ F90) 7%, @) A, @S0

k
L) ORI G + £+ 1)

~ (n+1 (] 4] o] 4
Z(k:—i—l)( )f fk+1fk+2fk+3'

=0

(25)

Finally, for the generalized Fibonacci and ¢-Fibonacci numbers of the second
kind, we have the following theorem.

Theorem 7. For every m,n € N, m > 2, we have the g-binomial identity

5 (1) o 0o sl
—o \"/q (26)

Z (,M) DR @ @) ol (o).

In particular, for q =1, we have the binomial identity

- n m| |m m m 2

Z <k>( 1)kg’[€ ]gl[c+]1 gl[c+]m 3(gl[€+]m 2)

w0 (27)
- Z (k + 1) D 0 oo

Proof. From recurrence (2), we have

[m] [m]

g @ =g (@) — gl ().
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Hence, we have

ah@-gt @ =dM @ (@ ()
— g™ @a @) gl (),
and then
M( n > ] ]
k+1 m 2
Z A CORRRY S (1)
2 \k+1),

n—1
n m m m
= Z (k + 1) ( 1)k+1g[+]1(q) gl[e+]m 1(q)gl[€+]m(q)
k=0 q

n—1
n m m m
_Z<k+1>( 1) gE+L g (ggbml () gl (o).
k=0
Replacing & by k—1 in the first two sums, we obtain
" /n
> () 0t @ ol ola?
q
-3 (; ) Vol @) 9 (@)

Yeghtt [m] [m]
+Z<k+1) P @) (@),

> () 0t @ ol o0 (0

= i <Z>q +a (k Z 1)q

— [+ g™ (@) - 9l 1 (@) + [nlgagd™ (@) - 7 (0)

=Z<Zﬂ) (—D*{" (@)~ g1 (@)
(

—([n+1g — alnl)gd™ (@) g 1 (a) -

Finally, since [n+ 1] — ¢[n] = 1 and the initial conditions are all equal to 1, we
have identity (26). O

Remark 8. For m = 2, we recover identities (20) and (21). For m = 3, we have
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the identities

(Z)q< DROUSHOEDS

k=0
3/ [3] 12 n+1 3] [3] [3
S (1) ntab 6t = 3 (3 1 ) ol 2

(]

(ZI i)j D o @ahy (@ala(a), (28)

OM:

> (1) 0t add @k

o (30)
k [4] [4] [4] (4]
kzzo <k+1> g ( >9k+1( )9k+2(Q)9k+3<Q)a
" (n 4 4 "L n+1 4 4
() rattatloor = (3 1)) e0taoltiotlaolty o)

k=0 k=0

4. Final Remarks

Identities (4) and (5) can be extended to many other sequences similar to the
Fibonacci sequence. In this final section, we consider the following polynomial
sequences. The Fibonacci polynomials F,(x) defined by the recurrence Fj, o(z) =
xFp41(x) + Fo(z) with the initial values Fy(z) =1 and Fj(x) = . The Pell
polynomials P, (x), [6], defined by the recurrence P, i2(z) = 22Pq1(x) + Py (z)
with the initial values Pyp(x) = 1 and Pi(z) = 2x. The Jacobsthal polynomials
Jn(x), [7], defined by the recurrence Jpia(x) = Jpp1(x) + 22J,(z) with the
initial values Jo(z) = Ji(x) = 1. The Chebyshev polynomials of the second kind
U.(z), [1, 15], defined by the recurrence U, s(x) = 22U, 11(x) — U,(x) with the
initial values Up(x) =1 and Uj(x) = 2x. The Fermat polynomials (), [5],
defined by the recurrence ¢p12(z) = z@ni1(x) — 20, (x) with the initial values
wo(z) =1 and ¢i(x) = x. The Morgan-Voyce polynomials By(z), [9], defined
by the recurrence Bjia(x) = (v + 2)Bpi1(z) — By(x) with the initial values
By(z) =1 and Bi(z) = x+2. The g-Fibonacci polynomials ®,(q; ), [3], defined
by the recurrence

®pio(q;7) = Ppy1(g;2) + ¢" 2 @, (g5 2) (32)

with the initial values ®¢(g;z) = ®1(q; ) = 1. All these polynomials are particular
instances of the g-Fibonacci polynomials F,(g;x,y), [11], defined by the recurrence

