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Abstract
We express the newforms in So(I'o(N)) with N = 30, 33, 34, 35, 38, 40, 42, 44,
45 and 56 as linear combinations of eta quotients and Eisenstein series and list
their corresponding strong Weil curves. Then we give generating functions for the
group orders of these strong Weil curves on Z,, where p is a prime. At the end,
we use arithmetic properties of our generating functions to deduce some beautiful
congruences for these group orders.

1. Introduction

Let N, Z, Q and C denote the sets of positive integers, integers, rational numbers and
complex numbers, respectively. Let N € N. Let I'o(/V) be the modular subgroup
defined by

FO(N):{< Z Z) la,b,c,d € Z, ad—bc=1, c=0 (modN)}.

We write M3(T'o(N)) to denote the space of modular forms of weight 2 for I'g(NV)
and S2(T'o(N)) to denote the subspace of cusp forms of My(T'o(N)).

The Dedekind eta function n(z) is the holomorphic function defined on the upper
half plane H = {z € C | Im(z) > 0} by the product formula

n(z) — 67rz'z/12 H(l _ 6271‘2'712).
n=1
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A product of the form

II »2).

1<8|N

where rs € Z, not all zero, is called an eta quotient. As in [6] we use the notation

q = q(z) = e?™=. We set [n]f(2) := a,, for f(z) = Z anq™.
neZ
Martin and Ono [8] listed all the newforms in S3(I'o(N)) that are eta quotients

and gave their corresponding strong Weil curves. There are such eta quotients only
for levels N = 11, 14, 15, 20, 24, 27, 32, 36, 48, 64, 80 and 144.
It is well-known that for modular forms we have

f(2) = ej(2) + 0y (2) + ns(2)

where ef(z), oy(z) and ny(z) denote the Eisenstein part, oldform part and newform
part of the modular form f(z), respectively. Our approach to finding newforms in
M5 (To(N)) is taking an eta quotient from the space and extracting the Eisenstein
part and oldform part. If the dimension of the newform space is greater than 1
then the resulting newform part might be a linear combination of newforms. Such
a case occurs when N = 38 and 56, where we successfully manage to find the right
eta quotients to isolate two different newforms in each level.

In this paper we use the method described above to express the newforms in
Sa(To(V)) with N = 30, 33, 34 35, 38, 40, 42, 44, 45 and 56 as linear combinations
of eta quotients and Eisenstein series, and give their corresponding strong Weil
curves. Let E(Z,) denote the group of algebraic points of an elliptic curve E
over Z,, where p is a prime. We give generating functions for the group orders
|E(Z,)| of certain strong Weil curves in terms of eta quotients and Eisenstein series
(see Theorem 4). We then use our generating functions to deduce some beautiful
congruences for these group orders (see Corollary 1).

2. Preliminary Results

Appealing to [9, Theorem 1.64, p. 18] and [6, Corollary 2.3, p. 37] (see also [1, 5, 7]),

one can show that

n(2)n(32)n*(102)n° (302)
1(22)n(52)n(62)n(15z)
1°(32)1%(332), n(2)n(32)n(112)7(332) € Ma(T'o(33)),

(
1 (52)n*(T2) 1(2)n°(352)
n(z)n(352) © n(52)n(72)

€ M(T'o(30)), (1)

1°(32)n°(332)
n(z)n(11z)

€ M, (F0(35)),
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n*(22)7*(382) 9*(22)n°(192) *(2)n*(382) n*(2)n*(192)
?(2)n?(192) © n(2)n(382) 7 n(22)n(19z) " n*(22)n?(382)
n*(2)n° (52)n* (82)n*(402)
1(22)1(42)1(102)7(202)

n*(22)0° (32)n° (142)n*(212) n*(2)n (62)n* (T2)n*(422)
n(2)n(62)n(72)n(422) 7 n(22)n(32)n(142)n(212)

0’ (42)n°(11z2) 1% (2)n° (442)

n(z)n(44z) 7 n(4z)n(11z)

n(32)n* (52)n*(92)n(152) n*(2)n(32)n(152)n*(452)

