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Abstract

We obtain all solutions of the equation thzjlig = by? with ¢, d € {£1, £2, +4}.

1. Introduction

Let N, Z denote the sets of all positive integers and all integers, respectively. In
this paper, we will prove the following theorem.

Theorem 1. All solutions (a, b, x, y, n, t, 1, ¢, d) of the equation

CLCCn+2l +ec

— = by? t,leN, beZ 1
athxn_’_d v, a, T, Y, n,t, € i € 4, ()

with ¢, d € {£1, £2, £4} and © > 1, are given in Table 1, where u denotes an
arbitrary positive integer.

Special cases of this general theorem are already known. The case (a, b, n, t, ¢, d)
=(1,1, 1,1, =1, —1) was considered by W. Ljunggren [5]. This was extended later
by Q. Sun and P. Yuan [7] to the case (a, b, n, t) = (a, 1, 1, 1) and ¢ = d = £1. For
further generalizations concerning the cases (a, b, n, t) = (a, b, 1, 1), c = d = +1
and (a, b, n,t) = (a, 1,1, 1), ¢ = d = £2 or £4, see the work of Z. Cao [1] and
J. Luo [6], respectively. M. Filaseta, F. Luca, P. Stanicd and R. Uuderwood [3]
dealt with the case (a, b, n, t) = (a, 1, n, 1), c=d = —1. J. Luo and P. Yuan [11]
extended this result, they proved the following theorem.
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(c, d) (a, b, x, y, n, t, 1) Remarks
(d, d) (a, 1, u, 1, n, ul, 1) d e {£1, £2, +4}
(d, —d) (a, =1, u, 1, n, uf, 1) de {£1, £2, +4}
(—2d, d) (a, =2, 2u, 1, n, Ty ) de {£1, £2}
(4d, d) (a, 4, 2u, 1, n, Pl n de{-1,1},1>2
(4d, d) uzl_2u 2, n, 2171 ll) de{-1,1}
(—4d, d) (a,—4,%@1,n,2l2 ) de{-1,1},1>2
(—4d, d) (a, —1, 2u, 2, n, 21l 1) de{-1,1}
(-1, —1) (3% T4+1)/4,1,3,3% +2, 1, 1, 2u)
(1, 1) ((3%%=2 —1)/4,1,3,3% 1T -2 1,1, 2u—1)
(1, =1) [ (B 2-1)/4, -1,3,3% 1T -2 1,1,2u—1)
(-1, 1) ((3%-T4+1)/4, -1, 3,32 +2, 1, 1, 2u)
(=2, =2) | (3% 2+4+1)/2,1,3,3% 14+2,1,1,2u—1)
(2, 2) ((37*2-1)/2, 1, 3,32 -2, 1, 1, 2u)
(-2, 2) (3" T+1)/2, —1,3,3“+2,1, 1, u)
(2, —2) (3% T—-1)/2, -1,3,3* =2, 1, 1, u)
(—4, 4) (v t+1, — ,&3“+z1,Lu)
(4, —4) (3v=T—-1,-1,3,3"—2,1, 1, u)
(=2, +4) (1, b, 2,t, 1,1, 1) 2L =0t £ 1
(1, 4) (2-3v"T—-1,1,3,3"—1,1, 1, u)
(—1, 4) (2-3u~ 1+1 —1,3,3"+ 1,1, 1, u)
(1, —4) (2-3v"T—-1,-1,3,3“—1,1, 1, u)
(1, 4) (1132111)
(—1, 4) (1, —1,3,4,2,1,1)
(1, —4) (1, -1,3,2,1,1, 1)
(—1, —4) (1,1,3,4,2,1,1), (3,1,3,4,1,1,1)
(—1, 4) (3, —1,3,4,1,1, 1)
(4, £1) 1, —d, 2,6,1,1,2)
(2, F74) (3, +£1,2,7,1, 1, 2)
(—4, £2) (1, +£1,2,1,1, 1, 1)
(4, £2) (3, ¥1,2,5,1,1,2), (1,¥3,2,1,1,1, 1)
(1, +1,2,3,1,1,2), (1,F2,2,3,1,1,2)
(_43 _4) (17 1,5 11, 1,1, 1)
(1, 1) (1, -1,2,3,1,1, 1)
(27 2) (1a —1,2,3,2 1, 1)
(4, 4) (1, -1,2,3,3,1,1), (1,-1,2,3,1,2,2)
(2, —2) (1,1,2,3,2,1,1), (2,1,2,3,1,1,1)
(4, —4) (1,1,2,3,3,1,1), (2,1,2,3,2,1,1)
(4,1,2,3,1,1,1), (1,1,2,3,1,2,2)
(—4, 4) (1, =1, 5,11, 1, 1, 1)

