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Abstract
Let by 5(n) denote the number of (2,5)-regular cubic partition pairs of a positive
integer n. In this paper, we establish many infinite families of congruences modulo
powers of 2 for by 5(n). For example, for all n > 0 and «, 3,77 > 0,

bys (32 3% . 52072 727 4y - 3% 520727 £ 1) =0 (mod 16),

where n; € {28,92,124, 156}.

1. Introduction

A partition of a positive integer n is a non-increasing sequence of positive integers
whose sum is n. Let p(n) denote the number of partitions of n. An f-regular
partition is a partition in which none of the parts are divisible by ¢. Let c¢(n)
denote the number of such partitions of n with ¢(0) = 1. The generating function
for ¢y(n) is given by

where
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For |ab| < 1, Ramanujan’s general theta function f(a,b) [1] is defined by

fla,b) = 3 aFHD/2p=D/2,

k=—o0

By using Jacobi’s Triple Product identity [2, Entry 19, p. 35], the function f(a,b)
can be written as

fla,b) := (—a;ab) oo (—b; ab) oo (ab; ab) . (2)

The most important special cases of f(a,b) are as follows:

> 5
0(@) = fla.0) =1+2) ¢ = (~3:¢>)% (¢ ) = % (3)
00 = Haa) = L = % -4, ()
f=a) = f(—q,—*) = > (~1)"¢"C" D2 = (g¢)e = 1 (5)
and
X(@) = (=4 ¢%)oo- (6)

Three of Ramanujan’s most well-known congruences of p(n) are as follows [18], [19,
pp.210-213):

p(bn+4) =0 (mod 5),
p(Tn+5)=0 (mod 7),
p(1ln+6)=0 (mod 11).

Chan [3] defined the cubic partition function a(n) and the generating function
for a(n) by
— 1 1

2_olmd" = (@ Do (@)oo fifo

n=0

He obtained the identity

> 3 £3
> a(Bn+2)q" = sfifi,
= fiks

which implies the Ramanujan-type congruence

a(3n+2)=0 (mod 3).
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Chan also obtained an infinite family of congruences modulo large powers of 3 for
a(n), which are analogues of the Ramanujan-type congruences [4]. For example, for
each n,k > 1,

a(3*n+¢;) =0 (mod 3FTOR)), (7)

where ¢, is the reciprocal modulo 3% of § and

1 ifkis
5(k) = 1 %b even,
0 if k is odd.

Chan and Toh [5] proved higher power analogues of the Ramanujan’s congruences
and (7) for a(n) involving the prime 5, for n > 0,

a(5n+d;) =0 (mod 50/,

where d; = 1/8 (mod 57).
Zhao and Zhong [21] defined the cubic partition pairs function b(n) and the
generating function for b(n) by

s n 1 1
2 M = P = TR ®)

n=0

They proved many Ramanujan-type congruences for b(n). For example, for each
n >0,

b(5n+4) =0 (mod 5),
b(Tn+i) =0 (mod 7),
b(On+7)=0 (mod9),

where 7 = 2, 3,4, 6.
B. Kim [10] obtained two partition statistics for the cubic partitions to explain
the congruences, for all n > 0,

b(5n+4) =0 (mod 5)

and
b(Tn+a)=0 (mod7), if a =2,3,4 or 6.

Kim [11] also studied congruence properties of ¢(n), the number of cubic partition
pairs weighted by the parity of the crank. For example,

c(bn+4) =0 (mod5) and ¢(Tn+2) =0 (mod 7),

for all nonnegative integers n. For more details, one can see [8, 12, 14].
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Lin [13] proved some Ramanujan-type congruences modulo 27 for b(n). For ex-
ample, for each n > 0,

b(2Tn +16) =0 (mod 27),
b(27n +25) =0 (mod 27),
b(81ln +61) =0 (mod 27).

Mahadeva Naika and Gireesh [15] proved the general family of congruences modulo
large powers of 3 for b(n) by finding («, 5, ¢) such that

b(3%n +£) =0 (mod 3°).
Recently, in [17], the authors obtained many congruences for by(n), the number of
(-regular cubic partition pairs of n. The generating function for by(n) is given by
ibe(n)q" IO Ul ) N 1 73 )
s (9% (%65 fif3

By the motivation of the above work, we define by, (n), the number of (¢, m)-
regular cubic partition pairs of n and the generating function for by ,,,(n) by

b (n)q" = L2t il 5m
2 bem(md" = (10

We prove many congruences modulo powers of 2 for bg 5(n) of the following form,
foralln > 0 and «, 8 > 0,

D bas (16-3%* 5200 41432 520 + 1) ¢" =85 7 (mod 16).
n=0

2. Preliminary Results

In this section, we record several identities which are useful in proving our main
results.