S MQ(F0(38)),

8z
M5 (To(4
0 € M3(T0(40)),

S MQ(F0(42>)7

€ My(T'o(44)),

€ My(To(45)),

n(2)n(452) ’ n(52)n(92)
n(42)n*(142)n(282) _ n"°(42)n'(562)  1°(42)n(82)n*(142)n(562)
1(22) "t (22)n* (82)1%(282) 1%(22)n(282) ’
1(22)n*(42)n°(282)
1(82)P(142)7(562) € My(I'o(56)),

n*(4z)n*(68z2) n'0(22)n'(34z2)
n?(22)n2(342)" n*(2)n* (42)n* (172)n*(682)

The Eisenstein series L(z) is defined as

€ My(To(68)).

n>0

where o(n) = Z m is the sum of divisors function. By [11, Theorem 5.8] we
o<m|n
have

Li(z) := L(z) — tL(tz) € Ma(Tg(N)) forall 1 <t¢|N. (2)

Below we state the Sturm theorem specialized for Ms(I'o(NV)). The following theo-
rem can be used to show the equality of given modular forms.

Theorem 1. [5, Theorem 3.13] Let f(z), g(z) € Ma(To(N)) have the Fourier series
exrpansions

Z anq" and g Z bnq".

The Sturm bound S(N) for the modular space Ma(To(N)) is given by

S(N) = % T +1/p), 3)

p|N

and s0 if an = by, for all n < S(2k) then f(z) = g(z).
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Using (3) we compute

5(30) = 12, S(33) =8, S(35) =8, S(34) =9, S(38) =10, (4)
5(40) = 12, S(42) = 16, S(44) = 12, S(45) = 12, S(56) = 16.

3. Newforms in S3(T'o(INV)) for N = 30, 33, 34, 35, 38, 40, 42, 44, 45, 56
as Linear Combinations of Eta Quotients and Eisenstein Series

Theorem 2. Let N € {30,33,34,35,38,40,42,44,45,56}. In Table 1 below we
express all the newforms Fn(z) in S2(To(N)) as linear combinations of eta quotients
and Fisenstein series.

Level Newform  Eta quotients and Eisenstein series

_ n(z)n(3z)n*(102)n°(302)
30 Fyo(2) = 6 n(22)n(52)n(62)n(152)
1

+gL5(Z) — 2L6(2) — %Llo(z) — éng,(Z) + §L30(Z)

+2Ls(2) 4+ L3(z2)

3(32)n3(332)

33 Fy(e) = 710nn(z)n(1lz) — 612(32)1%(332)

—2(n(32)n(1120(332) + 5 Lalz) + Lua(2) — gLas(:)

1 (42)n"(682)
n?(22)n*(342)

n'%(22)n'"(342)
n*(2)n*(42)n*(172)n*(682)
1

7%L2(z) + %L”(z) - §L34(2)

3
34 F34(Z) = 6 g

LGP (72) P (2)n*(352)
B @)= Sy T aGante)

4 ) 73
+5L5(2) — ?L7<Z) — %L35(Z')

38 Fysa(e) = 307 (2)n%(382) 187 (22)n*(382)  31%(22)n°(192)
WAV Tan(192) T p?@nr(192) T n(z)n(382)
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Level Newform

Eta quotients and Eisenstein series

9 n'(2)n*(192) 1

¥ Tmre =it CORS CHORE D

7 7

38 F3sp(z) =

n°(2)n°(382)
1(22)n(192)

1’ (22)1n°(192)
1(2)n(382)

40 F40(Z)

+ ng(z) + gh(z) + Ls(2)

42 F42(Z)

_ (E)n(62)n* (142)n*(212)
n(22)n(3z2)
1

+L(2) ~ Ls(2) + Lo(z) + 2La(2) — 3 La(2)

1 1
+?L21(Z) - ?L42(Z)

44 F44(Z)

()’ (44z)
n(4z)n(11z)

n°(4z)n°(112)
n(z)n(44z)

+2114 (Z) - 2L44<Z)

45 F45(Z)

n(32)n*(52)n°(92)n(152)

2 n(52)

2 14
— =L — —L
3 5 15(2) 15 45(3)

56 F56A(Z) =

n'(4z)n*(562)

477(4Z)773(142)n(282)_
n*(22)n*(82)n?(28z)

n(2z)
1

— §L4(2’)

3 3 9 3
+§L2(Z) + ?L7(Z) — ﬂLM(Z) + ﬂLQS(Z)

56 F5GB(Z) =

n° (42)n(82)n° (142)n(562)

