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Abstract
Let [x] denote the integral part of the real number x, and N be a sufficiently large
integer. In this paper, it is proved that, for 1 < ¢ < g%g, the Diophantine equation
N = [p§] + [p5] + [p§] is solvable in prime variables pi, p2, p3, which constitutes an
improvement upon that of Cai.

1. Introduction and Main Result

Let [z] be the integral part of the real number z. In 1933-1934, Segal [13, 14] first
considered the Waring’s problem with non-integer degrees, who showed that for any
sufficiently large integer N and ¢ > 1 being not an integer, there exists a integer
ko = ko(c) > 0 such that the equation

N = [27] + [25] + - - + []

is solvable for k > ko(c). Later, Segal’s bound for ky(c) was improved by Deshouillers
[4] and by Arkhilov and Zhitkov [1], respectively. Let G(c) be the least of the in-
tegers ko(c) such that every sufficiently large integer N can be written as a sum of
not more than ko(c) numbers with the form [n¢]. In particular, Deshouillers [5] and
Gritsenko [8] considered the case k = 2 and gave G(¢) = 2 for 1 < ¢ < 4/3 and
1 < ¢ < 55/41, respectively.

In 1937, Vinogradov [15] solved asymptotic form of the ternary Goldbach prob-
lem. He proved that, for sufficiently large integer N satisfying N = 1 (mod 2),
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the equation N = p; + po + p3 is solvable in primes pi,p2, p3. As an analogue of
the ternary Goldbach problem, in 1995, Laporta and Tolev [12] investigated the
solvability of the equation N = [p§] + [p§] + [p§] in prime variables p1, pa, p3. Define

R3(N) = > (log p1)(log p2)(log p3).
N=[p{]+[ps]+[ps]
Laporta and Tolev [12] showed that the sum R3(N) has an asymptotic formula for
1 << 17/16, and gave
3(141/c) 5
Ra(N) = N Jc—1 O(NS/C—I —(loc N 1/3—46 )
3( ) F(3/c) + €xXp ( ( 0og ) )

for any 0 < 0 < 1/3. Later, Kumchev and Nedeva [11] improved the result of
Laporta and Tolev [12], and enlarged the range of ¢ to 12/11. Afterwards, Zhai and
Cao [17] refined the result of Kumchev and Nedeva [11], who extended the range of
¢ to 258/235. In 2018, Cai [3] enhanced the result of Zhai and Cao [17] and gave
the upper bound of ¢ as 137/119.

In this paper, we shall continue to improve the result of Cai [3] and establish the
following result.

Theorem 1. Let 1 < c < %, and N be a sufficiently large integer. Then we have

3 c

for any 0 < § < 1/3, where the implied constant in the O—term depends only on c.

N3/e=1 4 O(N?’/C_1 exp ( — (logN)1/3_5))

Notation. Throughout this paper, we suppose that 1 < ¢ < %. Let p, with or
without subscripts, always denote a prime number; and let € always denote arbitrary
small positive constant, which may not be the same at different occurrences. As
usual, we use [z], {z} and ||z| to denote the integral part of x, the fractional part
of x and the distance from x to the nearest integer, respectively. Also, we write
e(r) = e¥™@; f(2) < g(z) means that f(x) = O(g(x)); and f(x) < g(x) means that
f(2) < glx) < f(@).
We also define

P = Nl/‘:7 T = pl=e=e, S(a) = Z(logp)e([pc]oz),
p<P
S, X)= Y (ogpe(lpa), T(X)= >  e(na).
X<p<2X X<n<2X

2. Preliminary Lemmas

In this section, we shall state some preliminary lemmas, which are required in the
proof of Theorem 1.
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Lemma 1. Let L,Q > 1 and zp be complex numbers. Then we have

2D 0T e

L<e<2L lql<@Q L<t+q,—q<2L

Proof. See Lemma 2 of Fouvry and Iwaniec [6]. O

Lemma 2. Suppose that f(z) : [a,b] — R has continuous derivatives of arbitrary
order on [a,b], where 1 < a < b < 2a. Suppose further that

|f(j)(x)| = Ma'™, ji=1, x € |a,b].
Then for any exponential pair (k,\), we have

Z e(f(n)) < Afa* + A7t

a<n<b
Proof. See (3.3.4) of Graham and Kolesnik [7]. O
Lemma 3. Let x be a non-integer, a € (0,1), and H > 3. Then we have
1
e(—a{z}) = Z cp(a)e(hz) + O (min (1, —)) )
2 Al

where

 1—e(—a)
cnl@) = 2mi(h + )’
Proof. See Lemma 12 of Buriev [2] or Lemma 3 of Kumchev and Nedeva [11]. O