Lemma 1. The following 2-dissections hold:

1 f f3 17

7 T (1)
and

1 IS fifs

= + 4q . (12)
IR
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For proofs, see [2, p.40].

Lemma 2. The following 3-dissection holds:

fofS s, af3fis
2= —3qfs +4q . 13)
A A T (
Proof. From [2, p.345, Entry 1(iv)], we have
FA(=4"*) 1 2
3+ PEYTa + 40?, (14)
where
o ox(=¢®)

Substituting (15) in (14) and replacing q by ¢*, we obtain

P9 X¥*=¢) s X2(=¢°)
Pl ) ey 1o
By using (2), (5) and (6) in (16), we get (13). O

Lemma 3. The following 2-dissections hold:
fi _ fafsf 3 fao (17)

fs  fafiyfao _qfsffo

and

fs  fsf3 13 frof10 (18)

= + .

fi~ f2fo U st

Equation (17) was proved by Hirschhorn and Sellers [9]; see also [19]. Replacing ¢
2

3
by —¢ in (17) and using the fact that (—¢; —¢)e = ff—f’ we obtain (18).
1f4

Lemma 4. We have

L BB B . B
i i U T T R (19)

2 2 6 2
iy = 2208000 o sgpup, 4 220000 (20)

f20 f2f8f20

wnd 21 Fifuof?
ff2 = f3f10 — q72H020 L 9g2f, f3) — 2¢P 410240, (21)

fa fafs

For proofs, see [16].
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Lemma 5. Ramanugjan recorded the following identity

fi=fs(R(&°)" —q— *R(¢%)), (22)
where A 4)
. —q,—q

Equation (22) is the same as (8.1.1) in [7]. For more details, one can see [6], [20].

Lemma 6. We have

14 35 21 28

q -, 49 q, q 49
f1=f49<< 7 42 54 ) —Q< 14 35 39 )

q, IS q -, q I

42

2 5 q, (4 49
— + . .
q q < q21, q28 ' q )Oo>

Lemma 6 is an exercise in [7]. Also, we can see [2, p.303, Entry 17(v)].

K Q

BN

We prove the following theorems.

Theorem 1. Let ny € {62,78}, ny € {62,158}, ng € {166,214}, ny € {142,238},
ns € {86,134}, ng € {10,26}, ny € {28,92,124, 156} and ng € {124,156}. Then for
alln >0 and o, B,v > 0, we have, modulo 16,

> bys (1650 + 652 4+ 1) ¢" = 8f] + 8fafs, (24)
n=0
D bas (16-5%7 0 4+ 14524 £ 1) ¢" = 81 fo0 + 845, (25)
n=0
bas (16 - 527120 4+ ny - 521 4 1) =0, (26)
(oo}
D bos (16-3%* 520 +14-3%* . 520 1) ¢ = 815 f2, (27)
n=0
D bas (16-3%* 520 n 4637 520H 1) ¢ = 8q ] £, (28)
n=0
D bys (16-3%°F1 5% 41432 . 520 4 1) ¢" =81, fs, (29)
n=0
Z bos (16 - 320F1 . 52041y 4 99 320 52041 4 1) g™ =8, fuo, (30)
n=0
D bos (16 3% 5200 2. 320 H 520 1) g7 =867 fF 11, (31)

n=0
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Z b2’5 (16 . 32041 528, 446 - 32, 528 + 1) qn = 8f5fé)’ + 86]f2f§5, (32)
n=0

o0
D bas (16370 5%y 4 38 32 520 L 1) " =8 10+ 8¢ 1 f5,  (33)
n=0

bas (16 - 32011 . 520F 1y 4y 320520 1) = 0, (34)

bas (16 - 3°0F1 . 52012 4y . 32 52011 1) =, (35)
bays (16 - 321 . 5204y 4 py 329 520 1) =0, (36)

bos (16 - 3201 . 52042y 4y 329 520H1 1) =0, (37)
bos (1632012 . 5200 4 ng . 32041520 1) =0, (38)