Table 1: Equations and their solutions
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Theorem 2. ([11]) The equation

e =W ceEL 2 24} (0, 0 =1,

holds for some integers a, b, x, n, t andl withxz >1,n>0,t>0,a>0andl >0
if and only if (a, b, z, y, n, t, 1, ) is one of the following:

(a, 1, u, £1, n, ', 1, ¢),

(32u—1 +1
4
g2u-1 _ q
-
(32u—2 +1
2
3l -1
3
(1,-1,2,43,1,1,1,1),(1, -1, 2, 3,2, 1, 1, 2),
(1, -1,2,43,3,1,1,4),(1, -1, 2, 3, 1, 2, 2, 4),

(1, 1,5, £11, 1, 1, 1, —4),

1,3, £(324 4+2), 1, 1, 2u, —1),
01,8, (3% = 2), 1,1, 2u— 1, 1),
;13,237 42), 1,1, 2u— 1, —2),

) ]-7 33 :l:(32u - 2)’ 17 ]-7 2”7 2)7

where u denotes an arbitrary positive integer.

All known results above are restricted to the condition of ¢ = d. The main
purpose of the paper is to consider the case ¢ # d.

The arrangement is as follows. In Section 2, we give some necessary lemmas with
respect to Diophantine equations

ka? —1y?=C, C=1,2,4, (2)

where k, [ are coprime positive integers and kl is not a square. Recall that the
minimal positive solution of (2) is one of the positive integer solutions (z, y) of (2)
such that vk + yv/1 is the smallest, which is equivalent to determining a positive
integer solution (z, y) such that « and y are the smallest. f k =C =1lorl=C =1,
then such a solution is also called the fundamental solution of (2). We present some
known results that will be used in the proof of our main theorem. In Section 3
we prove some necessary facts to make our proofs more concise. Finally, we prove
Theorem 1 in Section 4. Because the case ¢ = d has been done as we can see in
Theorem 2, we only consider the case ¢ # d.
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2. Lemmas

To prove our main Theorem 1, we need the Stormer theorem on the Pell equation
22 — Dy? = 1 and the related results for general quadratic equations kx? — ly? =
C,C €11, 2, 4}. We have the following.

Lemma 1. (Stormer theorem [2]) Let D be a positive nonsquare integer and (x1, y1)
be a positive integer solution of the Pell equation

22— Dy =1 (3)
or
2 — Dy? = —1. (4)
If every prime divisor of y1 diwides D, then x1 4+ y1V/D is the fundamental solution
of (3) or (4).

Let k, [ be coprime positive integers such that £ > 1 and k! is not a square. For
the Diophantine equation
kz? — ly2 =1, (5)

D. Walker [8] obtained the following analogue of the Stérmer theorem. See also Q.
Sun and P. Yuan [7].

Lemma 2. ([7, 8, 11]) Let (z, y) be a positive integer solution of Equation (5).
(i) If every prime divisor of x divides k or x1, then either

x\/%—ky\/l:e
or
aVk+yVi=¢* and x =321, 31a1, 3°+3=4dkai, sEN,

where € = z1Vk + y1V1 is the minimal positive solution of Equation (5).
(i) If every prime divisor of y divides | or yy, then

x\/Eer\/Z:e

or
x\/E—f—y\/Z:Es’ and y:38y17 31’y1’ 38—3:4ly%7 s€eN.