Lemmad4. Let3 < U <V < Z < X and suppose thatZ—% €N, X >642%U, Z >
4U?, V3 > 32X. Assume further that F(n) is a complex—valued function such that
|F(n)] < 1. Then the sum

Y. AmF(n)

X<n<2X
may be decomposed into O(log10 X) sums, each of which either of Type I:

Y a(m) Y F(mk)

M<m<2M K<k<2K

with K > Z, where a(m) < m®, MK < X, or of Type II:

> alm) > b(k)F(mk)

M<m<2M K<k<2K

with U <« M <V, where a(m) < m®, b(k) < k¢, MK < X.
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Proof. See Lemma 3 of Heath-Brown [9]. O
Lemma 5. For any € > 0, the pair (% + e, % + 6) is an exponential pair.
Proof. See the Corollary of Theorem 1 of Huxley [10]. O

Lemma 6. Let a, € R with aB(a — 1)(8 — 1) # 0. Define the bilinear sums of
Type I as follows

SOEK)= 35 (P

M<m<2M keZ(m

where F > 0,M > 1,K > 1,|a(m)| < 1, and Z(m) is a subinterval of (K,2K].
Then for any exponential pair (k,\), we have

Si(M, K) < ((F*2r M4 K3+ 2 ) 5m L M3 K+ MK 2+ F~'MK) log(2+ FMK).
Proof. See Theorem 2 of Wu [16]. O

Lemma 7. For any real number 0, there holds

1 =
min |1, —— | = ane(hb),
< H|o||> 2 ane(ht)

h=—o00
where
ap < min Lg 21 i E
h o |h| ) h2
Proof. See p.245 of Heath-Brown [9]. O

Lemma 8. Let 1 < ¢ < %,P% < X < PH = X% and cnp(@) denote
complex numbers such that |cp ()] < (1 + |h|)~'. Then, for any o € (1,1 —17), if

7781
M <« X 13515, we have

Si(a) = Z cn(a) Z a(m) Z e((h + a)(mk)°) < X 250+,

|h|<H M<m<2M K<k<2K
where a(m) < m® and MK < X.
Proof. Obviously, we have

|Sr(a)| < X°  max Z
Cle(m i+ Som

Z e(f(mk)c) )

K<k<2K
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If M < X019, then we use Lemma 2 to estimate the inner sum over k in (1) with

the exponential pair (k,A) = AB(0,1) = (%, 2) and derive that

Sr(a) < X°  max Z ((|§|XCK1)(13K§ + K )

gler i) Let j€1xe
. MK
< X° max (g%XaK%M+—>
lele(r H+1) € €| Xe

< XF(Hs X843 M3z 4 X100 1) « X 3050 te,

If X510 < M < X%, we use Lemma 6 to estimate the inner sum over k in (1)

with the exponential pair AB(0,1) = (&, %) and obtain that

Si(a) € X7 max ((|§|XC)%M%K% + MK+ MK? + \§|’1X’CMK)
e(r,H+1

< X° (H%M?o)(%‘*%8 +XM™2 4+ XM + Xl%l) < XFomte,
which completes the proof of Lemma 8. O

Lemma 9. Let 1 < ¢ < 313 Pt <« X < P,H = X#w50 and cp(@) denote complex
numbers such that |cp ()| < (1+|h])~L. Then, for any o € (1,1 —7), if there holds
X155 < M < X%, then we have

Sri(@) = 37 enl@) D0 alm) Do bk)e((h+a)(mk)e) < XHGE T

|h|<H M<m<2M K<k<2K
where a(m) < me, b(k) < k¢ and MK < X.

Proof. Let Q = X %(log){ )1, From Lemma 1 and Cauchy’s inequality, we
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derive that

Sir(@)] < > fen(o)]

|h|<H

S ;ch<a>\( > |b<k>|2)é( S| S amelnomiy)

|h|<H K<k<2K K<k<2K ' M<m<2M

<K Y |ch<a>y< T % T ( .

1- 2)
|h|<H K<k<2K ¢ 0<q<Q

Y0k Y alm)e((h + a)(mk))

K<k<2K M<m<2M

[SE

x Z a(m+q)a(mq)e((h+a)kCAc(m,q))>

M+q<m<2M—q
1 M
< S ol (B3 (s 5 (18)
IhI<H @ yhor 1<92Q Q
1
2

X Z a(m + q)a(m — q)e((h+a)k;cAC(m,q)))>

M+q<m<2M—q

> e((h+a)kcAc(m,q))D :

K<k<2K
(2)

where A.(m,q) = (m+ q)° — (m — q)°. Thus, it is sufficient to estimate the sum

<x° Y ‘Ch(a)’<%+% >y

|h|<H 1<q<Q M<m<2M

Soi= Y e((h+a)kAclm,q)).