D bys (32-3% 520 72T 12 3% . 520 7 4 1) ¢ = 8fY, (39)

n=0

o0
3 b (32-3% 5% 7y gL gle 2L L) g0 = 8¢2 2, (40)
n=0

D bys (3230 52N g4 g B2 L) gt =8, (41)

n=0
bos (32 3% . 52012 727 4y 30 520HL 727 1) =, (42)
D bas (323452 7P 4430 527 4 1) ¢ = 8fa f, (43)
n=0
D bys (3234 5% T 476 - 30 520 72T 1) " =811 fF, (44)
n=0

D bys (32315272 g3l 52T 7L L) ¢ = 8¢2 fio fF, (45)
n=0

D by (323 52T 72 4 92 gL 5207 1) " =807 f £, (46)
n=0

oo
D a5 (32-5%n+ 2857 + 1) ¢" =811 foo + 83 3, (47)
n=0
D bys (32570 412520 4 1) ¢" =814 f5 + 8qf} £, (48)
n=0

bos (32 5% n +ng - 5% +1) = 0. (49)
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Theorem 2. Let ng € {22,38}, nip € {34, 66}, niyp € {26,42,58,74}, nig €
{44,76}, ni13 € {68,132} and n14 € {52,84,116,148}. Then for all n > 0 and
a, B,y > 0, we have, modulo 4,

Z bas (16-3%% - 520 . 727 + 2. 3% . 520 . 727 1) ¢" = 2}, (50)

n=0

D bys (1632520 72y 9. g2 520 7R L ) gn = 2f3 (51)

n=0

by,s (16 - 320F1 . 520 727 2. 32 . 520 . 727 4 1)

_ 2 if n=k@Bk+1)/2 for somek €Z,
- 0 otherwise,

D bys (16-3%0F1 5% 7P 4 2. 320N 520 T L 1) " = 2fF, (53)

n=0
boys (16-3%F1 . 520 . 727 434 . 32> . 520 . 727 + 1) =0, (54)
bos (16 - 32012 . 520 . 727 4 g - 320+ 520 . 727 1 1) =0, (55)

o0
D bys (1632 52 7P 2. 320 522 L 1) gn = 2f3 (56)

n=0
ba,s (16 - 3% - 520F1 . 727 4y - 32 520 . 727 1) = 0, (57)
bas (16 - 3% - 52072 727 4 gy - 32 52T 727 1) =0, (58)

D bys (1637520 7 42 g2 B2 L 1) gt = 2fF, (59)

n=0

D bys (1637 520 7 9. 320 520H L 7R L ) gn = 9f2 (60)

n=0

by,s (16 3201 . 5201 727 4 9. 32 5201 727 4 )

_ 2 if n=k(Bk+1)/2 for somek€Z,
- 0 otherwise,

D bys (16-3%0F1 52T 72 9. 3202 20N Y L 1) gt = 2f8, (62)

n=0

bos (16- 3%20H1 . 52AH1 . 727 4 34 320 . 52011727 1 1) =0, (63)

bas (16 - 32012 . 520HL . 727 g . g2+ 1 5201727 4 1) =, (64)
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D bas (163752042 72 2. 320 520872 4 1) g = 23,

n=0
by s (16 - 3% - 5202 727n 4y - 32 520HL. 727 1) =,
by,s (16 - 3% - 52073 727 4y - 32 52042727 1) = 0,

D bys (3237520 720 44325707 1) ¢ = 2},

n=0

D bys (3232520 72y 4 320 520 7R L) g = o f2,

n=0

bys (32-3%0F1 . 520 727 4. 32 . 520 . 727 4 1)

_ 2 if n=k(Bk+1)/2 for somek €Z,
- 0 otherwise,

D bys (323201570 7P 4 4. 32042520 7Y 1) g7 = 2fS,

n=0
bas (32-32*F! . 520 . 727 + 68 - 3°* . 527 . 727 4+ 1) = 0,
bas (323212520 . 727 + nyy - 320H1 520727 4 1) = 0,

D bas (323752 7P 44320 52072 4 1) g7 = 23,

n=0
bys (32 3% - 520FL . 72V pyg - 325772 4+ 1) = 0,
bys (32 3% - 52072 72V 4 pyy - 32 5L 7T 4 1) = 0,

