#A5 INTEGERS 18A (2018)

EXPLICIT EXAMPLES OF p-ADIC NUMBERS WITH
PRESCRIBED TRRATIONALITY EXPONENT

Yann Bugeaud
IRMA, UMR 7501, Université de Strasbourg et CNRS, Strasbourg, France
bugeaud@math.unistra.fr

Tomislav Pejkovié
Department of Mathematics, Faculty of Science, University of Zagreb, Zagreb,
Croatia
pejkovic@math.hr

Received: 4/6/17, Revised: 11/16/17, Accepted: 1/23/18, Published: 3/16/18

Abstract
Let p be a prime number and p > 2 a real number. We establish that the irrational-
ity exponent of the p-adic number :;03 pl#') is equal to p. This provides us with
explicit examples of p-adic numbers with any prescribed irrationality exponent.

— To Jeff Shallit on his sixtieth birthday

1. Introduction

The irrationality exponent u(£) of an irrational real number £ is the supremum of

the real numbers p such that
¢ a < 1
b bH
has infinitely many solutions in rational numbers a/b. It follows from the theory of
continued fractions that u(&) is at least 2. Furthermore, for any given real number

W = 2, it is easy to construct explicitly continued fraction expansions of real numbers

&, with irrationality exponent p. However, if one requires additional properties, like
for example £, being in the middle third Cantor set, this is less straightforward.
This question was solved recently in [5], also by means of the theory of continued
fractions.

The main goal of this paper is to consider the analogous problem for p-adic
numbers (here, and throughout the paper, p denotes a prime number), that is, to
construct explicit examples of p-adic numbers with prescribed irrationality exponent
and only digits 0 and 1 in their Hensel expansion.
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A natural idea is to translate the argument of [5] to the p-adic setting. Unfor-
tunately, this does not seem to work, since there is no full analogue of the theory
of continued fractions in p-adic fields. Admittedly, it is possible to express a p-adic
number £ as a continued fraction, but, unlike in the real case, one cannot read
off from this expansion all the best rational approximations to £. Recall that to
determine the exact value of the irrationality exponent of £ requires, on the one
hand, to bound it from below, that is, to find an infinite sequence of very good
rational approximations to £ (this is often an easy step) and, on the other hand, to
establish that only finitely many very good rational approximations to ¢ are outside
this sequence (this is usually much more delicate). In most of the cases in the real
setting, this delicate step requires a precise description of the continued fraction
expansion of €.

For a reduced rational number a/b, let H(a/b) = max{|al, |b|} denote its height.
The irrationality exponent p(§) of an irrational p-adic number ¢ is the supremum
of the real numbers g such that

k—§L<war”

has infinitely many solutions in rational numbers a/b.

If a reduced rational number a/b is such that |{ —a/b|, is smaller than |{|,, then
the ultrametric inequality implies |a/b|, = |{|, and thus quantities like max{|alp, |b|,}
and min{|al,, |b|,} would be constant which renders them useless for our work. This
is why H(a/b) as defined above is used as a measure of size for a rational approxi-
mation a/b to &, also in the p-adic setting.

As in the real setting, we have p(§) > 2; see for example Section 9.3 of [4]. Our
main result is the following theorem.

Theorem 1. Let p be a prime number. Let ¢ := (¢;);>0 be a sequence of positive
integers such that c;y1 = 2¢; for v large enough. Then the irrationality exponent of

the p-adic number
+oo
e 1= Zpﬁ
i=0

s equal to
. Ci+1
¢ := limsup Ay
1—400 C;

In particular, for any real number p > 2, we have

u(fpm) = p.
i=0

Theorem 1 is the p-adic analogue of a result stated in the Introduction of [6].
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It follows from Theorems 1B and 6 of [1], whose proofs rest on a p-adic version
of Schmidt Subspace Theorem, that all the p-adic numbers &. defined in Theorem
1 are transcendental, since their Hensel expansions have small block complexity.

For every real number p > 2, the Hausdorff dimension of the set of p-adic numbers
with irrationality exponent p is equal to 2/p; see Theorem 6.19 of [2]. This implies
the existence of p-adic numbers with any prescribed irrationality exponent. As far
as we are aware, explicit examples of p-adic numbers with irrationality exponent
equal to ;1 were not known for 1 < (34+/5)/2 (for larger values of i, we can use the
argument described in [8] in the real setting). Of course, it is clear that 37 plu']
is a good candidate for having irrationality exponent u, but this was proved only
for 4 > (34 +/5)/2.