Using the same techniques as in the work of [7], J. Luo proved the following
results.

Lemma 3. ([6, 11]) Let k, | be odd integers and (x, y) be a positive integer solution
of the Diophantine equation
kx? —1y? = 2. (6)
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(i) If every prime divisor of x divides k or x1, then
eVk + y\/z =c

or

k I 3
M:(i) , and x=3%1, 31z, 3%+ 3 =2ka?, sEN,
V2 V2

where € = z1Vk + y1V1 is the minimal positive solution of Equation (6).
(i) If every prime divisor of y divides | or y1, then

x\/Eer\/l:e

or

avk +yVi e\’ s s
T:(E> ,and y=3%1, 31y, 3° —3 =2ly}, s€N.

Lemma 4. ([6]) Let k, | be odd integers and (x, y) be a positive integer solution of
the equation
ka? —ly* =4, k> 1. (7)

(i) If every prime divisor of x divides k, then ek 4+ yV1 = € is the minimal
positive solution of Equation (7) except for (k, 1, x,y) = (5, 1, 5, 11).

(ii) If every prime divisor of y divides I, then ek +yV1 = € is the minimal
positive solution of Equation (7).

Lemma 5. ([10]) If Equation (7) has solutions, so does Equation (5). Let €1, €2
and €3 be the minimal positive solutions of equations (3), (5) and (7), respectively.
Then e1 = (2)? and g2 = (£3/2)3.

Lemma 6. (]9, 11]) Let D be a given positive nonsquare integer.

(i) If 8| D, then at most one of the Diophantine equations kx* — ly* = 1 has
integer solutions, where (k, 1) ranges over all pairs (k, 1) such that k > 1, kl = D.

(ii) If 2|D and 8 ¥ D, then only one of the Diophantine equations kx?—ly* = 1 has
integer solutions, where (k, 1) ranges over all pairs (k, 1) such that k > 1, kl = D.

(iii) If 2 1 D, then only one of the Diophantine equations kx® — ly*> = 1, ka® —
ly*> = 2 has integer solutions, where (k, 1) of the former equation ranges over all
pairs (k, 1) such that k > 1, kl = D, while the latter ranges over all pairs (k, 1) such
that k > 0, kl = D.

(iv) If 24 D and the Diophantine equation x> — Dy? = 4 has solutions in odd
integers x and y, then only one of the Diophantine equations kx? — ly? = 4 has
integer solutions, where (k, 1) ranges over all pairs (k, 1) such that k > 1, kl = D.
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Lemma 7. ([11]) (i) Let D be a positive nonsquare integer with 2 ¢ D. Let (x, y)
be a positive integer solution of the Pell equation (8) with y = 2™y’, n € N. If every
prime divisor of y' diwides D, then x +yvVD =€ or e? or &3, where ¢ = x1 +y1 V' D
is the fundamental solution of Equation (3).

(is) If (2™, y) is a positive integer solution of Equation (8), then (2", y) is the
Sfundamental solution of it.

(iii) Let (z,y) be a positive integer solution of Equation (5) with x = 2"z,
n € N. If every prime diwisor of ' diides k, then vk + yV1 = € or &3, where
e = z1Vk + y1V1 is the minimal positive solution of Equation (5).

(iv) Let (x,y) be a positive integer solution of Equation (5) withy = 2"y’, n € N.
If every prime divisor of y' divides 1, then vk +yvV1 = ¢ or €®, where e = z1Vk +
y1V1 is the minimal positive solution of Equation (5).

