#A50 INTEGERS 20 (2020)

RAINBOW NUMBERS FOR z; + 2 = kxs IN Z,

Erin Bevilacqua'
Department of Mathematics, Pennsylvania State University, State College,
Pennsylvania
eib5092@psu. edu

Samuel King'
Department of Mathematics, University of Rochester, Rochester, New York
sking19Q@u.rochester.edu

Jiirgen Kritschgau?
Department of Mathematics, Iowa State University, Ames, Iowa
jkritsch@iastate.edu

Michael Tait?
Departemnt of Mathematics, Villanova University, Villanova, Pennsylvania
michael.tait@villanova.edu

Suzannah Tebon'
Department of Mathematics, Beloit College, Beloit, Wisconsin
tebonsr@beloit.edu

Michael Young?
Department of Mathematics, lowa State University, Ames, IA 50011, USA
myoung@iastate.edu

Received: 9/14/18, Revised: 11/14/19, Accepted: 6/14/20, Published: 6/18/20

Abstract
In this work, we investigate the fewest number of colors needed to guarantee a
rainbow solution to the equation x; + xo2 = kx3 in Z,. This value is called the
rainbow number and is denoted by rb(Z,, k) for positive integer values of n and
k. We find that rb(Z,,1) = 4 for all primes greater than 3 and that rb(Z,, 1) can
be determined from the prime factorization of n. Furthermore, when k is prime,
rb(Zn, k) can be determined from the prime factorization of n.
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1. Introduction

Let Z,, be the cyclic group of order n, and let an r-coloring of Z,, be a function
¢: Zyn — [r] where [r] :={1,...,7}. In this paper, we assume that each r-coloring is
ezact (surjective). Given an exact r-coloring, we define r color classes C; = {z €
Zn | c(x) = i} for 1 <4 < r. Occasionally, when convenient, we will use R, G,
B, and Y to denote the colors or the color classes red, green, blue, and yellow,
respectively. Furthermore, we will use im(c) to denote the set of colors used by c.

Fix an integer k. Let a triple (x1,22,23) be any three elements in Z, which
are a solution to x1 + 2 = krs mod n. When k = 1, we will call these triples
Schur triples. Such a triple is called a rainbow triple under a coloring ¢ when
c(x1) # c(xa), c(x1) # c(x3), and ¢(xa) # c¢(x3). Consequently, a coloring will be
called rainbow-free when there does not exist a rainbow triple in Z, under c.

The rainbow number of Z,, given x1 +x2 = kxs, denoted rb(Z,, k), is the smallest
positive integer r such that any r-coloring of Z, admits a rainbow triple. By
convention, if such an integer does not exist, we set rb(Z,, k) =n+1. A mazimum
coloring is a rainbow-free r-coloring of Z,, where r = rb(Z,, k) — 1.

For a coloring ¢ of Z, the it" residue class modulo t is the set of all the elements
in Zs which are congruent to ¢ mod t. Denote each residue class as R; = {j €
Zg|j =i mod t}. We say the i*" residue palette modulo t is the set of colors which
appear in the i'" residue class, and we will denote each palette as P; = {c(j)|j =i
mod t}.

Rainbow numbers for the equation xy + x5 = 2x3, for which the solutions are
3-term arithmetic progressions, have been studied in [1], [2], [3], and [5]. These
problems are historically rooted in Roth’s Theorem, Szemerédi’s Theorem, and van
der Waerden’s Theorem. The first half of our paper explores the rainbow numbers
of Z,, given the Schur equation, ;1 + o = x3. We rely on the work of Llano and
Montenjano in [4], Jungié¢ et al. in [3], and Butler et al. in [2] to prove exact values
for rb(Zy, 1) in terms of the prime factorization of n. Our results are an extension
to the results in [1], [3], and [5].

The motivation for our results is captured in the idea that the rainbow number
of Z,, given x1 + xo = kx3 to the prime factors of n. Theorems 1 and 2 confirm
that rainbow numbers of depend on the prime factorization.

Theorem 1. For a prime p > 5, rb(Z,,1) = 4.
Remark 1. It can be deduced through inspection that rb(Zs,1) = rb(Z3,1) = 3.

Theorem 1 gives exact values for rb(Z,, 1) where p is prime. Therefore, Theorems
1 and 2 give exact values for rb(Z,,1). The proof for Theorem 2 is at the end of
Section 2.3.
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Theorem 2. For a positive integer n with prime factorization n = p* -pg? - - - pim,

r0(Zn, 1) =2+ f: (ai(rb(Zpi, 1) — 2))

We continue by considering the equation x1 + xo = pzxs for any prime p. Many
of the techniques for the k£ = 1 case generalize. However, there are complications.
If we let the prime factorization of n be n = p®- ¢y - - - ¢%m, then we can produce a
recursive formula for rb(Z,,, p) detailed in Theorem 5. To obtain exact results from
the recursive formula, we need to know the value of rb(Z,,p) for prime p and q.
These values are determined in Theorems 3 and 4.

We would like to note that Theorem 3 resembles Theorem 3.5 in [3]. In essence,
we use the ideas from Theorem 3.5 in [3] to construct a lower bound. The upper
bound is obtained by using structural information from Theorem 2 in [4], which we
restate as Theorem 6.

Theorem 3. Let p,q be distinct and prime. Then rb(Z,,p) = 4 if and only if p,q
do not satisfy either of the following conditions:

1. p generates Zy,
2. |p| =(q¢—1)/2 in Z; and (¢ —1)/2 is odd.
Otherwise, 7b(Zq,p) = 3.

Theorem 4. For p > 3 prime and o > 1,

3 p=3,a=1
rb(Zpe,p) = { 4 p=3,a>2.
#—l—l p>5

The values for rb(Zs«, 2) are resolved in [1]. In conjunction with Theorems 3 and
4, Theorem 5 determines exact values for rb(Z,,, p). The proof for Theorem 5 is at
the end of Section 3.4.

Theorem 5. Let n be a positive integer, and let p be prime. Let n have prime
factorization n = p* - ¢i'* - - - q¢%. Then

m

r(Zunsp) = 10T, p) + Y (:(70(Ze,,p) — 2)).
i=1
2. Schur Triples

Section 1 is dedicated to proving Theorem 2. In Section 2.1 we introduce the
idea of a dominant color to describe the structural properties of colorings of Z,,.
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Additionally, we prove Proposition 1, the Schur triple counterpart of Theorem 3.2
in [3]. We use Proposition 1 to prove Theorem 1, concluding Section 1.1. In
Section 2.2 we show that the lower bound of rb(Z,,1) can be determined by the
prime factorization of n. The equivalent upper bound is proved in 2.3. Combining
Sections 2.2 and 2.3 proves Theorem 2.

2.1. Schur Triples in Z,, p Prime

Let ¢ be a coloring of Z,. We say a sequence Si,S5s,...,5S; of colors appears at
position i if ¢(i) = S1,c(i+1) = Sa,...,c(i+k—1) = Sk. A sequence is bichromatic
if it contains exactly two colors. A color R is dominant if for S = {¢(x) 1 i < x <
J,t < j}, |S| = 2 implies R € S. That is, R appears in every bichromatic string.
Using dominant colors to derive a contradiction is used in [3]. We also use this idea
to describe the structure of rainbow-free colorings of Z,. However, we must show
that a dominant color exists.

Lemma 1. There exists a dominant color in every rainbow-free coloring of Z,.
Furthermore, ¢(1) is dominant.