K<k<{2K
By Lemma 2 with the exponential pair (k,\) = BA2B(0,1) = (2, %), we have

N
|h+alXtq

i

So < (|h+alX71q)"K
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Putting the above estimate into (2), we obtain that
S[[(oz)

“x ¥ el g ¥ ¥

|h|<H 1<q<Q M<m<2M

c—1 % = 1 :
<(|h—|—a|X ) K7 7h+aXc—1q>>

€ X? X 2 v 2(c—1) 442 l1—c -1
<X° Y Jen(@)] U+6<H7X7 MK?Q? + X'~°Mr 1ogQ)

1
2

|hI<H
X ite -1 XiHen—=2 < X%-‘rs,
< XMEQ7E )7 en(a)] <« XHEQ 2 ZHW
|h|<H |h|<H
which completes the proof of Lemma 9. O

Lemma 10. For o € (1,1 —7), there holds
S(a) < P *e,

Proof. First, we have

S(a) =U(a) + O(PY?),

@)=Y An)e([n]a)

n<P

where

By a splitting argument, it is sufficient to prove that, for P%/6 < X <« P and
a € (1,1 — 7), there holds

U (a) == Z A(n Jor) < X 37050+,
X<n<2X

By Lemma 3 with H = X 227051370, we have

U (o) = Z A(n)e(n‘a — {n‘}a) = Z A(n a)e(—{n}a)

X<n<2X X<n<2X
1
.. A(n)e(nca)< 3 ch(a)e(hn0>+0(min <1H—>)>
X<n<2X |h|<H Hn ”
1
\h,KH X<n<2X X<n<2X [[ne]]

3)



INTEGERS: 19 (2019) 8

By Lemma 7 and Lemma 2 with the exponential pair (k,A) = B(0,1) = (3, 3), we

derive that
1
min | 1, ———
> i (1 )

X<n<2X
—+o0 —+o0
- Y P X | X e
X<n2X l=—oc0 l=—0o0 X<n<2X
X log 2H 1 H
o X2l 1 s P RY e
1IUSH | X<n<2X (>H | X<n<2X
Xlog2H 1L 1
;XTC e 2
S DM (G Sy
1<e<H
c—1 3 1
s> (i )
>H
< X503 log X + H2X 5 4+ X17¢ < X 37030 log X. (4)
Taking U = X 13515, V = X 601, and Z = [X 15375330] 1 in Lemma 4, it is easy to see
that the sum
S o) 3 Awe((h+an)

|h|<H X<n<2X
can be represented as O(loglo X)) sums, each of which either of Type I

Si(a)=> (@) > am) > e((h+a)(mk))

|h|<H M<m<2M K<k<2K

with K > Z,a(m) < m*, MK =< X, or of Type II

Si(a)= Y (@) Y alm) D b(k)e((h+a)(mk))

|n|<H M<m<2M K<k<2K

with U <« M < V,a(m) < m®,b(k) < k°, MK =< X. For the Type I sums, by
noting the fact that K > Z and MK =< X, we deduce that M <« X 1515, From
24983

Lemma 8, we have S;(a) < X 27030 t¢. For the Type II sums, by Lemma 9, we have
Si1(a) < X #7050 T, Therefore, we conclude that

ST oale) Y Am)e((h+a)n’) < X FRTE (5)

|h|<H X<n<2X

From (3)-(5), we derive the desired result. This completes the proof of Lemma
10. O
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Lemma 11. For o € (0,1), we have

1
aXc1’

269c+038

T(o, X) < X~ 2 te 4

9—269c

Proof. Taking H; = X 6712—17, and by Lemma 3, we deduce that

T(, X) = Z e((n® = {n})a)

X<n<2X
‘a cp(a)e(hn® min b
- X )<|h|<zm p(@)e(h )+0( (1’H1|nc||)>>
= Z cn(a@) Z e((h+a)nc)+0< Z min (1,@)) (6)
|h|<H: X<n<2X X<n<2X 1

From Lemma 7, we get

> min(l,Hlﬁnc')— > ioake(krf)

X<n<2X X<n<2X k=—o0

+o00
< Z |a| Z e(kn®)|.

k=—o0 X<n<2X

(7)

According to Lemma 5, the pair BA(2% +¢,2% 4 ¢) = (28 4+ £,289 4 ) is an
269
_l’_

exponential pair. Then we shall use Lemma 2 with the exponential pair (§gg

£,2% +¢) to estimate the sum over n on the right-hand side in (7), and derive that

=
min | 1, ——
2 (g

< M+ Z 1 Z e(kn®)| + Z % Z e(kn®)

H,
1<k<H; | X<n<2X k>H, X<n<2X
X log 2H1 1 1 269 4 o 269 1
jninlid =Rkl 2 (XxeLE)os T xamate
<~ T > k(( ) t X
1<k<H,
H1 1.\ 282+ 269 1
PG D € pp——
=3 (e )
k>H;