Fpio(gi2,y) = aFp (g2, y) + "y Fu(g 2, y) (33)
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with the initial values Fy(g;z,y) =1 and Fi(g;2,y) = = . In particular, we have
F,(L;z,1) = F,(z), F,(1;22,1) = P,(z) = F,(2z), F,(1;1,22) = ®,(¢;2z) =
In(z), Fn(l;22,-1) =U,(z), Fo.(l;z,—-2) = op(z), Fu(l;2+2,—1) = B,(z)
and F,(q;1,2) = ®,(¢;x) . We also have F,(q;z,y) = 2"®,(q;y/2?).

Theorem 9. We have the q-binomial identity

n

n e - n+1 n—
> (k) Yy e (g r,y) =D <k+1> Ty E(gimy) . (34)
q k=0 q

k=0

Proof. From recurrence (33), with n replaced by k, we have the identity

n k+1
< ) o T Frya(q;7,y)

'M'

— k+1
- 2k+2 n—l n s
= Z( ) e et + 2 (1) e o ),
k=0 k=0 q y
that is,
n k
ny\x
Z (k) — Frv1(g;2,y)
=1 \"/q¥
n k+1 -l . et
Z( ) Fi(gz,y) + ) (k+1) — " Fr(q;7,y)
k=1 k=0 q Y

that is,

E

" /n\ z
Z (k) — Frepi(gz,y) — Filg 2, y)
q

k=0 Yy

n
B n k+1( n )
= —|—q

=10+ (1),

By the initial values Fy(q;x,y) =1 and Fi(¢;z,y) = ¢ and by recurrence (3),
we obtain the identity

" /n\ zF " /n+1\ zFt!
E LR . - E A Ao
(k)q yk k+1(q,$7y) — <l€ + 1)q yk k(q,x7y)

k=0

karl
— (g2, y) — abo(g; 2, y) -

which is equivalent to identity (34). O

Remark 10. As particular instances of identity (34), we have the identities

E( ot FZ(JDFU (35)
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> (3) e pnt =3 (111 ) eorne). (36)
k=0 k=0

= (™ (207 (z) = = (Y ey ), 37
> (1) e at =3 (3 1) e (37)
" /n e = (n+1 ne

> (1) e i = 32 (4 ) en e, 69
(" (=2)" FaF oy (z) = (L (=2)"FaF o (2), (39)
> (1) HEED N (Y o

> (’,j)(—l)"-k(x + 24 Beya () =Y (ZI i)(—l)”-’%x +2) 1 By(w), (40)
k=0 k=0

-~ (m 2"k (g ) = ~(nt 2" (g x 41
kz_j(k) e (0:2) ];J(,qu e (41)

Theorem 11. We have the q-binomial identity

n n o . B n nil - | |
;} (k)q(l)k;p k(I)k(Qa$)2 — kX:(:) (k’ n 1>q(1)k;17 kcI);f(q,x)fI)kH(q@) . (42)

Proof. From the recurrence of the g-polynomials ®(q; ), we obtain the identity

Ppi1(q;2)% = @pgr (43 7) Prya (g3 ) — "2 @p (g5 ) Prya (g3 2)

and consequently the identity

n—1
n -1 k+1
Z <k+ 1) (ac’“;)“ Dpia(g;2)?
n—1
n (—1)k+1
= i Prr1(q2) Pry2(g; )
Z (k + 1>q hk+l
1

- Z( n ) (—1):+1 " Oy(g;2)Ppra (g5 )

T
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that is,

n n Y
Z (k) ( ;C) D1 (g; 55)2 - ‘bo(q;x)Q —
k=0 q
n n " o
= Z <k> + ¢t (k 4 1> ( ;c) Dy (q; 2)Prt1(q; ) — Polg; 2)P1(g; ) .
k=0 q q

By the initial values ®o(g;z) = ®1(g;x) =1 and by recurrence (3), we obtain the
identity

) w120 omomesen

which is equivalent to identity (42). O

Remark 12. As a special case of identity (42), we have

Zn:( ) )F(22)" Ty (2 Zn: (Zii) (=1)*(22)" % (@) 1 (z) . (43)

=0
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