T PR
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Level Newform  Eta quotients and Eisenstein series

+gL2(2) - %L4(2) — L7(2) + gLM(Z) - %L%(Z)

Table 1: Newforms in S2(To(NV)) for N = 30, 33, 34, 35, 38, 40, 42, 44,
45, 56

Proof. In [3, Table 3] each newform in So(I'g(N)) for N < 1000 has been given by
listing its Fourier coefficients for primes up to 100. Using the results from [3, p.
25] together with [3, Table 3] we determine the first S(NN) + 1 terms of the Fourier
series expansions of all the newforms in S(T'o(V)) for N = 30, 33, 34 35, 38, 40,
42, 44, 45, 56. We give them in Table 2 below.

N First S(N) + 1 terms of the newforms in S3(T'o(N))

30 ¢—P+EP+ - - 4" - P+ + ¢+ ¢+ 0(¢"),

3B g+ - —q*—2¢° - +44" - 3¢° + 0(¢"),

34 g+ =2 +q¢" —2¢° — 44" + ¢® + O(¢°)

3B q+¢*—2¢" -+ +0(¢),

3BA -+ +q - = — ¥ —2¢° +0(¢"),

38B q+¢* - +q* —4¢° — ¢ +3¢" + ¢® — 2¢° — 4¢'° + O(¢"),

40 q+¢° —4q9" = 3¢° + 44" + 0(¢"?),

42 q_|_q2_q3_|_q4_2q5_q6_q7+q8+q9_2q10_4q11_q12
+6q13 _ q14 + 2q15 + q16 + O(ql7)7

44 q+¢* —3¢° +2¢" —2¢° — " + 0(¢"?),

45 g+ ¢ —q¢" —¢° —3¢% — ¢"" + 44" + O(¢"),

564  q+2¢° —q" —3¢° —4q*t +2¢13 + O(q¢'7),

568 q+2¢° —4q" +¢° + ¢* — 8¢"* —2¢"° + O(¢"").

Table 2: First S(N) + 1 terms of the Fourier series expansions of
the newforms in S2(I'o(NV))

Let us consider the function F3¢(z) from Table 1. By (1) and (2), we have
F50(z) € M2(T'(30)). Using MAPLE we determine the first 13 terms of the Fourier
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series expansion of Fio(z) as
Fyo(z)=q-*+ ¢ +¢" — "~ ¢° = 44" = ¢* +¢" +¢"" + ¢"* + O(¢"),

which are the same as the first 13 terms of the newform in S3(I'¢(30)) in Table 2.
Thus, by Theorem 1, F3o(z) must be equal to the newform in S3(I'5(30)) in Table
2. The remaining cases can be proven similarly. Note that there are two different
newforms in S3(I'9(38)) and S2(I'0(56)), we follow the notation in [3, Table 3] and
label them as A and B in our tables. O

4. Main Results

We first note that if F is an elliptic curve over Q with conductor N, then by
modularity theorem there exists a newform f € S2(I'o(NV)) such that

[Plfe(2) =p+1—|E(Z,)| for pt N,
see [5, p. 120], [4, Theorem 8.8.1]. We deduce Theorem 3 from [3, Table 1].

Theorem 3. Table 3 below is a list of elliptic curves, more specifically strong Weil
curves, corresponding to the newforms given in Table 1.

Newform Strong Weil curve a; a2 a3 as  ag
Fio(2) Esoa 1 0 1 12
F33(2) L334 1 1 0 -11 0
F34(2) E34a 1 0o 0 -3 1
Fs5(2) Es54 0 1 1 9 1

Fs54(2) FE3ga 1 0 1 9 90
Fssp(2) Essp 1 1 1 0 1
Fyo(2) Ei0a o 0 0 -7 -6
Fio(z) FEyon 1 1 1 —4 5
F(2) Eya 0 1 0 3 -1
Fy5(2) FEysa 1 -1 0 0 -5
Fs6a(z) Esca 0 0 O 1 2
Fssp(2) FEssp 0o -1 0 0 —4

Table 3: y? + a1zy + azy = 2> + asx? + asx + ag
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We are now ready to present our main results in Theorem 4 below. We use
Theorems 2 and 3 to give generating functions for the group orders |En(Z,)| of
elliptic curves in Table 3. Among many other possibilities, we have chosen the
linear combinations of eta quotients and Eisenstein series in Table 1 in a way that
we can deduce the congruences for these group orders in Corollary 1.