Proof. Let ¢ be a rainbow-free coloring of Z,,. Note that (1,4,7+ 1) is a Schur triple
for all ¢ ¢ {0,1}. Since ¢ is rainbow-free, either ¢(i) = c(i + 1), ¢(1) = (i), or
c(1) = e(i + 1). Thus, if ¢(i) # ¢(i + 1), then ¢(1) must appear on either i or i 4 1.
This implies that ¢(1) is dominant. O

An immediate result from this lemma is that any color which doesn’t appear on
1 must be adjacent to itself or the dominant color. Now we can relate the structure
of our coloring to the presence of a rainbow triple. Without loss of generality, let
¢(1) = R be dominant.

Lemma 2. Let ¢ be an r-coloring of Z,, with r > 3. If BB and GG appears in c,
then there exists a rainbow Schur triple in c.

Proof. Let ¢ be an r-coloring of Z, with » > 3 such that BB and GG appears in
c. Without loss of generality, assume R is dominant, and ¢ contains BB and GG.
Then, the sequence BBR must appear at some position ¢ and the sequence GGR
must appear at some position j.

Consider the Schur triple (¢, + 2,7+ j + 2). Since ¢(i) = B, and ¢(j +2) = R,
then either ¢ contains a rainbow Schur triple, or ¢(i + j +2) is R or B. Assume the
second case, and consider the Schur triple (i+2, 7,7+ j+2). Since ¢(:+2) = R, and
¢(j) = G then either ¢ contains a rainbow Schur triple or ¢(i + j + 2) is R. Again,
assume the second case, and finally consider the triple (i + 1,5+ 1,4+ j 4+ 2). Since
c(i+1)=DB,c(j+1) =G, and c¢(i + j + 2) = R, this triple is rainbow. Therefore,
¢ contains a rainbow Schur triple. U
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Therefore, if ¢ is a rainbow-free coloring of Z,, with R dominant, either GG or
BB can appear in ¢, but not both. Next we show that there are ways to re-order
colorings while maintaining whether or not Schur triples are rainbow.

Lemma 3. Let ¢ be an r-coloring of Z,,. If m is relatively prime to n, then ¢ has
a rainbow Schur triple if and only if é(x) := c(mx) contains a rainbow Schur triple.
Additionally, the cardinality of each color class will be maintained.

Proof. Let (x1, 22, x3) be a triple in ¢. By definition, 21 +29 = 3 in Z,, is equivalent
to

r1+x9o=8n+r

xr3=1tn+r,
as equations in the integers for some s,t € Z. Multiply both equations by m to get

mxiy + mxo = msn -+ mr

mxs = mtn + mr

Therefore, mx1 +mxo = mr mod n, and mxs = mr mod n, so mx; +mxrs = mxs
mod n. Thus, (mz1, mxy, ma3) is rainbow in ¢ if and only if (z1, 22, x3) is rainbow
in c.

Finally, the last statement of Lemma 3 follows from the fact that if m is relatively
prime to n, then the map F': x — ma is a bijection. ]

Our next result is the Schur equation counterpart to Theorem 3.2 in [3].

Proposition 1. Let p be prime. Then every 3-coloring ¢ of 7Z, with
min(|R|, |G|, |B]|) > 1 contains a rainbow Schur triple.

Proof. For the sake of contradiction, assume that c is a rainbow-free 3-coloring
of Z, and min(|R|, |G|, |B|) > 1. Without loss of generality, assume that |R| =
min(|R|,|G|,|B|). Since there are at least two elements of Z, colored R, there
exists a minimal element 1 < i < p — 1 such that ¢(i) = R. Because p is prime,
i is relatively prime to p and ¢ has a multiplicative inverse. Let é(x) := c(iz) so
that é(1) = R. Therefore, by Lemma 1, R is dominant in é. By Lemma 2, BB
and GG cannot both appear in é. Without loss of generality, assume that GG does
not appear in é. Because R is dominant, R must follow each G, so |R| > |G|.
Furthermore, BR must appear in é. This implies that |R| > |G| + 1 in é which
implies |R| > |G| + 1 in ¢ by Lemma 3. This contradicts our assumption that
|R| = min(|R], |G, |B]). O

Lemma 4. If c is a rainbow-free r-coloring of Z, for a prime p with r > 2, then

c(z) = e(—2x).
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Proof. Let ¢ be a rainbow-free r-coloring of Z,. For the sake of contradiction,
assume that there exists ¢, —i with c(i) # c¢(—i). Without loss of generality, let
¢(i) = R and ¢(—i) = G. Now, let é(z) := c(iz) and let ¢(z) := ¢(—iz). By Lemma
3, ¢ and ¢ are both rainbow-free. Since ¢(1) = ¢(i) = R and é(1) = ¢(—i) =G, R is
dominant in ¢, and G is dominant in ¢. Notice that é(z) = ¢(—x), so if two colors
are adjacent at some position in ¢, then they are also adjacent at some position in c.
Thus, since G is dominant in ¢, G must also appear in every bichromatic sequence
in ¢, and, consequently, G is also dominant in ¢é. If both R and G are dominant in
¢, then ¢ must only contain R and G, and r = 2; this is a contradiction. U

Note that this lemma shows that the coloring from 1 to p — 1 must be symmetric
in a rainbow-free coloring of Z,,.

Remark 2. For any prime p > 5, Z;, can be colored with three colors by coloring
zero uniquely and coloring 1 to p — 1 with two colors in any way such that c¢(x) =
¢(—x) for all z. This coloring is rainbow-free since any three group elements which
witness three colors must contain 0, and in order to make a Schur triple of three
distinct elements where one of the elements is 0 the other two elements must be x
and —z for some z (see also Corollary 2 in [4]).

Now we have enough information about the structure of rainbow-free colorings
to prove Theorem 1. A color class C' is singleton if |C| = 1.

Proof of Theorem 1. For the sake of contradiction, suppose that r+1 = rb(Z,, 1) >
4 for a prime p > 5, and let ¢ be a rainbow-free r-coloring of Z, with » > 3. Note
that since c is rainbow-free, at least one of the color classes in ¢ must contain more
than one element. Partition the color classes of ¢ into three sets to define é, an
exact 3-coloring of Z,. We use the union of the color classes within each part of
the partition as the color classes for ¢. Since we are concatenating colors, ¢ is
also rainbow-free. By Proposition 1, regardless of how the color classes of ¢ are
partitioned, there exists some color class in ¢ with exactly one element. If r > 5,
then there exists a partition of the five or more color classes such that each color
class has more than one element. Therefore, r = 4.

Furthermore, if two or more color classes are not singleton, then there would exist
a partition of the color classes that yields no singleton color classes in ¢. Therefore,
all but one of the four color classes in ¢ must be singleton.

If there are three singleton color classes in ¢, then there exists an x # 0 such that
c(x) # ¢(—x). This contradicts Lemma 4, and ¢ cannot be rainbow-free.

Thus, there does not exist an exact rainbow-free r-coloring of Z, for r > 3 and
p > 5. O
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2.2. Lower Bound

In order to prove the lower bound for rb(Z,,, 1), we examine the relationship between
Schur triples in Z, and Z = where m divides n.

Lemma 5. If there exists a Schur triple of the form (xy,x9,x3) in Z, where
m|z1, X2, x5 for some m|n, m,n € Z, then there exists a Schur triple of the form
(z1/m, 2 /m,x3/m) in Ln.

Proof. By definition, x1 + x2 = x3 in Z,, implies that in the integers

r1+To=qn+r

xr3=tn+r,

for some ¢,t € Z. Divide both equations by m to get

X1 ) n T
_ —=q— 4+ —
m m m m
XT3 n r
e 4+ —
m m m

Now we must check that L is an integer. Since m|(z1 + z2 — gn), we know m|r.
By definition, this means that there exists a Schur triple of the form
(z1/m,xa/m,x3/m) in Zn. O

This shows that Schur triples can be “projected” from the cyclic group Z, to a
subgroup Z . Next, we will show another property of Schur triples related to the
divisibility of a triple’s elements by a prime.