Z ba s (32 320 52841 2y, 4 4. g2a 528+ g2y 1) q" = ins’
n=0

oo
Z b2,5 (32 . 3204 . 52ﬁ+1 . 72’Y+1n 4 4. 3204 . 52ﬁ+1 . 7274»2 + 1) qn = 2f73,

n=0

b2’5 (32 . 32(x+1 . 525-1—1 . 72'yn +4. 32a . 525+1 . 72'y + 1)

2 if n=k(Bk+1)/2 for somek€Z,
0 otherwise,

Z ba s (32 320+l 526+1 72y 4 g 32042 52041 p2y 4 1) "= Qf;)‘?,

n=0

bas (32321 520HL . 727 4 68 - 3% . 5272 1) =0,

(80)

(81)



INTEGERS: 20 (2020) 10
bas (3232072 5201 . 727 4y - 320 520HL 7 L) =0, (82)
D bys (32375202 T 4 B BT L 1) gn = 2f8, (83)

n=0

bas (32325202720 4y 320 5204727 1 1) =0, (84)
bas (3232 - 5203 . 712 4 gy - 32520273 1) = 0. (85)

3. Proof of Theorem 1

From Equation (10) with £ =2 and m = 5, we see that

oo 2 £2
Z bas (n)q" = J%J%lo. (86)
n=0

Using (18) in (86) and then comparing the coefficients of ¢>" ! on both sides of the
resultant equation, we arrive at

(87)

— f3fs
E bos(2n+1)g" =2 .
= 25 Ja 17 fio

From the binomial theorem and Equation (1), for any positive integers k& and m,
we can easily prove the following identities:

2m = o (mod 2), (88)
dm = f2m (mod 4), (89)
Sm = flm (mod 8). (90)
Employing (12) and (18) along with (88) and (90) in (87), we get, modulo 16,
oo 24 2
Z bas (4n+1)q" = 2% +84/3 f10 (91)
o fifsf20
and
- 13 f20 3
bos (4n+3)q¢" = +8 . 92
2 bao (4 3)q" = 25+ S 52)
Utilizing (12) and (19) in (92), we arrive at
= f2f10 f3
bas(8n+3)¢" =2 +38 93
2 b (St 90" =2 S )

n=0
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and .
252,5 (8n+7)q" = 8fsfio + 811 f5 f5. (94)
n=0
Using (20) in (94), we get
> bas (16n+7)q" =817 +8fufs (95)
n=0
and -
D bas (16n+15)q" = 83 f3. (96)
n=0

Congruence (95) is the 8 = 0 case of (24). Suppose that Congruence (24) is true
for some integer 3 > 0, we have

> bas (16-5%0 4+ 6-5% +1) ¢" = 8f7 + 8fufs

n=0
=8/% (R(¢®) ' —q— R(¢")’
+8f5f100(R(¢*) " —¢* — ¢®*R(¢*®)).  (97)

5744 on both sides of the above equation, we get

Comparing the coefficients of ¢

D bas (165770 4+ 14 52T 4 1) " =81, fo0 + 8¢5
n=0
=820 f25 (R(¢°) ™ — ¢ — ¢°R(¢°)) + 8q/f?.
(98)

Collecting the coefficients of ¢°**! from both sides of the above equation, we obtain

(o)
D bas (16-5772n 46 52042 4 1) ¢ = 8f) + 814 fs, (99)

n=0

which implies that Congruence (24) is true for § + 1. By mathematical induction,
Congruence (24) is true for all integers 8 > 0.

Using (22) in (24) and then comparing the coefficients of ¢°"** on both sides,
we arrive at (25).

Collecting the coefficients of ¢°"* for i = 3,4 from (98), we obtain (26).

Congruence (96) is the & = § = 0 case of (27). Suppose that Congruence (27)
holds for o > 0 with 8 = 0. Using (13) in (27) with 8 = 0, we have

D bas (16-3%%n +14- 3% + 1) ¢" = 86 f15 + 8¢° f15 [ + 8¢° fo £ + 84" fis fs,
n=0
(100)
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which implies