Our strategy is the following. We work in the field of power series and consider
the continued fraction expansion of ZLOS X% and its convergents. Replacing X
by p~!
&c. We are then in a position to apply Lemma 2 below to complete the proof of

we deduce good and very good rational approximations to the p-adic number

Theorem 1.

Note that we do not employ as technical terms the attributes “very good” and
“good” for approximations. They are used for sequences of rational approximations
which give either the best possible lower bound on the irrationality exponent or a
lower bound greater than two. We believe that this usage helps with the intuitive
understanding of the exposition.

In the following section, we establish an auxiliary lemma that will be useful for
bounding from above the irrationality exponent of a (p-adic) number. In the last
section we introduce continued fractions in the field of rational power series and
use them to prove Theorem 1. We keep the notation of Theorem 1 throughout this

paper.

2. Bounding the Irrationality Exponent From Above

Using the infinite family of rational approximations

to &, we easily get that u(€c) > ¢. Let us give a detailed proof.
Since limsup,_, | o, ¢i+1/¢; = ¢ and lim;_, o ¢; = 400, we have

. Ci+1
lim sup o
i—too Cit+ 1
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Let € > 0 and choose a subsequence (c;,);j>o0 such that ig > 1,

c’i]'+1

Ci; +1

Ciy = 2¢iy—1, and >c—e, forj>=0.

Then we have
ij vj
H(Yop) =D p <p™, forj>o0.
=0 =0

Therefore,

5 1J+1 15

fe— Y p*| =p T <H(§:p”) T <H<ZPC‘Z)

=0 P £=0 =0

—c+e

It follows that u(€.) > ¢ — € and since € > 0 was arbitrary, we conclude that
,LL(&C) = c.

This proves Theorem 1 when c is infinite. From now on, we assume that c is
finite. Establishing that u(&.) < ¢ is more delicate.

The basic idea is the existence of many very good rational approximations to &,
which impedes the existence of even better rational approximations. As auxiliary
tools, we need the following two elementary lemmas, whose proofs rest on triangle
inequalities.

Lemma 1. Let § be in Q,. Let ¥,7 € (1,400) be real numbers and P, Q, m, n
integers such that @ and n are nonzero, m/n and P/Q are reduced and distinct. If

€ = P/Ql, <H(P/Q)™ and |§ —m/n|, <H(m/n)™",

then
1

Him/n) <277 H(P/Q)™ or H(m/n) > 3 H(P/Q)"". 1)

Proof. Using the fact that |Pn—Qm/| < 2H(P/Q) H(m/n) and the non-Archimedean
nature of the p-adic absolute value, we get

1 <’Pn—Qm‘ :‘57@
2H(P/Q)H(m/n) ~ Qn p Q nlp

<max{|£ — P/Qlp, |6 — m/n|p}
< maX{H(P/Q)iﬁaH(m/an}a
thus
1/2 < max{H(P/Q)'~" H(m/n), H(P/Q) H(m/n)' "7}
If we have

H(P/Q)'~" H(m/n) <H(P/Q)H(m/n)'~", ie.,H(m/n) <H(P/Q)",
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then
H(m/n) < 277 H(P/Q)7.
If, on the other hand, we have
H(P/Q)' " H(m/n) > H(P/Q)H(m/n)'"", ie., H(m/n) > H(P/Q)"/",
then
H(P/Q)" .
Therefore, (1) always holds. O

DN | =

H(m/n) >

Lemma 2. For £ € Q,, let (9%)k>0 be a sequence of real numbers such that
liminfy_, 400 ¥ > 1 and let (Pi/Qr)r>0 be a sequence of distinct rational num-
bers such that

P
’ — 2B = H(Py/ Qi)
Qrlp
holds for k > 0. Let 7 be a real number with

. log H(Pry1/Qr+1)
7> 1+ limsu .
kHJrof (U — 1) log H(Py./Qy)

Then there exist only finitely many rational numbers m/n outside the sequence
(Pi/Qr)k>0 which satisfy

(2)

6= 2| < Hm/m). (3)