Lemma 6. For a positive integer n and a prime p, if x1 + x9 = x3 mod np, then
p cannot divide exactly two of (x1,xa,x3).

Proof. If x1 + x92 = x3 mod np, then there exist integers ci, c2, and 7y such that
x1 4+ 22 = cinp + ro and x3 = conp + rg.

Assume that p divides x; and z5. Then there exist integers c3 and ¢4 such that
x1 = c3p and xo = c4p. We know there exist integers c; and r; with 0 < r; < p
such that x3 = cs5p + r1, so we want to show r; = 0. Immediately, we see that
c3p + cap = cynp + ro and csp + 11 = conp + ro, which, after substituting for rq,
shows us c3p + c4p = c1np + c5p + 11 — conp. Solving for 71 gives us

T1 = C3p + C4p — C1NP — C5P + Canp
=p(es + ¢4 — c1n — ¢5 + can)
This means that p divides r1, forcing r1 = 0. Thus, p divides z3.

Now assume p divides 1 and x3, i.e. there exist integers cg and c7 such that
x1 = cgp and z3 = cyp. We know there exist integers cg and ry with 0 < ry < p
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such that xo = cgp + r2, so we want to show ro = 0. Immediately, we see that
cep + csp + 12 = canp + 1o and crp = canp + ro, which, after substituting for 7,
shows us cgp + cgp + 12 = c1np + c7p — conp. Solving for 7o gives us

T9 = C1NP + C7p — C2NP — CgP — C8P

=p(ein + ¢z — can — ¢ — cg).

This means that p divides ro, forcing ro = 0. Thus, p divides 3. By symmetry,
this case is identical to the case where p divides x and x3.

Therefore, we can see that if p divides two elements in (x1,x9, z3), then p must
also divide the third. O]

Lemma 7. Let p,t be positive integers with p prime. If there exists a rainbow-free
r-coloring of Zy, then there exists a rainbow-free r + rb(Zy, 1) — 2-coloring of Zy.

Proof. Let t,p be positive integers such that p is a prime. Assume ¢ is a rainbow-
free r-coloring of Z,. Then let ¢ be an exact (r +rb(Z,, 1) — 2)-coloring (if p = 2 or
p = 3, then ¢ is an exact (r + 1)-coloring. Otherwise, ¢ is an exact r + 2 coloring)
of Zy; as follows:

élx/p) =0 modp
c(x):=<r+1 z=lorp—1 modp.

r—+2 otherwise

Notice that if (z1,x2,23) is a Schur triple in Z,;, then there are three cases by
Lemma 6: p divides exactly one of (x1,z2,23), p divides each of (x1,x9,x3), or p
divides none of (z1,x2,z3).

Case 1: The two terms x;,z; where i,j € {1,2,3} that are not divisible by p are
either additive inverses modulo p or are equal modulo p. Thus, ¢(z;) = ¢(z;) and
(21,22, 23) does not form a triple.

Case 2: The coloring of each x; is inherited from é. Since ¢ does not admit rainbow
triples, we know that this triple will not be rainbow by Lemma 5.

Case 3: The three integers in the triple will be colored from {r + 1, + 2}, so the
triple will not be rainbow. In each case, ¢ is a rainbow-free r +17b(Z,,, 1) — 2-coloring
Of Zpt- O

Proposition 2. For any positive integer n = pJ* - - p%m,

b(Zn,1) > 2 + i (ai(rb(Zm, 1) - 2)).

i=1
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Proof. If n is prime, there is nothing to show. Suppose that the claim holds true
for n where n has N prime factors.

Assume that n = p{*---p%m where oy + - -+ + @, = N + 1. By the induction
hypothesis, there exists a rainbow-free r-coloring of Z,,,,, where

r=1+ i (ai(rb(ZPi, 1) — 2)) —rb(Zp,, 1) + 2.
=1

Therefore, by Lemma 7, there exists a rainbow-free r + rb(Zy,,1) — 2 coloring of
Zy,. Thus, by induction

b(Zn, 1) > 2 + i (@ (rb(Z,,, 1)~ 2)).

i=1

2.3. Upper Bound

To establish the upper bound for rb(Z,, 1), we consider residue classes and their
corresponding residue palettes under ¢. Lemma 8 lets us create a well-defined
reduction of a coloring of Zg; to a coloring of Z;. We use the coloring described in
Lemma 9 to prove an upper bound for rb(Zg, 1).

Lemma 8. Let Ry, Ry,...,R;_1 be the residue classes modulo t for Zg, and let
Py, Py, ,P._1 be the corresponding residue palettes under rainbow-free c. Then
|Pl\P0‘ glforlgigt—l.

Proof. Assume that |P; \ Py| > 2. Then R; must contain at least two elements
which receive colors that do not appear in Py. Without loss of generality, let G and
B denote two colors in P; \ Py. Then there exists two integers m and n such that
ce(mt+1i) =G and ¢(nt+¢) = B. Consider the Schur triple (mt — nt, nt +1i, mt +1).
Notice that mt —nt =0 mod ¢, ¢(mt —nt) # G, B. Thus, we have a rainbow triple
under ¢ in Zg;, which is a contradiction. Therefore, |[P;\Py| < 1for1 <i<t—1. O

Lemma 9. Let s and t be positive integers. Let Ry, Ry,...,Ri—1 be the residue
classes modulo t for Zs with corresponding residue palettes P;. Suppose c is a
coloring of Zs; where |P; \ Py| < 1. Let ¢ be a coloring of Z; given by

« otherwise

&(i) = {Pi\Po if [P\ Pyl =1

where o & P; for 0 < i <t. If ¢ contains a rainbow Schur triple, then ¢ contains a
rainbow Schur triple.
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Proof. Suppose (x1,22,x3) is a rainbow Schur triple in é. Then, at least two of
x1, T2, x3 must receive a color other than a. We consider the following two cases.

Case 1: Neither z; nor x5 receive color a.

Without loss of generality, assume that ¢(z1) = G and C(z2) = B. This implies
that there exist n, m such that ¢(nt+x1) = G and ¢(mt+x5) = B. There is a Schur
triple of the form (nt+x1, mt 4+ za, (n+m)t+ (x1 +x2)) in Zg. Since x1 + 9 = a3
mod t, (n + m)t + (x1 + x2) is in the residue class R,,. As é(x3) # G, B, we have
G, B ¢ P,,. Therefore, the triple (nt + x1, mt+ 2, (n+m)t+ (r1 +x2)) is rainbow.

Case 2: One of x1 or x5 is colored a.

Without loss of generality, assume that ¢(x1) = «, c¢(z2) = B, and c(z3) = G.
Then c(nt 4+ z2) = B for some n, and ¢(mt + z3) = G for some m. There is a Schur
triple of the form ((m —n)t+ (x3 — x2),nt + x2, mt + x3) in Zg. Since x1 + 19 = x3
mod ¢, (m — n)t + (z3 — x2) is in the residue class R,,. As é(z1) = a, we have
G,B ¢ P,,. Therefore, the triple ((m —n)t+ (x3 — x2), nt + 2, mt+x3) is rainbow.

Hence, if ¢ has a rainbow Schur triple, then ¢ has a rainbow Schur triple. O

Proposition 3. Let s and t be positive integers. Then rb(Zs,1) < rb(Zg,1) +
T‘b(Zt, ].) — 2.

