#A27 INTEGERS 20 (2020)

A DIOPHANTINE SYSTEM

Ajai Choudhry
13/4 A Clay Square, Lucknow, India
ajaic203@yahoo.com

Received: 8/26/19, Revised: 12/9/19, Accepted: 3/13/20, Published: 4/13/20

Abstract
In this paper we find a parametric solution to the hitherto unsolved problem of
finding three positive integers such that their sum, the sum of their squares and the
sum of their cubes are simultaneously perfect squares.

1. Introduction

This paper is concerned with the problem of finding three positive integers such
that the sum of the integers, the sum of the squares of the integers and the sum of
the cubes of the integers are all perfect squares. It seems that this problem has not
yet been considered in the literature.

If we denote the three desired integers by a, b and ¢, we need to solve the dio-
phantine system defined by the following three simultaneous equations:

a+b+4c=1u? (1)
a’ + b+ =07, (2)
a® + b+ =w?, (3)

where u, v and w are some positive integers.

We note that if we take ¢ = 0, then the left-hand side of Equation (3) has a linear
factor a 4+ b, and it suffices to find rational points on the elliptic curve defined by
the pair of quadrics a? + b?> = v? and a® — ab + b?> = w?. This problem has been
completely solved by Bremner [1].

We further note that if a, b, ¢ are any three rational numbers satisfying the
simultaneous Equations (1), (2), (3), and k is any nonzero rational number, then
k2a, k2b, k2c is also a solution of these equations. Thus, any solution in positive
rational numbers yields, on appropriate scaling, a solution of these equations in
positive integers. It therefore suffices to obtain a solution of our diophantine system
in positive rational numbers.
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2. Triads of Integers Such That Their Sum, the Sum of Their Squares
and the Sum of Their Cubes Are Simultaneously Perfect Squares

We will now solve the simultaneous diophantine Equations (1), (2) and (3). We
observe that it follows from (1) and (3) that

(a+b+c)—(a®+ b+ ) =u® —w?,

or
3(a+b)(b+c)(a+c) = (u® —w)(u® +w). (4)
Thus there exist nonzero rational numbers p and ¢ such that
a+b=pu®—w), b+c=q®+w), c+a=1/(3pq), (5)
and on solving Equations (1) and (5) for a, b, ¢ and w, we get
a =—{6p%qu’ — 3p(p + q)u” +1}/{3p(p — )},
b= (3pqu® —1)/(3pg),
¢ = {6pg*u® — 3q(p + @)u* + 1}/{3q(p — )},
w = {3pg(p + q)u® — 6pqu® + 1} /{3pg(p — )}

(6)

On substituting the values of a, b, ¢ given by (6) in Equation (2) and writing
v=y/{3pa(p — @)}, we get

9¢%u* (8¢*u? — 8qu + 3)p* — 6u?q(12¢°u® — 3¢*u® — 2qu + 2)p*

+ (27¢*u* + 12¢°u® + 2)p* — 2¢(6¢*u® + )p +2¢* = >, (7)
On further substituting u = 1, y = Y/{4(m? — 8m + 8)} and

q=(m*—4m —8)/{2(m* — 8m +8)}, (8)

in Equation (7), we get

Y2 = 36(m? — 8m + 24)*(m? — 4m — 8)%p* — 12(m? — 4m — 8)
x (Tm® —136m° 4 1112m* — 5120m> + 14272m? — 19968m + 1536)p>
+ (83m® — 1936m” + 18112m5 — 90496m° + 291200m*
— 705536m> 4+ 1060864m? — 352256m 4 143360)p*
— 8(m? — 8m + 8)(m? — 4m — 8)(5m* — 56m> + 160m? — 64m + 320)p
+8(m? — 4m — 8)%(m? — 8m +8)%. (9)

Now Equation (9), considered as a quartic equation in p and Y, represents a
quartic model of an elliptic curve over the field Q(m). Since the coefficient of p* in
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Equation (9) is a perfect square, it is readily found that if we take

p=—(m'® —96m' + 2688m! — 27904m'® — 108288m'?
+ 6494208m ' — 87138304m % + 674709504m° — 3417415680m°
+ 11595022336m" — 25774522368m° + 35770073088m° — 34652291072m*
+ 57252249600m> — 130157641728m? + 154014842880m — 63870861312)
x {12(m? — 4m — 8)} 1 (m? — 12m + 24) " (m? — 8m + 24) 2
x (m® — 36m” + 672m° — 6944m® + 39936m*
— 128256m® 4 235520m? — 288768m + 258048) 1, (10)

the right-hand side of Equation (9) becomes a perfect square and we thus get a
rational point P on the curve (9). We have omitted the Y-coordinate of the point
P since it is too cumbersome to write and is also not required for a solution of the
problem.