In particular, we have

. . log H(Pp+1/Qk+1)

we) < max{lzggig)ﬁk’ b lzlgigf (I — 1) log H(Px/Qk) }
Proof. Excluding, if necessary, at most finitely many elements from the sequence
(Pr/Qk)k>0, we can assume without loss of generality that for some ¢ > 0 and all
k > 0, we have ¥, > 1+ €. Suppose that (2) is fulfilled and that there are infinitely
many rational numbers m/n not in (Py/Qk)r>0 such that (3) holds. For such a
rational number m/n with H(m/n) large enough, let ky be the largest positive
integer such that

(4)

27T H(Py, /Qr,) ™ < H(m/n).
Then Lemma 1 implies that

1 _ 1 1
5 H(Piy / Q)"0 ™1 < H(m/n) < 277 H(Pry41/ Q1) 77

which gives
Tlog2 + log H(Pry4+1/Qry+1)

TS T~ D)log H(Py /Qu,)
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From our assumption and the fact that (H(Pky/Qk))k>0 is unbounded, the last
inequality would have to hold for infinitely many positive integers kqg. This is in
contradiction with (2). O

We stress that exact analogues of Lemmas 1 and 2 hold in the real setting.

Example 1. Let ¢ > 2 be a real number. Lemma 2 can be applied to & :=
S ple') and the p-adic numbers 3y, = Zfzopm, k > 2, to show that u(&.) < c

when
ohH
>141 —_— =14 —
¢ + ;1:2_?_1;5 (c—1)ck )

C

This implies that u(€.) = ¢ when ¢ — 3¢+ 1 > 0, that is, for ¢ > (3 +/5)/2 =
2.618...

However, besides (01)k>0, we can also take into consideration the following very
good rational approximations to &. defined for k£ > 2 by

k-1
Y ZplciJ erLckJ (1 erLcHlJ*LC’“J +p2(Lck+1J*LckJ) 4. )
i=0

k—1 L7J pLCkJ
=2 P

=0

It is not difficult to show that

1ok k-1

H(Br) = Bk =, H(v) <p )
e — Brlp = p~" = H(By) ™,

o k+l k (0.2 2
|§c—’7k\p><p 2c +c XH(’Yk) (2¢*—c)/(c c+1)’

H(Br) < H(vk) < H(Bg41) for k large enough.

Here, all the constants implicit in < can be made explicit and depend only on p
and c. If we now apply Lemma 2 with the union of the two sequences (8x)x>2 and
(Vi )k>2, we get after some calculation that pu(&.) < ¢ for ¢ > 2.325.

Nevertheless, in order to prove that u(¢.) = ¢ for all ¢ > 2, we require many
more good rational approximations to &.. To find them, looking for repetitions and
completing by periodicity is not sufficient. We need an additional idea.

3. Proof of Theorem 1

In order to construct very good rational approximations to our p-adic number, we
first need to work with continued fractions in the field of power series. The field
of rational power series Q((X 1)) is the completion of Q(X) with respect to the
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non-Archimedean absolute value || - || defined on Q(X) by || X|| = e. Instead of e,
we can fix any real number greater than 1. If € € Q((X 1)) and £ # 0, then we can
write é = Zﬁjﬁ) ar X%, where ko € Z, a;, € Q and ar, 7 0. More information on
this subject can be found in [11] and [7].

An element of Q(X) can be expressed as a finite continued fraction

[So, S1,.-.,Sn] :== So + —
S+ —
L L1
tg

where each partial quotient S; is a rational polynomial. This expression is unique

if we require that the degree deg S; is positive for ¢ > 0. Beside some basic facts

from the theory of continued fractions (see e.g. [4]), our main tool is the so-called

Folding Lemma; see [9, 12, 13, 10] and Chapter 6 of [3].

Throughout this paper, for a word W = a1, as, ..., ap, we denote by ‘w the word

QApy,Ap_1,-..,01 and by —% the word —Qp, —Ap_1y. .., —a1.

Lemma 3 (Folding Lemma). Let r,s,t be in Q[X]| with t non-constant. Write

r/s = |ag,ai,...,ap], where a; € Q[X] for 0 < i < h and denote by W the word
ai,...,an. Then, we have
—1)h
T EU Bt %) = a0, T — 1,1, -1,0, ).
s ts?

When using the Folding Lemma, we will usually immediately make the substitu-
tion [...,a,0,b,...] =[...,a+b,...], which can be easily checked.