Proof. Let ¢ be an exact r-coloring of Z;, and let ¢ be a coloring constructed from
¢ as in Lemma 9. Notice that the set of colors used in ¢ is comprised of the colors
in Ry and each color used in ¢ other than a. Thus, r = |Py| + |é| — 1, where |¢| is
the number of colors appearing in ¢é. If ¢ is a rainbow-free coloring of Z;, then Ry
is a rainbow-free coloring of Zs. Thus, |Py| < rb(Z4,1) — 1. Also, ¢ is a rainbow-free
coloring of Zi, so |¢| < rb(Z;,1) — 1. Thus, r < rb(Zs,1) + rb(Z,1) — 3. If we let ¢
be the maximum rainbow-free coloring of Zg;, then r = rb(Zs;, 1) — 1. This shows
that rb(Zsi, 1) < rb(Zs, 1) + rb(Zy, 1) — 2. O

Using both the upper bound we just established and the lower bound established
in Proposition 2 of Section 2.2, we prove Theorem 2.

Proof of Theorem 2. Recursively applying Proposition 3 to prime factors of n yields
rb(Za,1) <2+ 3 (@(rb(Zp,01) - 2)).
i=1

Since this is identical to the lower bound from Proposition 2 in Section 2.2, we can
conclude

rb(Zn,1) =2+ i (ai(rb(Zm, 1) — 2))
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3. Triples for 1 4+ 2 = px3, p Prime

Section 3 is dedicated to proving Theorem 5. In Section 3.1, we establish exact
values for 7b(Z,,p) where p # ¢ are prime. Finding an exact value for rb(Z,, p) is
more difficult, and is the subject of Section 3.2. Some properties of rainbow-free
colorings of Z, are used in the construction of the general lower bound in Section
3.3. The equivalent upper bound is proved in Section 3.4. Combining Sections 3.3
and 3.4 proves Theorem 5.

3.1. Exact Values for rb(Zq,p), p # q Prime

Lemmas 10, 11, 12, 13 establish the upper bound rb(Z,,p) < 4. These lemmas
are proven by assuming that there exists a rainbow-free r-coloring ¢ with r > 4,
and reducing ¢ to a 3-coloring ¢. In each case, we find that ¢ does not conform to
the structure of a rainbow-free 3-coloring outlined in Theorem 6 proven in [4]. For
convenience, we include Theorem 6 and the necessary definitions from [4].

For a subset X C Z; and a € Z; define aX := {az |z € X}, X +a:={z+a |
x € X}, and X —a := X 4 (—a). We say the set aX is the dilation of X by a. Let
(x) < Zy denote the subgroup multiplicatively generated by x. A subset X € Z7 is
H-periodic if X is the union of cosets of H, where H < Z;. In the case that X is
(—1)-periodic, we say that X is symmetric. This coincides with the notion that X
is symmetric if and only if X = —X.

Theorem 6. [[4], Theorem 2] A 8-coloring Z, = AUBUC with 1 < |A| < |B| <|C|
s rainbow-free for x1 4+ xo = kxs if and only if, up to dilation, one of the following
holds.

1. A={0} and both B and C are symmetric and (k)-periodic subsets.
2. A= {1} for

(i) k=2 mod g, (B—1) and (C—1) are symmetric and (2)-periodic subsets.
(ii) k= -1 mod q, (B\{2})+271, (C\{2})+27! are symmetric subsets.

3. |A| > 2, fork=-1 mod q and A, B, and C are arithmetic progressions with
difference 1 such that A = [a1,as — 1], B = [az,a3 — 1], and C = [az,a; — 1],
with (a1 +ag +az) =1 or 2.

Suppose that ¢ > 5 is prime. Let ¢ be a coloring of Z, with color classes
Cy,...,Cp with 1 < |Cq] < |Cy] < --- < |C,| and r > 4. Theorem 6 tells us
that rainbow-free colorings have very particular structure, up to the rearrangement
of the elements of Z,. The overarching goal of Lemmas 10, 11, 12, and 13, is to show
that if a coloring has too many colors, then some color classes can be combined to
violate the structure of a rainbow-free coloring.
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Observation 7. If C; = {0} and Cy = {z}, then (z, —x,0) is a rainbow triple for
x # 0.

Therefore, if ¢ has two or more singleton color classes, we can assume that {0} is
not a color class. Furthermore, since dilation preserves the rainbow-free property,
we can assume that if |Cy| = 1, then C; = {1}.

Lemma 10. Ifp # —1 mod q and |Cs| = 1, then ¢ admits a rainbow triple.

Proof. Consider the coloring ¢ given by the color classes Cy, Ca, J;_; C;. If ¢ admits
a rainbow triple, then ¢ also admits a rainbow triple and we are done. If ¢ does not
admit a rainbow triple, then ¢ must conform to case 2.(i) in Theorem 6. Therefore,
p =2 mod g. In this case, triples satisfying x1 + x2 = kx3 in Z, are 3-term arith-
metic progressions. In [2], Proposition 3.5 establishes that rb(Z,, 2) < 4. Therefore,
there exists a rainbow triple under c. O

Lemma 11. If p = —1 mod ¢ and |C3| = 1, then ¢ admits a rainbow triple.

Proof. Let Cy = {z},C3 = {y}. For the sake of contradiction, assume that ¢ is
rainbow free.
If £ = 2, then (z,—3,1) is a rainbow triple. The same argument for y shows that

T,y # 2.
Consider the coloring ¢ given by the color classes Cy,Cs,|J;_3Ci;. Then by

Theorem 6 we must have Cy \ {2} + 27! is symmetric and so z + 271 = —271 — 7.
Solving for z gives that x = —2~!. Considering the coloring given by C;,C3,Cs U
U::4 C; gives that y = —27!, which is a contradiction. O

Lemma 12. Ifp# —1 mod q, and |Cs| > 2, then ¢ admits a rainbow triple.

Proof. For the sake of contradiction, suppose that ¢ does not admit a rainbow triple.
Consider the coloring ¢ given by C; UCy, Cs,J;_, C;. Since |C3| > |Cs| > 2, notice
that ¢ does not have a singleton color class and is rainbow-free. This contradicts
Theorem 6. ]

Lemma 13. Ifp=—1 mod q and |Cs| > 2, then ¢ admits a rainbow triple.

Proof. For the sake of contradiction, suppose that ¢ does not admit a rainbow triple.
There are two cases: |C3| > 2, or |Co| = 1.

Case 1: Assume that |Cz| > 2 and C; = {z}. By Theorem 6, the coloring
Ch Uy, Cfs, U::4 C; is of the form

C1UCs = [a1,a2 — 1],

Cs = [ag, a3 — 1],
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U Ci = [(lg,(ll — 1].
=4

Notice that z is not adjacent to at least one of C3 or |J;_, C;. Without loss
of generality, assume z is not adjacent to C3 (the other case follows the same
argument). Consider the coloring ¢ given by Co, C1 UC3,J;_, C;. Notice that ¢ can
only be dilated by 1 or —1 to preserve the interval structure of |J;_, C;. However,
dilating by 1 or —1 will not make C7 U3 an arithmetic progression with difference
1. This is a contradiction.

Case 2: Assume that |Cy| = 1. Consider the coloring ¢ given by

C1 UGy, Cs, U Ci.

=4

By Theorem 6, ¢ is of the form
Cl U CQ = [al,ag — 1],

C3 = [az,a3 — 1],
-
U Ci = [ag,al — 1]
i=4
with a; +as+asz € {1,2}. Since every set is an arithmetic progression with difference
1, we have ag — 1 = a; + 1. This implies that a3 € {—2a; — 1, —2a;}. This implies
that ¢(—2a; —1) # ¢(a1), c¢(a1+1). Therefore, triple (—2a; —1, a1, a; +1) is rainbow,
which is a contradiction. O

Lemmas 10, 11, 12, and 13 form a case analysis and road map for finding rainbow
solutions. In particular, these lemmas translate the structural properties of rainbow-
free 3-colorings, to an upper bound on the rainbow number. The rest of the work
in the proof of Theorem 3 determines the relationship between p and ¢ that makes
rainbow-free 3-colorings possible.