Theorem 4. Consider the elliptic curves listed in Table 3. We have

(2)n(32)n3(102)1°(30z)
n(22)n(52)n(62)n(152)
3 3
% + n(z)n(Sz)n(llz)n(SSz)) for all p {33,
n*(42)n*(68z) | 1 n'0(22)n'%(34z)
n%(22)n%(34z) 8 nt(2)nt(42)n*(172)n*(682)
(52 (7z)  nP(An’B52)\
s anits) o alp 135,

P (2)n3(382)  n'(22)n"*(382)  n*(22)n(192)

6 3
| EsaZp)] = ?(”“)‘?M(naz)n(lgz) TSR0z T n(an(Es2)

3 n*(z)n*(192)
1 7n2(2z)n2(382) ) for all p £ 38,

) for all p 138,

|E304(Zp)| = —6[p] (77 ) for all p 130,

B354 (Z0)] = 20p) (5

Bsaa(p)| = 221 g2

) for all p £ 34,

|E354(Zp)| = 3(p + 1) — [p] (

72 (22)n%(192) | n*(2)n3(382)

n(2)n(38z) n(22)n(19z)

n%(2)n?(52)n*(8z)n? (40z)

7(22)n(12)(102)7(202) > for all p 140,

n(22)n(32)n*(T2)n*(42z) | n(z)n(6z)n*(142)n*(21z)
n(z)n(62) n(22)n(3z)

(4 (1z)  n()n’(442)\
A g o atp i,

|Ess5(Zp)| = (p+ 1) — [p] (

|Es0a(Zy)| = 4[] (

|EBaza(Zp)| = 8[p] ( ) for all pt42.

|E1aa(Zp)| = 3(p + 1) — 3[p] (

_ 3 n@B2)n*(52)n*(92)n(152) _ n?(2)n(B2)n(152)n>(452) \ .
a5 (2)| = 2(p + 1)—2p] (1T CIT O PO for ait 15,
_ n(42)n° (142)n(282) ' (4z)n*(562)
[Es0a(2)| = 2] (22T e s ) for all 456
73 (42)n(82)n* (142)n(562)  n(22)n*(42)n°(282)

|Es65(Zp)| = 2[p] (2 ) for all p 1 56.

n?(22)n(28z) n(82)n3(142)n(562)
Proof. We just prove the equalities for |Es04(Z,)| and |E454(Z,)| as the remaining
ones can be proven similarly. By Theorems 2, 3 and modularity theorem, for all
p 130, we have

|FE30a(Zp)| =p+1— [p]F30a(2)
_ B n(2)n(32)n* (102)7° (302)
=+ 1= (0% o G 15)

4 2La(2) + La(2) + éL5(z) —2Lg(z) — %Lm(z) - %Lls(z) + §L30(2))

n(Z)n(SZ)n3(10Z)173(302)) o)
n(22)n(52)n(62)n(152)

=p+1-6[p](
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_ o (M(2)n(32)n° (102)7° (302)
= =60 (G )

which completes the proof of the first equality.
Again by Theorems 2, 3 and modularity theorem, for all p 1 45, we have

|Easa(Zp)| = p+1 = [p]Fis(2)
. (Zn(SZ)n2(5Z)772(9Z)n(15z) o (2)n(B32)n(152)n* (452)

n(2)n(45z2) n(5z)n(92)
b Ls(z) — %Lg(z) - %Lm(z) _ %L%(z))
_ 3 n(32)1*(52)n*(92)n(152) _ n*(2)n(32)n(152)n*(452)\ |
=p =2l (T WG ) Fo®
_ 3 nB2)n* (52)n*(92)n(15z)  n*(2)n(3z)n(152)n* (452)
=20+ 1) = 2 (TS dGAGs )
which completes the proof of the last equality. O

The following congruences follow immediately from Theorem 4.

Corollary 1. We have

|E304(Z,)] =0 (mod 6) for all p 130,
|E334(Zy)| =0 (mod 2) for all p133,
|E344(Z,)| =0 (mod 3) for all pt 34,
|FE3sa(Zy)| =0 (mod 3) for all pt38,
|E104(Zy)| =0 (mod 4) for all p 140,
|Es24(Zy)| =0 (mod 8) for all pt42,
|Es4a(Zy)| =0 (mod 3) for all pt44,
|Ea54(Zy)| =0 (mod 2) for all pt45,
|Es64(Zyp)| =0 (mod 2) for all p 156,
|Es6p(Zy)| =0 (mod 2) for all p { 56.