D bos (16-3°* 4+ 14- 3% +1) " =8fa fs, (101)
n=0
o0
D bas (1637 4 10- 32 1) ¢" = 8¢7 3 3 (102)
n=0
and
(o)
> bas (16370 n 446 - 32 + 1) " = 8f5 f§ + 8qfofis. (103)

n=0

Comparing the coefficients of ¢3"*2 on both sides of Equation (102), we get

D bas (1637020 4 143202 4 1) g = 8f5 £3, (104)

n=0

which implies that Congruence (27) is true for a+1 with 8 = 0. Hence, by induction,
Congruence (27) is true for any integer o > 0 with 8 = 0. Suppose that Congruence
(27) holds for some integers a, 3 > 0. Employing (22) in (27) and then comparing
the coefficients of ¢°"**!, we find that

o0
D bas (16-3%* 520 n 6. 3% - 5204 1) ¢ = 8q ] fi. (105)
n=0

Employing (22) in (105) and then extracting the coefficients of ¢°"**, we arrive at
D by (1637520420 1432 5212 L 1) " =87 f2 (106)
n=0

which implies that Congruence (27) is true for 3+ 1. Hence, by induction, Congru-
ence (27) is true for all integers «, 3 > 0.

Using (22) in (27) and then collecting the coefficients of ¢°**! from the resultant
equation, we get (28).

Employing (13) in (27) and then comparing the coefficients of ¢, ¢q
"2, we obtain (29), (31) and (32) respectively.

Employing (22) in (29) and (32), we get (30) and (33) respectively.

Using (29) and (30) along with (22), we obtain (34) and (35) respectively.

Using (32) and (33) along with (22), we obtain (36) and (37) respectively.

Collecting the coefficients of ¢3" and ¢3! from (31), we get (38).

Using (12) and (17) in (91), we get

3n+1 and

I313 f20
f18f10

o 14f2
D b5 (8n+1)q" = 220 4 g, (107)
n=0

T fs fao
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and
_ S i
T s T fifafo

Utilizing (88) and (90) in (107), we see that

+ 87 f3 f5-

> bas (8n+5)q"
n=0

bas(8n+1) = by s(4n +1).
By using the above relation and by induction on «, we get
ba5(2°T2n + 1) = bo 5(4n + 1).
Using (12), (19) and (20) in (108), we obtain

3
fifs

Y- o f2f10

b 16n+5)¢" =8
2 b )a fifs

n=0
and

D bas (160 +13) ¢" = 8fs fro + 8F1 215 + 8F2f3 f.

n=0

Employing (20) and (21) in (110), we get

> bas (3204 13) ¢" = 8f]

n=0
and

Z b275 (32n + 29) qn = 8f1f20 + 8f§f§’

n=0

13

(108)

(109)

(110)

(111)

(112)

Congruence (111) is the &« = 8 = v = 0 case of (39). Suppose that Congruence (39)

is true for @ > 0 with 8 = v = 0. Equation (39) with 8 = v = 0 becomes

oo
D bas (32-3%n+12-3 1) ¢" = 8f7.

n=0

Using (13) in (113) and then comparing the coefficients of ¢3", we get

o0
D bas (32-3%Fn 412 3% 1) ¢" =87 + 8¢f3

n=0

= 83 + 843 + 84f3,
which implies

D bys (32 3% n 4123472 1) ¢" = 87 + 8f3

n=0

=8qfofs +84° fsfs +84° [,

(113)

(114)

(115)
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which yields

o0
D bas (32340 412342 4 1) ¢ = 8¢5, (116)
n=0

which implies
D bys (3238 i 41230 1) ¢ = 87, (117)
n=0

which implies that Congruence (39) is true for o + 1. By mathematical induction,
Congruence (39) is true for all integers @ > 0 with § = 4 = 0. Suppose that
Congruence (39) is true for «, 8 > 0 with v = 0. From Equation (39) with v =0
and employing (22), we get

D bas (3234520 n 428 31 52T 1) ¢ =8, (118)

n=0

which implies

D bas (32-3% 52020 1230 520H2 1) " = 87, (119)

n=0

which implies that Congruence (39) with v = 0 is true for 8+ 1. So, by induc-
tion, Congruence (39) with v = 0 is true for all integers o, 5 > 0. Suppose that
Congruence (39) is true for «, 3, > 0 and utilizing (23) in (39), we arrive at

D bys (3234520 7y g gl 520 T 1) g =87 f7. (120)

n=0

Collecting the coefficients of ¢""*2 from both sides of the above equation, we obtain

D by (32 3% 520 72y 19 gl 520 72 ) g = 8 (121)

n=0

which implies that Congruence (39) is true for v+ 1. By induction, Congruence (39)
is true for all integers o, 3,y > 0.

Using (23) in (39) and then collecting the coefficients of ¢"*** from the resultant
equation, we get (40).