Proof of Theorem 8. By Lemmas 10, 11, 12, and 13, we know that rb(Z,, p) < 4.
Therefore, it suffices to show that there exists a rainbow-free 3-coloring of Z, if and
only if p, g do not satisfy either condition 1 or 2. First we will prove that if there
exists a rainbow-free 3-coloring, then p, ¢ do not satisfy conditions 1 and 2.

Let ¢ be a rainbow-free 3-coloring. There are two cases, p Z —1 mod qorp = —1
mod gq.

Case 1: By Theorem 6, either 0 is uniquely colored, or p =2 mod gq.

Suppose 0 is uniquely colored and ¢(1) = R. Notice that if ¢(x) = R, then
¢(pr) = R and ¢(—x) = R. If p, ¢ satisfy either 1 or 2, then {p’, —p’ | i € Z} = Z,
which contradicts the fact that ¢ is a 3-coloring.
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Suppose p =2 mod g. Then neither 1 nor 2 are satisfied by Theorem 3.5 in [3].

Case 2: Supposep = —1 mod gq. Then |[p| = 2. If (¢—1)/2 is odd, then (¢—1)/2 #
2. Therefore, neither 1 nor 2 are satisfied.
To prove the reverse direction, suppose that p, ¢ do not satisfy either 1 or 2. Let
¢ be given by
Cr ={0},Co ={p", —p' | i € Z},Cs = Z; \ Cs.

Since p,q do not satisfy either 1 or 2, C3 is non-empty. Notice that any rainbow
triple must contain 0 and some element y € C5. However, if 0,y, z is a triple, then
z € Cy. Therefore, c¢ is rainbow-free. O

The following corollary is used in Section 3.3 to prove a general lower bound for
r0(Zn, D).

Corollary 1. There exists a mazimum rainbow-free coloring of Z, where 0 is
uniquely colored and the color classes are symmetric.

3.2. Exact Values for rb(Zp«,p), p Prime

In order to determine the rainbow numbers for equations of the form x; + x5 = px3
for prime p > 3, we still need to determine 7b6(Zyo,p) for o > 1. We will prove
Theorem 4 using induction. Observation 8 and Propositions 4, 5, and 6 provide
the lower bound and base case for our induction argument. Lemmas 14 and 15
provide the basic structure of a rainbow-free coloring of Z,«. Lastly, Lemmas 16,
and 17 exploit the structure to derive a contradiction by forcing a rainbow triple.
Throughout this section, for 0 < k < p — 1, recall that the k" residue class mod p
is the set Ry, = {j € Zpo : =k mod p} and that the k" residue palette Py is the
set of colors which appear on Ry.

Observation 8. Notice rb(Z3,3) = 3 and rb(Zg, 3) = 4.
Proposition 4. Let p > 3 be prime. Then rb(Z,,p) = % +1.

Proof. To prove the lower bound, consider the following coloring:

+1
_Jr 0<z<BE
clx) = ) .
—x otherwise

Notice that ¢(z) = ¢(—=z) for all z € Z,,. Furthermore, if (1, z2, z3) is a triple, then
21 = —xo. Thus, ¢ is a rainbow-free %H coloring, and rb(Z,,p) > %.

To prove the upper bound, assume that c is an pTH + 1 coloring of Z,,. By the
pigeonhole principle, there exists « € Z, such that « # 0 and c¢(x) # ¢(—x). Since
p > 3, x # —x, and there exist y # x, —x such that c¢(y) # c¢(x), ¢(—z). Therefore,
(x,—z,y) is a rainbow-triple, and rb(Z,,p) < % + 1. O
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For the rest of the section, we will assume that o > 2.

Proposition 5. For a > 2,
rb(Zs«,3) > 3.

Proof. Suppose that a > 3 and ¢ is a rainbow-free 3-coloring of Zg. Let ¢ be a
3-coloring of Z,« given by c(i) := &(i mod 9). Assume that z1,x2, z3 is a triple in
Zgzo. Then x1,x9, 3 is a triple in Zg and cannot be rainbow. U

Proposition 6. For primep >5 and o > 1,

1
T'b(Zpa,p) Z 2% + 1.

Proof. Color all of R;, R,,—; color ¢ for 0 < ¢ < %. Suppose 1 + x2 = px3 and
1y =7 modpfor 0 < j <p-—1. Then z3 =p—j mod p, and x1,x2,x2 is not
rainbow. ]

Lemma 14. If ¢ does not admit a rainbow triple, then
P, =P,
when 0 < i < p.

Proof. For the sake of contradiction, suppose that there exists 0 < i < p with
G € P;\ P,_;. Then there exists an element pz +14 with color G in R;. Let py+p—1
be an element in R,_;. Notice that

x1=plpy—x+p—1—4)+p—i
To = pr +1
T3 =py+p—1

is a triple. Since G ¢ P,_;, we have c(x3) = c(x1). Furthermore, 1 — 23 =
plpy—z+p—1—i)+p—i—py—p+i=plylp—1)—z+p—1). Since py+p—i
was arbitrary, we can choose y so that y(p —1) —x+p—1 # 0 mod p. Since
yp—1)—z+p—1%0 mod p, we know that y(p — 1) — z + p — 1 is an additive
generator of Z,.-1. This implies that P,_; = { B}.

Let pz + j be an element with ¢(pz + j) ¢ {G, B}. Then

vy =plpz—z+j—1)+p—i
To =DpT +1

x3=pz+]

is a rainbow triple, which is a contradiction. O
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Notice that by Lemma 14, it is sufficient to only consider the structure of R; for
0<i< bt
Lemma 15. Suppose ¢ does not admit a rainbow triple. If there exists 0 < i < p

such that |P; \ Po| > 1, then |Py| = 1.

Proof. Since ¢ does not admit a rainbow triple, P; = P,—;. Without loss of gener-
ality, suppose that G € P;\ Py and let ¢(pa; + 1) = ¢(pas +p—i) = G. Let pb € Ry
be arbitrary. Consider the following triple:

x1 =pb

x9 = p(pa; +1i — b)

T3 = pai +i.

Since c is rainbow-free, ¢(z1) = ¢(x2). Next, consider the following triple:
zy = p(pay +1i—b)
zh =p(pas+p—i—pay —i+b)
T4 = pas +p —i.
Since c is rainbow-free, ¢(z}) = ¢(x}). This implies that
c(pb) = c(p(paz +p —i —pay —i +b)).

Notice that difference in position between z, and pb, given by pas+p—i—pa; —i+
b — b, does not depend on b. Furthermore, pas +p —i — pa; — i+ b — b is relatively
prime to p®~1. Therefore, all elements in Ry receive the same color. O

Lemma 16. Let p be prime with p > 5. If there exists 0 < i < p%l such that
|P;\ Py| > 2 and G ¢ P; U Py, then ¢ admits a rainbow triple.

Proof. For the sake of contradiction, suppose that ¢ does not admit a rainbow triple.
Since p > 5 and | Py| = 1, there exists j # ¢ such that 0 < j < pand G € P;\(PUP).
By Lemma 14, P; = P,_; and P; = P,_;. Let c(pa1 + j) = c(paz +p—j) = G. Let
pb+ i € R; be arbitrary. Consider the following triple:

r1=pb+1i

g =ppar+j—b—1)+p—i

T3 =pai + J.

Then c¢(x1) = ¢(x2). Next consider the following triple:

) =plpar +j—b—1)+p—i
xy =p(pag +p—j—pay —j+b) +i
zh=pas+p—j
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Then ¢(z}) = ¢(z4). This implies that

c(pb+1) = c(p(paz +p —j —pay — j +0b) +1i).