The irrationality exponent of an irrational number does not change when mul-
tiplying it or adding to it any nonzero rational number. Thus if necessary, we can
omit finitely many terms in &, and multiply this number with p~!, so that ¢; ;1 > 2¢;
holds for all 4 > 0. This results in no loss of generality and will be assumed during
the proof of Theorem 1.

Starting from X% = [0, X — 1,1] and successively applying Lemma 3 first
with t = X 72 and then with t = X ~2° we obtain

X —¢o +X_Cl — X ¢ 4 (_1)2(X01—260)(2(:0)—1
=[0, X% —1,1, X120 _ 1 X¢]

and
X—Co +X_C1 +X—Cg —_ X—Co +X_C1 + (_1)4(XCQ—261X261)—1

=10, X% —1,1, X720 — 1 X% X721 ]
1, X% — 1, X720 _ 11, X% —1].
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Continuing this process indefinitely with ¢ = X+172¢ for k > 1, we arrive at the
continued fraction expansion

—+o0

éc = ZXiCi

i=0
= [G/OaalaaQu"'} (5)
=[0, X% — 1,1, X720 1 X% X 21 _ 11 X% 1,

X2 11, X% 1, X%722 11, X% -2..]cQ((X1)

We need to justify the convergence of the continued fraction expansion in (5) since
there are partial quotients of degree 0, namely those which are equal to 1. The
following facts are established by an easy induction and, therefore, we give only an
outline of their proofs.

Proposition 1. Let & € Q((X 1)) be the sum of the infinite series in (5). Then
the following statements hold.

(i) No two consecutive elements in the sequence (a;)i>o are equal to 1.
(ii) Fori >0, if a; # 1, then a; is a monic integer polynomial and dega; > 1.
(i) If i =3 or 8 (mod 12), then
a; = X720 — 1.
Ifi=3-21—10r9.-281 (mod 3251 for some k > 2, then
a; = X201 _ 1,
If i does not satisfy any of these congruences, then
a; € {1, X%, X% —1, X% —2}.

(iv) Set P,/Q., = |ag,a1,...,a,], where P,,Q, € Z|X] for n > 0. Then, for any
n =1,

either deg@Q,—1 < deg@,, or deg@Q,_1 = deg @, < deg Q,+1.
The polynomials P,, (forn > 1) and Q,, are monic, thus Q,(1/p) # 0.
(v)
n
deg P, = Zdegai forn =2,

i=2
deg Q,, = Zdegai form>1,
i=1

deg Q,, —deg P, = ¢y > 0.
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(vi)
k

Q3.0k_o - ;X_Cia Qs.95_9 = X%, fork>1. (6)

P3_2k_2

(vii) The sequence (Pn/Qn)ns0 converges to & in Q((X~1)).

Sketch of the proof. Statements (i) and (i7) are easy and (iii) requires only careful
attention to the indices when observing the repeated application of the Folding
Lemma.

The claim in (iv) follows from (i) and (i7) using the recurrence relation satisfied
by P, and @, namely

p0:07 Plzla Pn:anpn—l+Pn—Za

forn > 2 (7)
Qo=1, Q1=X°-1, Qn=0,0Qn1+Qn_2,

The same identities are used to prove (v), while (vi) follows immediately from
the Folding Lemma.
The well-known identity

PnJrlQn - PnQnJrl = (_1)717 n 2 07 (8)

follows inductively from (7). Applying (8) for n consecutive indices gives

Popr 1 1 gL
Qni1 Qo@1 QleJr =D QnQns1’

From (iv), we have ||Q;—1Q;|| < ||Q:Qi+1]|, so the infinite series

+oo
> (1)(QiQiy1) !

=0

converges in Q((X~!)) and the partial sums of this series are convergents of the
continued fraction in (5). But (vi) now shows that lim, 1. P,/Qn = & so that
(vii) is proved as well. Note that we have also proved (cf. (v)) that

P,
@n

= Qn @ || = ¢ 2T degesdegan (10)

§e —

O

We prove an auxiliary result on the growth of denominators of partial quotients.

Recall that
. Ci+1
c = limsup —.
i—+oo Ci
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Proposition 2. The polynomials Q,, defined in Proposition 1 satisfy

logn
li = 11
e, = (11)
. odegQpi . deg Qn+1
| f———— =1, 1 ——— =c—1. 12
It g, 1 e e, = 2

Proof. From (iv) in Proposition 1, we deduce that deg @Q,, > deg @, _2+1 for n > 2.
Tterating this gives deg @, > |n/2] for n > 1 and (11) holds.