Remark. In Lemma 7 (iii), if 2vk + yv/I = €3, then we have z = 3°zy, 3 { z1,
3% 43 =4ka?, s € N. And if 2vk+yvI = €% in (iv), then we have y = 3%y;, 3{ y1,
35 —3=4dly?, s N.

3. Some Preparations

To make the proof of Theorem 1 more concise, we present some simple results.

Theorem 3. (i) The Diophantine equation
2zl = at®s™ 4+ 3t, x>1,a,n,t, 1 €N, 2fat (8)

has only the integer solutions (a, n, t, l,x) = (1,1, 1, 1, 3) and (a, n, t, 1, x) =
2x3*1-11,1,u 3), ueN.
(i) The Diophantine equation

2zt = at®s™ —3t, x>1,a,n,t,1EN, 2{at (9)

has only the integer solutions (a,n,t, 1, z) = (3,1,1,1,3), (a,n,t, 1, x) =
(1,2,1,1,3) and (a, n, t, I, z) = (2 x 3“1 +1,1,1, u, 3), u € N.

Proof. (i) For the case [ = 1, Equation (8) becomes
2z =at’z" +3t, =>1,a,n,teN, 2¢at,

soa=t=mn=1and x = 3. Hence Equation (8) has only the integer solution
(a, n,t, 1, z) = (1,1, 1, 1, 3) with I = 1. Next we consider the case where [ > 1.
It is easy to see that x|3t and t|z from (8). Thus x =t or x = 3t. If x = ¢, by (8),
we get

267 = "2 13, 1> 1, (10)
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sot =3 and [ = 2, which is impossible since 6 < a3"2 + 3. If z = 3¢, then, by (8),
we obtain
2(3t) 7t = a2 41, (11)

sot=1,r=3andn = 1. It follows that a = 2 x 3! — 1. Therefore Equation (8)
has only the integer solutions (a, n, t, [, ) = (2x 31 —1, 1, 1, u, 3), u € N with
I>1.

(ii) We also divide the proof into two cases according to I = 1 and [ > 1. For
I =1, Equation (8) becomes

2z = at®s" —3t, x>1,a,n,teN, 2¢fat,

sot=1and z = 3. Tt follows that 2 = a x 3" — 1, so (a, n) = (3, 1) and (1, 2).
Hence Equation (11) has only the integer solutions (a, n, t,l, ) = (3, 1, 1, 1, 3)
and (1, 2, 1, 1, 3) with I = 1. The case [ > 1 can be solved by a similar argument
as in (i). This completes the proof. O

Theorem 4. (i) Each of the Diophantine equations

X2 -bbt?+1)Y?2 =1, X*- g(zbt2 +1)Y?=1,2/b, X?-2b2b0t*+1)Y? =1,

X2 - g(thZ —)Y?=1,2b, X*-— %(4bt2 +1)Y?=1,4b,
X2 —b4bt* +1)Y? =1 and X* - Z(4bt2 —1)Y?2=1,4|b
has no integer solutions (X, Y) with X = 2% a € N.

(ii) The Diophantine equation 2X2 — Y2 = 1 has no integer solutions (X, Y)
with Y = 2%, a € N.

(iii) If b > 0, then (X,Y) = (bt? + 1,¢) and (X,Y) = (bt?> — 1, t) are the
fundamental solutions of the equations X2 —b(bt?+2)Y? =1 and X2 —b(bt>—-2)Y? =
1, respectively. If b < 0, then (X, Y) = (=bt? —1,t) and (X,Y) = (=bt?> + 1, t)
are the fundamental solutions of X? —b(bt?> +2)Y2 =1 and X2 —b(bt? —2)Y? =1,
respectively .

Proof. For b > 0, let (X,Y) = (u, v) be the fundamental solution of the Pell
equation X? — b(bt? + 1)Y? = 1. It is easy to see that (X,Y) = (1, ¢t) is the
minimal solution of the equation (bt + 1)X? — Y2 = 1. By Lemma 5, we obtain
u+vy/bbt2 +1) = (Vb2 + 1+ t\/5)2, from which u = 2bt2 +1 and v = 2t if b > 0.
Applying Lemma 7 (ii), we get 2bt? + 1 = 2%, which is impossible.