Notice that the difference in position between x4 and pb + i, given by pa; +p—j —
pay; — j +b— b, does not depend on b. Furthermore, pas +p—j—pa; —j+b—>bis
relatively prime to p®~!. Therefore, all elements in R; receive the same color. This
is a contradiction, since |P;| > 2. O

Lemma 17. Ifp > 5, Zpe is colored with at least 4 colors, and there exists 0 < i <
p%l with im(c) = P; U Py and |P; \ Py| > 2, then ¢ admits a rainbow triple.

Proof. For the sake of contradiction, suppose that ¢ does not admit a rainbow triple.
By Lemma 15, let Py = {R}. By Lemma 14, P, = P,_;. Since P; contains all colors
except possibly R, there exists a, b, d such that c¢(pa+1i) = G, ¢(pb+p—i) = B and
¢(pd + 1) = B. Consider the following triple:

T =pa+1i
xo=ppb+p—i—a—1)+p—i
:rg:pb—i—p—i.

Then c(z2) € {B,G}. Let x € {a,d} such that c(pz + i) # c(z2) and consider the
following triple:

¥y =ppb—p—i—a—1)+p—i
xh =ppr —pb+p+2i+a)+i

Tl = pr + 1.

Notice that ¢(z}) € {B, G}. Furthermore, the difference in position between x4 and
pa + i, given by pxr — pb+ p + 2i = 2¢ mod p, does not depend on a, b, d modulo p.
Therefore, for any = € Z, there exists a = = such that c(pa + ¢) € {B, G}.

Since P,_; contains all colors of ¢ except for possibly R, there exists y such that
clpy+p—1i) =Y. Select a = —1 —y mod p such that ¢(pa + i) € {B,G}. Then
the triple (py +p — i,pa + i,a + y + 1) is rainbow since a +y + 1 € Ry. O

Proof of Theorem 4. Proposition 5 provides the lower bound for p = 3, a > 2.
Observation 8 covers the case when p =3,a =1, 2.

We will proceed by induction on a. Suppose that rb(Z,a-1,3) = 4 for some o > 3.
Let ¢ be a 4 coloring of Zg«. For the sake of contradiction, suppose that ¢ does not
admit a rainbow triple. If |Py| = 4, then ¢ admits a rainbow triple by the induction
hypothesis. Therefore, |Py| < 3 and there exits 0 < ¢ < p such that |P; \ Py| > 1.
By Lemma 15, |Py] = 1. This implies that im(c) = |P; \ Py|. By Lemma 17, ¢
admits a rainbow triple. This completes the case when p = 3.
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Let p > 5. With Proposition 4 as the base case, we will proceed by induction
on «. Suppose that rb(Z,e-—1,p) = %H + 1 for some a > 2. For the sake of
contradiction, suppose that ¢ does not admit a rainbow triple. If |Py| = % + 1,
then ¢ admits a rainbow triple by the induction hypothesis. Therefore, |Py| < B 42'1
and there exists 0 < j < p such that |P; \ Py| > 1. By Lemma 15, P, = {R}. By
the pigeon hole principle, there exists 0 < 7 < % such that |P; \ Py| > 2. Notice
that one of the following must hold:

1. G ¢ P, U Py for some color G # R,

2. lIIl(C) =P, UPF,.
Therefore, by Lemmas 16 and 17, ¢ must admit a rainbow triple. This completes
the case when p > 5. |
3.3. Lower Bound for rb(Z,,p), p Prime

Since p is the coefficient of the equation that we are considering, we will use ¢
to denote a prime other than p. Using values for rb(Z,, k), we establish a lower
bound for rb(Z,,p). In order to proceed in a similar manner as with the Schur
equation, Lemmas 18 and 19 are about the structure of triples. Lemma 20 exploits
this structural information to construct a coloring that witnesses the lower bound
for Proposition 7.

Lemma 18. If 21 + xo = ka3 is a triple in Z,, where m|x1,x2,x3 for some m|n,
m,n € Z, then there exists a triple of the form x1/m + x2/m = kxz/m in Zn .

Proof. By definition x; + 2 = kx3 in Z,, implies:

1 +xo=qn+r

krxs=tn+r

Divide both equations by m to get:

T o n r
- — =q— + —
m m m m
T3 n r
k— =t—+ —
m m m

Now we must check that L is an integer. Since m|(z1 + z2 — gn), we know m|r.
By definition, this means there exists a triple of the form x;/m + z3/m = kxs/m
inZmn. [

m

Next, we show that ¢ cannot divide exactly two terms of a triple.
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Lemma 19. Let (z1,x2,23) be a triple of the form x1 + xo = ks in Zg,. If q
is relatively prime to k and q divides two of the terms in (x1,x9,x3) then ¢ must
divide the third term in (x1, 22, x3).

Proof. We consider the case where ¢ divides x1, z2 and the case where ¢ divides 1,
xrs3.

Case 1: Assume ¢ divides z1, 2. By definition the equation 1 + x2 = kx3 in
Z gy, means:

r1+x2 =cign+r

k-x3=coqn+r

We rearrange the first equation to get ¢ divides z1 + 2 — ¢1gn, which implies that
q divides r. Thus, ¢ divides cogn + r, which implies ¢ divides kz3. We know ¢ and
k are relativity prime, therefore, ¢ must divide x3.

Case 2:  Similarly, assume ¢ divides x1, x3. By definition the equation 1 + x5 =
kxs in Zg, means:

r1+Tog =ciqgn+r

k-x3=coqn+r

From the second equation we get ¢ divides kx3 — cogn, which implies that ¢ divides
r. Thus, ¢ divides x1 — ¢1 - gn — r, which implies ¢ divides xs. O]

Notice that Lemmas 18 and 19 are stated for the equation x1 + x5 = kxz without
the stipulation that k is prime. We can use the above lemmas to find our lower
bound.

Lemma 20. Let q,t be positive integers with q prime, and q # p. If there exists
a rainbow-free r-coloring of Zy, then there exists a rainbow-free (r 4+ rb(Zq, p) — 2)-
coloring of Zgt.

Proof. Let q,t € Z such that ¢ is prime, and ¢ # p. Let ¢ be a rainbow-free r-coloring
for Z; and let ¢ be a maximum coloring of Z, such that 0 is uniquely colored and
the other color classes are symmetric subsets, as described in Corollary 1. Let ¢ be
an exact (r + 1)-coloring of Zy; if rb(Z,,p) = 3 or an exact (r + 2)-coloring of Zg,
if rb(Zg,p) = 4 as follows:

é(%) x=0 mod g
clx) =4 717 .
r+ ¢z mod g) otherwise.

Since ¢ and p are distinct primes, ¢ and p are relatively prime. By Lemma
19, since ¢ is relatively prime to p, ¢ cannot divide exactly two of the terms in
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(1,22, x3) for the equation x1 + x2 = pxs. Therefore, for all triples in Zy, ¢ can
divide all three elements, no elements, or exactly one element of the triple.

Case 1: If ¢ divides all three terms in (x1,x2,x3), then by the constructions of
¢, the triple has the same colors as the triple (%, %, %3) in ¢. By Lemma 18, if
(1,22, x3) is a triple in Zy; and g|z1, x2, T3, then (%, %2, %3) is a triple in Z;. Thus,
since ¢ is a rainbow-free coloring, triples where all three elements are divisible by ¢

cannot be rainbow in c.

Case 2: Suppose ¢ divides none of the terms in (x1,x2,x3). There is a maximum
of two colors added on terms not divisible by ¢q. Thus, there are at most two colors
coloring the elements in any such triple, and triples of the form (x1,xs,x3) with
each z; not divisible by ¢ are not rainbow.