The first equality in (12) is obvious if we take into account (v) from Proposition
1 and the fact that dega; € {0,1} for infinitely many i.

If n=3-2% — 2 for some k > 1, then

deg@Qni1 _ Ck+1—Ck _ Ch1 _ 1 (13)
deg Qn Ck Ck

For an integer n > 5 not of this form, let k£ be the positive integer such that
3-28 —1<n<3. 2" —2
Then, by (vi), (v) and (4i7) of Proposition 1, we get

deg @ = degQz.on_1 = Cpy1 —cx 2 ¢ and  degQni1 < deg @y + d,

where
d < max{c; —2¢;_1 : 0 < i<k}, (c_1:=0).
Hence,
deg Qny1 <1+i<1+0i/0171—2 <1+Ci/6141—2 < i g
deg @, Ck ck/Ci—1 2 2¢i—1
for some ¢ € {1,...,k}. Since ¢ > 2, we get ¢/2 < ¢ — 1 and the combination of
(13) and (14) implies the second equality in (12). O

The following proposition uses the symmetric structure of the continued fraction
expansion of {c (obtained by means of repeated applications of the Folding Lemma)
in order to express the convergents of this continued fraction expansion in terms of
certain convergents with smaller indices.

Proposition 3. Let n and k be positive integers such that
3.2 <n<3.2M 2
Setm=23-28—-2andl=3-2¥1—-3—n. Then,

Pn Xck+172ckpm(Ple 7Qm13l) 7])l

Gn - X200 (PnQi = QuP) = Q1 (15)
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Proof. Since 0 <1< 3+ 2k — 3, we can write for [ < 3-2F — 3,

Py (U/V)Pis1 + P

Qm  (U/V)Quy1 + Q)

where
U _ [w] w=a a
v 1] 1= Q142;- -, 0.
This gives
ﬂ _ QlP’H'L - IDlQm (16)
Vi —Quy1Pm+ PiaQm
Setting
o0, X2 i),
1
we deduce from the Folding Lemma that
StV 1 X2k UV + (=11
S VgL Vit CUT g
T, U, X Ch+1—2ck Ul X Ch+1—2¢k Ul
We also have
Pn _ (TI/SI)PHl‘i‘Pl (18)

Qn  (T/S)Qur1 + Qi
Note that the fractions that appear in (16) and (17) are reduced.

Now we substitute (16) into (17) and (17) in (18) and use the fact that P,41Q; —
PiQi41 = (—1)!. Simplifying the expression, we obtain (15). Again, the fractions
in (15) are reduced.

If Il =328 -3 = m—1, then S;/T; = [0, X+172¢%] and (18) gives (15)
directly. O

Now we make the formal substitution X +— 1/p and define the quantities

+oo

& = chi S QZM

=0
A = piE9 Py (1/p), By =p e Qu(1/p), n>0.

The next proposition summarizes properties of & and the sequences (A4,),>0 and
(Bn)n20~

Proposition 4. For the p-adic number & and the sequences (Ap)n>0 and (Bp)n>o0
defined above, the following hold:

(i) The numbers A, and By, are integers satisfying

pco | An7 pco+1 'f Any Bn =1 (IIlOd p)
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(ii) For every n > 0, the integers A, and B, are relatively prime. The sequence

(An/Bn)n>o converges in Q, to & and

An

3 =p deg(QnQn+1) — p—QZLl deg a;—deg an+1 (19)
n

p

gc_

(iii) The height of A, /By, satisfies

Proof.

(i)

(iii)

1
27n2pdean < H(An/Bn) < n2pdean, n>1.

(1) This follows directly from (iv) and (v) of Proposition 1.
From (8), we get for n > 0 that
Api1By — ApBpi1 = (_1)7Lpdeg Qn+tdeg Qn+1’ (20)

which implies that the sequence (A,,/By)n>0 is a Cauchy sequence and thus
converges in Q. From

o A32k2_zp7

B£’>2"C 2 i=k+1

we deduce that lim,,—, 4 An /B, = &. Now (19) follows from

Apgy _ ples@0)  ples(@@2) T (—1)TLM
Bn""l BOBl B1B2 Ban_;’_l ’

similarly as (10) was obtained from (9).