Now, using the relations (6), we obtain the following values of a, b and ¢ satisfying
the simultaneous Equations (1), (2) and (3):

a=—{(6g—3)p* = 3pq+1}/{3p(p — )},
b= (3pg — 1)/(3pa), (11)
c={3(2¢ — )pqg — 3¢* + 1}/{3q(p — @)},

where the values of p and ¢ are given by (10) and (8) respectively and m is an ar-
bitrary parameter. By appropriate scaling, we readily obtain the following solution
of our diophantine system in terms of polynomials of degree 68 in the parameter m:
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a = —2(m!% — 96m'5 4 2688m!* — 27904m 3 — 108288m!2
+6494208m ! — 87138304m 10 + 674709504m° — 3417415680m83
+ 11595022336m" — 25774522368m° 4 35770073088m> — 34652291072m*
+ 57252249600m3 — 130157641728m? + 154014842880m — 63870861312)
x (7m!® — 536m'7 + 18584m'® — 384256m'° + 5249024m 4
— 49430528m '3 + 322088960m'2 — 1379221504m ! + 3000328192m 10
+ 4592828416m° — 64242384896m° + 263919239168m” — 662504996864m°
+ 1177274023936m° — 1689297879040m* 4 2079099715584m>
— 1649619763200m2 — 18119393280m + 858859241472)(27m3* — 3958m33
+281536m 32 — 12935808m3! 4 431057024m3° — 11084761088m2°
+228493261824m 28 — 3871296266240m?7 + 54850303729664m 6
— 657894267912192m25 4 6738982724501504m24 — 59319843859988480m23
+ 450633974300540928m 22 — 2962095441040113664m 2
+ 16865291113584394240m2° — 83134616510555750400m°
+ 353914142860584681472m'® — 1294484088947451363328m'7
+ 4029036097642646470656m 16 — 10479412757707026857984m1°
+21932175892417718779904m 4 — 33451210334952644149248m 13
+ 22915450231129083215872m12 + 57598857204452493885440m 1
— 264285207016672327630848m 0 + 592309916168150319104000m°
— 882103298529495722491904m° + 829096116120382102044672m.”
— 223560746049034524819456m° — 725401252675706230407168m°
+ 1427209494676175667068928m™* — 1449636236303409994530816m>
+ 943083356531908197482496/m2 — 387544486406475416076288m,
+ 79986753139066370260992),

b= (9m!® — 672m® 4+ 22912m* — 477952m'3 + 6869248m 12
— 72464384m!'! + 582688768m 0 — 3653648384m° + 18072952832m°
— 70648725504m7 + 216615354368m° — 512511442944m° + 912664821760m*
— 1181359276032m> 4 1056662618112m? — 596128038912m + 164433494016)
x (m'® —96m!® + 2688m!* — 27904m!3 — 108288m'? + 6494208m 1
— 87138304m 10 4 674709504m° — 3417415680m® + 11595022336m7
— 25774522368m5 4 35770073088m° — 34652291072m* + 57252249600m3
— 130157641728m? + 154014842880m — 63870861312)(7m!® — 536m!7
+18584m8 — 384256m'° + 5249024m'* — 49430528m '3 + 322088960m 12
— 1379221504m'! + 3000328192m 10 + 4592828416m° — 64242384896m°
+ 263919239168m” — 662504996864m° 4 1177274023936m°
— 1689297879040m* + 2079099715584m3 — 1649619763200m2
— 18119393280m + 858859241472)2,
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c = —2(m'% — 96m!® 4 2688m!* — 27904m'® — 108288m!2 + 6494208m!!
— 87138304m0 4 674709504m° — 3417415680m® + 11595022336m7
— 25774522368m° + 35770073088m° — 34652291072m* + 57252249600m°>
— 130157641728m? + 154014842880m — 63870861312)%(7m!'® — 536m!7
+18584m'% — 384256m'° + 5249024m'* — 49430528m '3 + 322088960m. 2
— 1379221504m'! 4+ 3000328192m 10 + 4592828416m° — 64242384896m°
+ 263919239168m” — 662504996864m5 + 1177274023936m°
— 1689297879040m* 4 2079099715584m3 — 1649619763200m2
— 18119393280m + 858859241472)(m!® — 106m'7 + 5088m® — 147328m*°
+ 2890880m 4 — 40912384m '3 + 433779712m1? — 3531595776m !
+22435135488m10 — 112294674432m° + 444786212864m°
— 1392962437120m7 + 3426355773440m° — 6524556541952m°

+9357353811968m — 9571368173568m> + 6168898437120m>
— 1673325969408m — 282662535168).

When m = 3/2, the above solution yields, on appropriate scaling, the following
three integers such that their sum, the sum of their squares and the sum of their
cubes are perfect squares:

22104703132724392891974197260485203180817980456068478,
45051218517398331420875516790921404601474342024364969,
273836695120684015976157268469007404280872671207701754.

In fact, it is readily seen that (11) gives a solution in positive rational numbers
of the simultaneous Equations (1), (2) and (3) when m is any rational number such
that 1.47 < m < 1.58. It immediately follows that we can obtain infinitely many
triads of positive integers such their sum, the sum of their squares and the sum of
their cubes are perfect squares.

As the solutions obtained by the formulae (11) are large, we explored the ex-
istence of numerically smaller solutions by performing computer trials. Excluding
triads of integers that have k% as a common factor for some integer k, we could
obtain only two triads of positive integers with the desired property in the range
a+ b+ ¢ < 10000. These two triads are as follows:

[108,124,129] and [34,2134,2873].

3. Concluding Remarks

Finally we note that the rational point P, already found on the elliptic curve (9)
defined over the field Q(m), is a point of infinite order. We can, therefore, find
infinitely many rational points on the elliptic curve (9) and we thus obtain infinitely
many parametric solutions of the diophantine system defined by the Equations (1),
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(2) and (3). These parametric solutions will yield more integer solutions of our
problem.
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