Case 3: Suppose ¢ divides exactly one of (x1,x2,x3). First assume ¢ divides .
Notice that if 1 + zo = pxs mod gt then z; + zo = pxrs mod ¢q. Since 0 is
uniquely colored in ¢, the rainbow-free coloring of Z,, any triple in Z, of the form
0+x2 = pr3 mod ¢ is colored so that x5 and x3 receive the same color. In this case,
c(xg) = r+¢&(xe mod q) and ¢(x3) = r+¢(zs mod q), so (21, xe, x3) is not rainbow
under c. If ¢ divides either x5 or x3 the argument proceeds the same way. O

Proposition 7. Let p be prime and let n be an integer with prime factorization
n=p*-q¢i" - qy* - q%m where g; is prime, q¢; # q; for i # j and o; > 0. Then,

(T p) > rb(Zge,p) + 3 (0s(rD(Za,,p) = 2))

Proof. If n is a power of p, then there is nothing to show. Suppose that the claim
holds true for n where n has N prime factors that are not p.

Assume that n = p® - ¢ - ¢5% -+ - g% where a3 + -+ + @, = N + 1. By the
induction hypothesis, there exists a rainbow-free r-coloring of Z,,,,, where

P =1b(Zpe,p) + 3 (ilrb(Zy,, p) = 2)) = 75(Zgy,p) + 2.
i=1

Therefore, by Lemma 20 there exists a rainbow-free r +rb(Z,, , p) — 2 coloring of
Zy. Thus, by induction

m

rb(Zye,p) + (ai(rb(Zqi, p)— 2)).

i=1

3.4. Upper Bound for rb(Z,,p), p Prime

In this section we prove an upper bound matching Proposition 7 for all prime factors
q of n. Consider Proposition 8.
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Proposition 8. Let n be a positive integer, and let p be prime. Let n have prime
factorization n = p* - 7" - - - q%m. Then

rb(Zo,p) < TH(Zpe,p) + Y (rb(zq?i D) — 2) .
=1

Proof. Suppose ¢ is a rainbow-free r-coloring of Z,,. It is a fact from abstract algebra
that
Loy, %Zpa X Zq‘l”l X - X qunm.

By abuse of notation, we allow o = 0. With this fact, we can consider qui as
a subgroup of Z,. Let ¢y be the coloring of c restricted to Z,~. Let c; be the
coloring c restricted to quxi. Since c is rainbow-free, ¢; is also rainbow-free. Thus,
|eil < rb(Zgi,p) — 1. By accounting for the fact that ¢(0) is over counted, we can
conclude that

m

r < rb(Zpa,p) — 1+ Z (rb(Zq;_xi D) — 2) .

i=1
Recall that if o = 0, then rb(Zye,p) = 2 by convention. The proposition immedi-
ately follows by letting r = rb(Z,,p) — 1. O

All that remains to prove Theorem 5 is to decompose 76(Z4e,p) where p,q are
prime into 2+« - (rb(Zg, p) — 2). There is a nice case that follows the same ideas as
for the upper bound of Theorem 2. This case is when the residue class Ry receives
enough colors to guarantee that |P; \ Py| < 1. However, this case is not forced. It
is possible that a residue class other than Ry receives the most colors. In this case,
we create auxiliary colorings of residue classes that violate Theorem 6. Lemmas 21
and 22 show that the auxiliary colorings we use preserve rainbow solutions. The
case where p Z 2 mod ¢ culminates in Proposition 9, combining Lemmas 23, 24,
and 25. Lemma 26 shows that there exists a coloring that fits Lemma 23. Lemma
27 uses the fact that p = 2 mod ¢ to repeatedly apply Lemma 26, resolving the
last case.

Suppose the following for the rest of this section: Let ¢ # p be prime. Let ¢ be
a coloring of Zg~ where ac > 2. Let Ry, Ry, -+, Rg—1 be the residue classes modulo
q for Zge with corresponding residue palettes {P;}. We will let G, B denote two
colors that are not in Fj.

The next two lemmas have the exact same proof.

Lemma 21. Suppose ¢ is a 3-coloring of Zq such that X C P; implies c(i) € X
where X is a nonempty subset of {G, B}, and c(i) € {G, B} implies c(i) € P;, and
c(i) = B otherwise. If ¢ contains a rainbow triple, then ¢ contains a rainbow triple.

Lemma 22. Suppose |P; \ Pj| < 1. Let ¢ be a coloring of Zq such that:
P\P;, if|PB\Pj|=1
) :_{ \P; i |P\ P

1) otherwise
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If ¢ contains a rainbow triple then ¢ contains a rainbow triple.

Proof of Lemmas 21 and 22. Suppose that (z1,x2,3) is a rainbow triple in Z, un-
der ¢é. There are two cases: é(x3) = 3, or é(z3) # .

Case 1: If ¢(x3) = B, then 8 # é(x1), é(x2). Without loss of generality, suppose
that z; and x4 are colored G and B, respectively. This implies that there exists
u, v such that c(qu + z1) = G and ¢(qv + x2) = B. We must find an integer s such

that
{1 mod q
uU+v—ps=

a—1

1 +x2 > q
x1+x2<q.

a—1

0 mod q

Since p and ¢ are relatively prime, we can always solve for s. Therefore, there exists
a rainbow triple in Zg~ under c.

Case 2: Assume ¢é(z3) # 3. Without loss of generality, é(z1) # (3, and there exist
u, v such that ¢(qu + z1) = G and ¢(qv + x3) = B where G, B ¢ P,,. Notice that
Pqu — qu + px3 — x1 € Ry,. Therefore, there exists a rainbow triple in Zge under
c. O

Lemma 23. Let ¢ be rainbow-free with |P; \ Py| < 1. Then
lc| < 1rb(Zgo-1,p) + 70(Zg, p) — 3.

Proof. Suppose c is an r-coloring. Let ¢ be a coloring constructed from c as described
in Lemma 22. Notice that the set of colors used in c¢ is comprised of the colors in
R; and each color used in ¢ other than «. Thus, we know that r = |P;| + |¢| — 1,
where |¢| is the number of colors appearing in ¢.

Since c¢ is a rainbow-free coloring of Zgo, we know c|g, must be a rainbow-free
coloring of Z, so | Py| < rb(Zga—1,p)—1. Furthermore, ¢ is a rainbow-free coloring of
Zq, implying that |¢[ < 7b(Zg, p) — 1. Therefore, r < rb(Zga-1,p) +1b(Zg,p)—3. O

From Lemma 23, we can conclude that if ¢ has too many colors, then either ¢
has a rainbow triple, or |P; \ Py| > 2 for some i. In the next lemma, we show that if
¢ has too many colors and |P; \ Py| > 2 for some j, then we can still conclude that
c has a rainbow triple.

Lemma 24. Suppose ¢ has r = rb(Zgjo-1,p) + 70(Zg,p) — 2 colors and p # 2,—1
mod q. Then c is not rainbow-free.

Proof. By Lemma 23, there exists P; such that |P; \ Py| > 2, or we are done. For
the sake of contradiction, suppose c is rainbow-free. Without loss of generality,
G,B € P; \ Py. Since p # 2 mod ¢, we have a z such that 2j = pr mod ¢ and
x #Z j mod q. Without loss of generality, this implies that G € P,. Furthermore,
P_; cannot contain either B or G.
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Define a coloring ¢ of Z, by

B i=j

G i==x
é(i)=<B BeP,i#jz

G GePR,i#jx

[ otherwise

where the ambiguity if G, B € P; and i # j,x is resolved arbitrarily. Notice that
¢(0) = B,¢(y) = B, and é(x) = G. Therefore, ¢ is always a 3-coloring. Now, if we
find that ¢ has a rainbow triple, then we have reached a contradiction via Lemma
21. By Theorem 6, there are three ways ¢ can be rainbow-free: 0 is uniquely colored,

p=—1 mod ¢, or p=2 mod gq. However, none of these three situations hold. The
element 0 is not uniquely colored since é(—j) = §. Furthermore, p £ 2 mod ¢ and
p = —1 mod ¢ by assumption. Thus, we can find a rainbow triple. U

Lemma 25. Suppose ¢ has r = rb(Zgo-1,p) + 170(Zq,p) — 2 and p = —1 mod q.
Then ¢ is not rainbow-free.