As in the proof above, by Lemmas 5 and 7, the key step is to find the minimal
solutions of the related equations. Since the proofs are similar for other equations,
we just list their minimal solutions in the following table. O
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Equation Condition | Minimal solution
X2 —b(bt* +1)Y? =1 Z z 8 ((_252;+—1i,22)
X2 — 520> +1)Y? = 1(2|b) Z z 8 ((_422;+_1i742)
X2 —26(20* +1)Y? =1 Z Z 8 ((_422?_111,22)
X% — (20t —1)Y? = 1(2/b) Zb, z 8 ((—422;;111742)
X? - 2(4bt? +1)Y2 =1(4 | b) Z z 8 ((—ng;tliséi)
X2 —b(4bt? +1)Y? =1 Z Z 8 fé’i;f_li,42>
X? - 2(4bt? —1)Y? =1(4|b) Z z 8 ((—852;111742)
2X7 -y’ =1 (L1
X2 bt +2)Y?2 =1 Z z 8 ((—blij—li,ti)
X2 bt —2)Y? =1 Z z 8 ((—bli;;i,ti)

Table 2: Some equations and their minimal solutions

Theorem 5. (1) The simultaneous Diophantine equations

=3 and 3°—3=4az"t?>, a,n,t 1, xeN,

have only the integer solutions (a, n, t, 1, ) = (35_;*1, 1,1,8,3),2¢s, with 31t.
(2) The simultaneous Diophantine equations

2t =3 and 3°+3=4az"t?, a,n,t 1, xeN,

have only the integer solutions (a, n, t, 1, ) = (35—;+17 1,1, s, 3), 2|s, with 31t.
(8) The simultaneous Diophantine equations

' =3% and 3°+3=2ax"t®, a,n,t, 1, zeN,

have only the integer solutions (a, n, t, 1, x) = (35_21*1, 1,1,s,3),seN, with31t.
(4) The simultaneous Diophantine equations

' =3% and 3°—3=2ax"t?, a,n,t, 1, zeN,

have only the integer solutions (a, n, t, 1, x) = (35_21*1, 1,1,s,3),s>1, with31{t.
(5) The simultaneous Diophantine equations

=3t and 3°+3=ax™? a,ntl zeN,



INTEGERS: 20 (2020) 9

have only the integer solutions (a, n, t, 1, z) = (3°~1 +1,1,1, s, 3), s € N, with
31t.
(6) The simultaneous Diophantine equations

' =3% and 3°—3=az™? a,n,t 1, xeN,

have only the integer solutions (a, n, t, 1, x) = (3571 — 1,1, 1, s, 3), s > 1, with
31t
(7) The simultaneous Diophantine equations

'=2-3t and 3°+3=8ax™>? a,ntl, zecN,

have no integer solutions (a, n, t, I, ), with 31t and 2|az.
(8) The simultaneous Diophantine equations

2t =2-3% and 3°*+3=4daz"t®, a,n, t, 1, zeN,

have no integer solutions (a, n, t, I, x), with 31t and 2|z.
(9) The simultaneous Diophantine equations

' =4-3t and 3°+3=16ax™? a,n,t I,z €N,

have no integer solutions (a, n, t, 1, x), with 31t and 4|az™.
(10) The simultaneous Diophantine equations

2=2.3% and 3°*+3=4daz™t?®, a,n, t, 1, zeN,

have no integer solutions (a, n, t, 1, x), with 31t and 4]az™.
(11) The simultaneous Diophantine equations

2'=2.3% and 3°+3=16az"t?, a,n,t, 1,z €N,
have no integer solutions (a, n, t, 1, x), with 31t and 4|az™.