5. Alternative Representations for Newforms in Sz (I'¢(IV)) for N = 11,
14, 15, 20, 24, 33, 40, 42 and Further Congruences

We use a computer algorithm to go through all possible linear combinations of
eta quotients and Eisenstein series which correspond to newforms in Sz(T'g(V))
with N = 30, 33, 34,35, 38, 40, 42, 44, 45 and 56. In Table 1 we give the linear
combinations which are suitable for deducing the congruences for the group orders
in Corollary 1. In Table 4 below we give alternative representations for the newforms
Fy(z) in S3(To(N)) for N = 33,40, 42, which have fewer number of functions in



INTEGERS: 18 (2018) 10

the linear combinations. We note that the representation for Fi5(g) is the same as
that of the one in [10].

Level Newform Eta quotients and Eisenstein series

33 Fi(q) = 3n°(32)n°(332) + 3n(2)n(32)n(112)n(33z) + n*(2)n*(112)

S 5 2 n(22)n*(82)n°(202)
12 Pl = n*(22)n*(32)n* (142)n*(212)  n?(2)n*(62)n*(T2)n*(422)
2 n(2)n(62)n(72)n(422) n(22)n(32)n(142)n(21z)

Table 4: Alternative Representations for Newforms in Ma(To(N)),
where N = 33,40, 42.

In [8], Martin and Ono represented all the newforms in S3(I'o(V)) for N = 11,
14, 15, 20, 24, 27, 32, 36, 48, 64, 80, 144 in terms of single eta quotients. In Table
5 below we give alternative representations for the newforms Fy(z) € S2(T(N))
for N = 11, 14, 15, 20, 24 by using arguments from this paper. We then deduce
congruence relations similar to Corollary 1 for the group orders of the corresponding
strong Weil curves with conductors 11, 14, 15, 20 and 24.

Level Newform Eta quotients and Eisenstein series

o 774(22)774(222) 2 2 1 1
11 Fi1(2) = —5W —4An*(22)n°(222) + §L2(z) + Ly (2) — §L22(z)
1 Pz = ST 18, B s L)

5 n3(22)n3(Tz) B 5

PEDP5) L) 4 Lae) - Sas(a)

1B P = G T3

20 F20<Z) = _67720 [07 _27 47 07 _2’ 4]<Z)

+%L2(Z) — %L4(Z) — L5(Z) + %Llo(z) — %Lgo(z)
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Level Newform  Eta quotients and Eisenstein series
24 Fou(z) =  —2m4[4,-2,0,0,0,0,—2,4](2) + 3 La(z) + L3(2)

+3L4(2) — 3L

6(2) — Ls(2) — 3 L12(2) + Laa(2)

Table 5: Alternative Representations for Newforms in Mz (T'g(V)),

where N =11, 14,

15,20, 24.

Corresponding strong Weil curves with conductors 11, 14, 15, 20 and 24 are

Ei1a

Eiga:
Eis4:
Eoa :

Eoyq -

cy? +y=a® — 2% — 10z — 20,
v +ay+y=a>+ 4z —6,
v 4oy +y =2+ 22— 10z — 10,
P =2+ 2?4+ 4o+ 4,

y? = a3 — 2% —4dx + 4,

respectively, see [3, Table 1] and [8]. Similar to Theorem 4, we obtain

IEhudZw|—5@]<23%2g?ﬁ%?) for all p 111,
BrsalZ >|=——[p]( BMCE) foral 14,
|E15A<zp)|:4[p]< gzizéfz) for all p1 15,
|£bquﬁ|=tmﬂ< Z;iggi) for all p {20,
|Eaua(Z,)] = 20p) (%) for all p 1 24.

Thus, similar to Corollary 1, we deduce the congruence relations

|F114(Zy)| =0 (mod 5) for all p 11,
|F144(Zy)| =0 (mod 6) for all p {14,
|F154(Z,) =0 (mod 4) for all p {15,
|E204(Zy)| = 0(mod 6) for all pt 20,
|E244(Zy)| = 0(mod 2) for all pt24.
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