269(c+1)
948~ 1€

269c¢+538 +e

<« X og X + HJW X + X< X TR
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Similarly, for the first term in (6), we have

Z cn(@) Z e((h+ a)n®)

|h|<H; X<n<2X
= co(a) Z e(an®) + Z cn (@) Z e((h + a)n®)
X<n<2X 1<|h|<H, X<n<2X
1 1 _ 1y 2894 ¢ 269 1
- - h Xe—1)9a8TE xazate -
< aXc—l + Z h ((( + Oé) ) + (h + a)Xc—l)
1<|h|<H,
< L + H948 "'EX%QQ(f;l) +e 4 xl-e
aXec— o Yc—1
1 269c+538
4 X Tioir te, 9
<— t 9)
Combining (6)—(9), we obtain the desired result. This completes the proof of Lemma
11. U

3. Proof of Theorem 1

By the definition of R3(N), we have
1—7
/ S3(a)e(—Na)da = / S3(a)e(—Na)da

= Sg(a)e(—Na)da—F/l TS?’(oz)e(—Na)da

—T

= R&M(N) + R (), (10)

say. By the argument of Laporta and Tolev [12], we can know that, for 1 < ¢ < 3/2,
there holds

3(1+41/c)

I'(3/c)
for any 0 < § < 1/3, where the implied constant in the O—term depends only on c.
Thus, it is sufficient to estimate RgQ)(N ). First, we have

S(@)= > (ogple(lpla)+ Y  (logp)e([p°le). (12)

p< P/ P5/6<p<P
/ 15(a)|*da

+ P% log P. 13
g

Rél)(N) _ NB/C—l + O<N3/C—1 exp ( — (log N)1/3_6)> (11)

By a splitting argument and (12), we deduce that

RP(N) < (log P
5 (V) < (log )Ps/gggg@

/1 TS’2(04)S(04,X) (—=Na)da| +

< (log P) max / TS’Q(a)S(a,X)e(—Na)da

P5/6g XK P
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For P%/6 « X <« P, we have

/IT S%(a)S(a, X)e(—Na)da

> ogn) [ S@)e((1#] - Ma)da

< Y (logp) / 7 8 (@)e(([p] = N)a)da
< (ogX) ¥ / 7 S (@e((n] - N)a)dal.

By Cauchy’s inequality, we deduce that

/ - S%(a)S(a, X)e(—Na)da

/ - S*(a)e(([n] — N)a)dor

1
2) 2
X<n<2X

:X%+e< S /_TSQ(a)e(([nc]—N)a)da-/ _752(ﬂ)e(([nC]—N>ﬁ)dﬁ>

X<ng2Xx /T
1

< X%+E< >

1
2

2

—xbe( ] I Cre / 7 ()T . X)e(~Najda)

< X%+f(/Tl_T ys(ﬁ)\gdﬁ/:_T |S2()T (o — B, X)|da> ’

2
For the inner integral in (14), we have

/ 82T (@ - 6. X)|da

< / + / 15%(a)T (a — B, X)|da
(r,1—7)N{a: |a—B|<X ¢} (r,1—7)N{a: |a—B|>X ¢}
(15)

For the first term on the right-hand side of (15), we use Lemma 10 and the trivial
estimate 7 (o — 3, X) < X to deduce that

/ 15%(a) T (a — ., X)|da

(r,1—=7)N{a: Ja—B|< X~}

< X sup |S(o¢)|2 ></ da < Parosste x1=c, (16)
a€(r,1-7) la—BI<X —e
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For the second term on the right—hand side of (15), by Lemma 10 and Lemma 11,
we obtain

/ |52(a)7(afﬂ,X)|da
(r,1—1)N{o: |a—pB|>X ¢}

2 269c¢+538 ].
< / S(a) (X i T4 7>da
(r1-m)N{a: |a—B|> X~} | | o — B| X et

1
269c+538 2 da
< XTimmotex / |S(a)]Pda+ sup |S(a)|” x / _
0 ae(r,1-7) | | la—pgl>x—c o — Bl X1
< X Plog P4 PSS T X 1 (17)

Combining (15) and (17), we conclude that

269¢+538

1—7 X
/ 152(a)T (a — B, X)|da < X 127 +5Plog P+ PFso tex1=¢. (18)

Inserting (18) into (14), we obtain

269c+538

<<X%+€(X Eres p+p%)(%) < p3—c—¢,
(19)

‘ /T T ()5 (0, X)e(Na)da

provided that 1 < ¢ < 312 From (13) and (19), we obatin

RP(N) < PP, (20)

By (10), (11) and (20), we get the desired result. This completes the proof of
Theorem 1.
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