Proof. (1) Since z! = 3°t and 3 { t, we obtain 3|z. As 3° — 3 = 4az"t?, we have
3||4az™t? and hence 3||z. Thus [ = s and t = t1°, where ¢; is a positive integer with
3||t1. Therefore x = 3t;, which implies 3° — 3 = 4a-3"t3*™' and n = 1 as 3||3° — 3.
If t; > 1, then t%SH > 22s+1 > 35—1 _ 1 which is impossible. So we get that t; = 1,

r=3and a= 351_1, 21 s.

Using arguments similar to those above, we get the results for the related simul-
taneous Diophantine equations in (2)-(6).

(7) Since z! = 2 - 3¢, we obtain 3|z. It follows from 3° + 3 = 8ax"t? that s > 1
and 3||8ax™t?. Hence 3||x and n = 1. Therefore [ = s and t = 2571¢;% where t; is
a positive integer with 3 { ¢;. Hence x = 6t1, so 3° + 3 = 8a - 6t; - 22°72¢3% which
implies t; =1 and a = 3;;%, which is impossible as 22512 > 3571 4 1.

Using arguments similar to those in (7) show that the related simultaneous
Diophantine equations in (8)-(11) have no integer solutions. This completes the
proof. O
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4. Proof of Theorem 1

We will divide the proof into 30 cases according to the different values of ¢ and d.

For simplicity, we only give a complete proof of the case c = —4 and d = —1.
The case ¢=—4,d= —1. From (1) we have
az" T2 — blabt?’z" — 1)y? = 4. (12)

We divide the proof into four subcases according to az™ = 4, 4 | az™ and az™ > 4,
2||az™, and 2 t az™.

Subcase 1. az™ =4. Then 24 abt?z™ — 1,50 4 | by?. As z > 1, we get (a, z, n) =
(1,2,2) or (1,4, 1) or (2, 2, 1).

If 4 | b, by (12) we get 22! — 2(4bt? — 1)y = 4 or 42! — 2(4bt? — 1)y? = 4, a
contradiction to Theorem 4 (i). Similarly, if 4 1 b, then 2 | y, from (12) we have
220 — p(4bt* — 1)(%)? =1 or 42" — b(4bt* — 1)(%)? = 1, a contradiction to Theorem
4 (i).

Subcase 2. If 4| az™ and az™ > 4. Then 2 { abt?z™ + 1, so 4 | by?.

(i) If4 | b, from (12) we have %(ml)Q—wa = 1, which implies (X, V) =

(2!, y) is a solution of
az" o blabt?z™ — 1)

X2 Jy?_1.
4 4

If b > 0, then (X, Y) = (4¢, 1) is the minimal positive solution of

abx™
16

X% — (abt?z" —1)Y? = 1.

abz™ abz™

Since %ﬂ = 1(b > 4), by Lemma 6 we must get =1lor %ﬂ = . The former
gives (a, b, z,n) = (1, 4, 2, 2) or (1, 4, 4, 1) or (2, 4, 2, 1). Thus X?—(4t>—1)Y? =
1 has a solution (X, Y) = (2!, y) or (4, y). Moreover (X,Y) = (2t, 1) is the
fundamental solution of X? — (4t — 1)Y2 = 1. Thus we have 2! = 2¢t,y = 1 or
4" = 2t,y = 1 by Lemma 7 (ii). The latter yields b = 4. Again by Lemma 2 (i)
we obtain ol = 4t, y = 1 or o' = 3°4t, 3 { 4¢, 3° + 3 = 492" (4¢)2. The latter is
impossible by Theorem 5 (9).
If b < 0, then (X, Y) = (1, 4¢) is the minimal positive solution of

—abx™

(—abt?s" + 1)X? — YZi=1.
16
Since % > 1, —abt?z™ +1 > 1 and %ﬁ # —abt’z™ + 1, by Lemma 6 (12) has no
solutions.