Using (22) in (39) and then comparing the coefficients of ¢°*** on both sides of
the resultant equation, we obtain (41).

Congruence (41) implies (42).

Using (13) in (39) and then collecting the coefficients of ¢ *! and ¢*"*2 from
the resultant equation, we obtain (43) and (44) respectively.

Using (43) and (44) along with (22), we obtain (45) and (46) respectively.
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Congruence (112) is the 8 = 0 case of (47). Suppose that Congruence (47) is
true for some integer 5 > 0. Using (22) in (47) and then comparing the coefficients
of ¢°"*1, we get

D bas (32-5% 0 112520 1 1) ¢ =8fufs + 8P fi. (122)

n=0

Employing (22) in (122) and then comparing the coefficients of ¢°"** on both sides
of the resultant equation, we obtain

Z b2’5 (32 . 526'{'27’1, + 28 - 5254_2 + 1) qn = 8f1f20 + 8f23fg, <123)

n=0

which implies that Congruence (47) is true for § + 1. By mathematical induction,
Congruence (47) is true for all integers 8 > 0.

Using (22) in (47) and then collecting the coefficients of ¢°* ! from the resultant
equation, we get (48).

Collecting the coefficients of ¢°"*% for i = 3,4 from (47) along with (22), we
obtain (49).

4. Proof of Theorem 2

From Equation (93), we have, modulo 4,

Z bas (8n+3)¢" =2 Jufo
o 5
=23 + 2af 7, (124)
which implies
> bys (160 +3) " = 2f} (125)
n=0
and -
D bas (160 +11) " = 2f5. (126)
n=0

Equation (125) is the a = = v = 0 case of (50). Suppose that Congruence (50)
is true for @ > 0 with 8 = v = 0. From Equation (50) with 5 =~ = 0, we have

> bys (16370 +2-3% +1) ¢" = 2f}. (127)

n=0
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Utilizing (13) in (127), we get

D bos (16- 37T n 4232072 1) g = 23, (128)
n=0

which yields
D bys (163220 423202 4 1) " = 27, (129)
n=0

which implies that Congruence (50) is true for o + 1 with § = v = 0. By math-
ematical induction, Congruence (50) is true for all integers & > 0. Suppose that
Congruence (50) holds for a, 8 > 0 with v = 0 and employing (22) in (50) with
v = 0, we obtain

D bas (1637 - 520Fn 4 2. 3% 52042 1) " = 2f8, (130)

n=0

which implies

D bys (163252042 4 2. 320 52042 1) g = 2}, (131)

n=0

which implies that Congruence (50) is true for 4 1 with v = 0. By mathematical
induction, Congruence (50) is true for all non-negative integers «, § with v = 0.
Suppose that Congruence (50) holds for a, 3,7 > 0. Employing (23) in (50), we get

Z bas (16-3%% - 520 . 727y 2. 320 520 . 72042 1) " = 2fF, (132)

n=0

which implies

D bas (1637520 7272 2. 320 520 72 4 1) g7 = 2f}, (133)

n=0

which implies that Congruence (50) is true for v 4+ 1. By mathematical induction,
Congruence (50) is true for all integers «, 8,7 > 0.
Employing (23) in (50) and then extracting the coefficients of ¢""*6 from the

resultant equation, we arrive at (51).

3n+1 3n+2
)

Using (13) in (50) and then comparing the coefficients of ¢37, q and ¢
we obtain (52), (53) and (54), respectively.
Collecting the coefficients of ¢3"*! and ¢*"*2 from (53), we get (55).
Employing (22) in (50) and then comparing the coefficients of ¢>7+3

(56).

, we obtain
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Collecting the coefficients of ¢>* 2 and ¢°*** from (50) along with (22), we obtain
(57).

From Congruence (56), we arrive at (58).

From Equation (126), we have

> bas (80n+11) ¢" = 2f7. (134)
n=0
Congruence (134) is the a = 3 = v = 0 case of (59). The rest of the proofs of the
identities (59)—(67) are similar to the proofs of the identities (50)—(58). So, we omit
the details.
Employing (17) in (109), we obtain

> bos (32n+5) " = 2f} (135)
n=0
and -
D bas (320 +21) ¢" = 2f. (136)
n=0

The rest of the proofs of the identities (68)—(85) are similar to the proofs of the
identities (50)—(58). So, we omit the details.
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