The identity (20) also shows that A,, and B,, are always relatively prime since
any common divisor would be a power of p and (¢) asserts that B, is never
divisible by p.

Note that (19) implies that no two elements of the sequence (A, /By, )n>0 are
identical, in view of (iv) of Proposition 1.

We have seen that A,, and B,, are always relatively prime. From the definition
of these numbers, it is clearly sufficient to prove that max{|P,(1/p)|, |Qn(1/p)|}
belongs to the interval [1/(2n2),n?].

We first show that |P,(1/p)| < n?. More precisely, we prove by induction on
k > 0 that for 3-2% —2 < n < 3.2 — 2 the inequality |P,(1/p)| < 2%
holds.

This can be easily checked for & = 0. Suppose the statement holds for all
k < K, where K > 1, and let n with

3.2 _2<n<3. 28t 2
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If n =325 — 2 we obtain a much stronger result directly from (6)

Plifp)l < SEg <2 1@u/p)l =1/ <172

For n = 3- 2K — 1, we have a,(1/p) = p?*x ~°k+1 — 1, s0
PAL/D] < lan(1/p)Puct (/D)) + [Pacs(1/p)] < 2+ 22572 < 22K

Finally, if 3- 2% <n < 3-2K+! — 2, we use Proposition 3 which gives

1
|Pn(1/p)| < pg“’“”{“2<2 S22 522K*2) +22K-2 92K

Analogously, we prove that |Q,(1/p)| < n?.
Furthermore, (8) shows that

max{|P,(1/p)@n-1(1/p)|, |Pn-1(1/p)Qn(1/p)|} = 1/2,
thus

max{|Po(1/p)]. [Qn(1/p)]} > ! !

2 max{| By (1) |@ua (/D)) ~ 202"

We are now armed to complete the proof of Theorem 1. Since
1+ deg Qny1

log|&c — An/Bnl," < (deg @ +degQyy1)logp deg Qr,

logH(A,/By) = -3 logn + deg Q,, logp - _dlcc;;ann ] lo:;,;p T

)

and
_ d; Qn 1
log |6 = An/Baly" _ (degQu +deg Que)logp _ 1+ “ees:
= ~ Tlogn 2 ’
log H(A,,/B,,) 2logn + deg Q, log p Tegon Torp T 1

Proposition 2 gives

lim su log € An/Bnh;l =c¢ and liminf
oot logH(A,/By) netoo logH(A,/B,)

IOg |§c - An/Bn|;1 _ 2

In order to apply Lemma 2 to & and (A,/Bp)n>0, we need to evaluate the
right-hand side of (2). Using the results of Proposition 4, we get

log H(A B

lim sup og H( "_-El/ nt1)
n—+oo l0g|€c — An/Bnlp —logH(A,,/By,)

: 2log(n + 1) + deg Qn1 logp

< limsup
n—+oo (degQn + deg Q1) logp — 2logn — deg Qy, logp
log(n+1
27&(&& +logp

< lim sup =

n——+00 _2dolgoé:+1 +logp B
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where we used (11) in the last step.

Bound (4) from Lemma 2 finally implies that p(&.) < ¢ and thus u(&.) = ¢. This
finishes the proof of Theorem 1.

As a final remark, we show that not only the best approximations to &., but
also the second best ones, can be written explicitly as series. The best approx-
imations Ps.or_o/Q3.95_o to the associated power series éc are obtained by cut-
ting off its continued fraction expansion before the first appearance of large partial
quotients, or alternatively, by deleting the terms that follow X ¢ = X —L") ip

;;OS’ X~¢. These approximations of & in Q((X~1)) correspond to the approxi-
mations By of & € Q, defined in Example 1. The next best sequence of approxi-
mations is (Py.ox—1_1/Qg.06-1_1)k>2 and, as the following lemma shows, it actually
corresponds to the sequence (Vi )x>2 of p-adic numbers introduced in Example 1.

Proposition 5. For k > 2, we have

k—1
Pg‘Qk—l_l —a X*Ck
Qoor-1_1 ;X + 1— Xck—chi1’ (21)

Proof. This is an immediate consequence of Proposition 3 where n = 9-2F 1 — 1,
so that m =3-2¥ =2 and I = 3-2¥~1 — 2. Since Py, Q.n, P, Q; are now explicitly
given by (6), inserting their values into (15) gives (21). O
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