(i) If 4 1 b, then 2 | y, from (12) we have %2~ (2!)2 — b(abt?z™ — 1)(%)? = 1, which

implies (X, Y) = (2!, ¥) is a solution of

%XZ — blabt?z™ — 1)V = 1.
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If b > 0, then (X, Y) = (2¢, 1) is the minimal positive solution of

b n
%XQ — (abt?z™ — 1)Y2 = 1.
Since % > 1, by Lemma 6 we must get % =1or % = %ﬂ. The equation

% = 1 yields (a, b, z, n) = (1, 1,2,2) or (1, 1,4, 1) or (2,1, 2,1). Thus the
equation X? — (412 — 1)Y? = 1 has a solution (X, Y) = (2!, 4) or (4', £). Note
that (X, Y) = (2t, 1) is the fundamental solution of X? — (4t — 1)Y?2 = 1. Thus
by Lemma 7 (ii) we have 2! = 2t, £ =1and 4t = 2t 4=1

The equation % = abfn implies b = 1. Again by Lemma 2 we obtain that

ot =2t, 4 =1oral =3%2¢,312t,3°4+3= 4%”(215)2. The latter is impossible by
Theorem 5 (10).
If b <0, then (X, Y) = (1, 2¢) is the minimal positive solution of

—abz™

(—abt?z™ +1)X? — Y2=1.

Since % > 1, —abt?z™ +1 > 1 and % # —abt’z™ + 1, by Lemma 6 (12) has no

solutions.

Subcase 3. 2 || az™. Then 2|/b(abt?z™ — 1)y?, so 2||b and 222~ (abt?2™ — 1) is odd.
From (12) we have 22" (2%)2 — &(abt?z™ — 1)y = 2, which implies (X, V) = (2!, y)
is a solution of

n b
%XQ — S(ab?a" —1)Y? =2,

If b > 0, then (X, Y) = (2¢, 1) is a solution of

abx™

1 X2 — (abt?z™ —1)Y? = 1.

az”

Since %2~ > 0 and %2 > 1, by Lemma 6 (iii) the equation (12) has no solutions.
If b < 0, then (1, 2t) is a solution of

—abz™

(—abt?z™ +1)X? — Y2 =1.

Since % > 0 and —abt?z™ + 1 > 1, by Lemma 6 (iii) the equation (12) has no

solutions.

Subcase 4. If az™ is odd, then abz™(abt?s™ —1) is odd. From (12) (X, Y) = (!, )
is a solution of
az" X? — b(abt?z™ —1)Y? = 4.

If b > 0, then (X, Y) = (¢, 1) is the minimal positive solution of

abz" X? — (abt?z™ —1)Y? = 1.
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Since ax™ > 1, by Lemma 5 the equation az™X? — b(abt?z™ — 1)Y? = 1 has an
integer solution (X, Y). Because az™ > 1 and abz™ > 1, by Lemma 6 we have
ax™ = abx™, which implies b = 1. Let (X, Y) = (u, v) be the minimal solution of
az" X2 —b(abt?x™ —1)Y? = 4. Thus by Lemma 5 we obtain t\/az™+/at2z" — 1) =
$(uvaz™ + vvat?a™ — 1)3, from which §(v3 + 3u?vk) = 1, which is impossible as
E=ax">3and l =at?z™ — 1> 2.

If b <0, then (X, Y) = (1, t) is the minimal positive solution of

(—abt’z"™ +1)X? — (—abz™)Y? = 1.

Since az™ > 1, by Lemma 5 the equation az™ X? —b(abt?2™ —1)Y? = 1 has solution.
Because az™ > 1, —abt?z™ + 1 > 1 and az™ # —abt?z™ + 1, by Lemma 6 (12) has
no solutions. This proves the case of ¢c = —4 and d = —1.

The proofs of the other 29 cases are similar and perhaps we need other lemmas
and theorems in Sections 2 and 3 to complete the proof of the main theorem, and
we omit the details. This completes the proof of Theorem 1. O
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