Proof. For the sake of contradiction, suppose that ¢ is rainbow-free. By Theorem
3, 70(Zq,p) = 4. Notice that |Py| < rb(Zge-1,p) — 1, which implies that there are
at least 3 colors not represented in Py. Without loss of generality, we will let these
colors be denoted by G, B, and Y. Given an ordering of colors X; < X5 < Xj,
consider the coloring ¢ : Zg — {X1, X2, X3, 8} given by

. min{X;|X; € P} {X1, X0, X3} NP, #{}
é(x) = 5 . :
otherwise

Suppose ¢ contains a rainbow triple x,y, z with colors é(z) < é(y) < é(z) (where
B > X; for all 7). Then there exists sq +x € R, t¢+y € R, with ¢(sq + z) = é(z)
and c(tq + y) = ¢(y). By construction of é, we have é(x),é(y) € P,. This implies
completing sq + = and tq + y with an element in R, will provide a rainbow triple.
Therefore, if there exists an ordering of G, B,Y such that ¢ is a 4-coloring of Z,,
then we are done.

Claim: If |P, \ Py| > 1, then |P, \ Py| > 2.

Without loss of generality, let G < B < Y be an ordering that maximizes the
number of colors used by ¢. Since G ¢ Py, ¢ is at least a 2-coloring. Furthermore,
¢ always uses 8 on 0. We may also assume that ¢ is not a 4-coloring. This implies
that ¢ does not use Y. Now if Y € P,, then either G € P, or B € P,. By reordering
the colors, we can conclude that if B € P,, then either G € P, or Y € P,, and
if G € P,, then either B € P, or Y € P,. In particular, if |P, \ Py| > 1, then
| P, \ Po| > 2. This concludes the proof of the claim.
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Let P; be such that |P; \ Py| > 2. By applying the ¢(z) = j~ 'z to Z,, we
can assume that j = 1. Furthermore, we have that P_; C F,. By selecting two
elements in R; with different colors not in Py, we can conclude that |P_z \ Py| > 2.
In particular, the set I = {i : |P; \ Py| > 2} contains (—2)* for any non-negative
integer k. Notice that if ¢ = 5, then I contains 4 which gives us a rainbow triple
since P_; C Py. Furthermore, if ¢ > 17, then 1,—-2 = ¢ — 2,4,—8 = ¢ — 8 are
distinct modulo ¢q. The fact that 1, —2,4, —8 are distinct for primes 7,11, 13 is true
by inspection. Therefore, |I| > 4 and ¢ > 7.

For any four distinct elements in I there exists indices z1,x2, x3, x4 such that
(without loss of generality for the colors) G € P, N P, and B € P,, N P,,. Since
|I] > 4 we can define a coloring é of Z, by

G i:a?l,l‘g

B i=$3,$4

¢(i) =< B Be€ P,i#x1,x2,T3,24
G GeP,i#x,x2,x3, T4
(3 otherwise

where the ambiguity if G, B € P; and i # x1,x2, T3, x4 is resolved arbitrarily. If ¢
has a rainbow solution, then ¢ has a rainbow solution by Lemma 21.

Notice that every color class of ¢ has size at least 2. Therefore, by Theorem
6, up to dilation, 8 = [az,a; — 1], G = [a1,a2 — 1], and B = [ag,a3 — 1] with
a1+as+az =0,1 mod gand 0 < a; < az < ag < ¢. Furthermore, [a;, a3 — 1] must
be closed under multiplication by —2, since we can find a rainbow triple otherwise.
We will conclude that this structure is impossible. Let > be an ordering on Zg,
where a > b if a’ > b’ where o’ (resp. V') is a representative of the equivalence class
a (resp. b) such that 0 < a’ <gq.

First, assume that a; = 1. This implies that a3 —1 = —2 and a3 = —1. However,
this is a contradiction since

a14+as+az3=1+a;—1=0,1 modgq

and ¢ > as > 1. Therefore, we can conclude that a; > 1 (and a; > 1). Notice that
if g— %1 € [a1, a3 —1], then we have reached a contradiction, since —2(q— %1) =1
mod ¢q. We will complete the proof by assuming that a; > ¢— q;—l or qg— %1 = az—1,

and deriving a contradiction in each case.

Case 1: Assume that ¢ — % = az — 1. If a; < |q/4], then ¢ — 2a; = q — #,
which is a contradiction. Therefore, ag — 1 > |¢/4]|. Now if a3 — 1 = |¢/3], then
4(ag—1) = ag—1. Furthermore, if |¢/3] > as—1, then —2(a3—1) > a3 —1. Either
one of the previous two possibilities results in a contradiction since [a1, a5 — 1] is

closed under multiplication by —2.
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Case 2: Assume that ¢ — q;—l < ay. fazg—1 = 3q/4, then ¢ —2(a5—1) < g— %1,
which is a contradiction. Therefore, a; < |3¢/4|. Now if a1 > [2¢/3], then
—2a; < aj. Furthermore, if [2¢/3] = a1, then 4a; < ay. Either one of the
previous two possibilities results in a contradiction since [a1, az — 1] is closed under
multiplication by —2.

Since both cases result in contradictions, we conclude that ¢ is not rainbow-

free. O
Proposition 9. Let p,q be prime such that p % 2 mod q. Then
Tb(un ap) S 2+« (Tb(ZQap) - 2) .

Proof. Combining Lemmas 23, 24, and 25, we know that 7b(Zge, p)—1 < rb(Zge-1,p)+
rb(Zg,p) — 2 for a > 2. Recursively applying this inequality gives the desired re-
sult. O

Lemma 26. Suppose c is a rainbow-free coloring of Zge for x1 + xo = px3 where
a > 2 and g # p is prime. Let Ry, -+, Rq—1 be the residue classes modulo q of
ZLge , with corresponding color palettes Py, --- ,Py—1. Let j be an index such that
|Pj| > |P;| for all0 <i<gq—1. Then |P;\ Pj| <1 forall0 <i<g-—1.

Proof. For the sake of contradiction, assume that there exists ¢ such that |P; \ P;| >
2. This implies that there exists qu + 4 and qv + ¢ with colors G and B respectively,
that are not in P;. Without loss of generality, v > u.

First suppose that Pp;_; # P;. There are two cases: either P,;_; has a color
that is not in Pj, or P; has a color that is not in Pp;_;.
Case 1: Suppose that c(sq+pi—j) ¢ P;. Without loss of generality, c(sq+pi—j) #
G. Then

Ty =qs+pi—j
T2 =pqu+—qs+j
T3 =qu-+1

is a rainbow triple.

Case 2: Suppose that c¢(¢s + j) ¢ Ppi—;. Then

T1=¢qs+]
To =pqu—qs+pi—j
T3 = qu+1

is rainbow.

Since c is assumed to be rainbow-free, both cases result in a contradiction. There-
fore, Pj = Ppi—j-
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Let gs+j € R;. Since c is rainbow-free, ¢(pqu—qgs+pi—j) = c¢(gs+j). Similarly,
the triple
{alpu = s) + pi — j,q(pv — pu+ s) + j, qv + i}

shows that ¢(pqv — pqu+ qs+j) = e(pqu — qs + pi — j) = c¢(qs + j). Notice that the
difference of position between pguv — pqu + ¢gs+ j and ¢s+j in R; is p(v —u). Since
p # q is prime and v > u, we know that p(v — u) is an additive generator of Zja—1
(since p Aq). Therefore, R; is monochromatic; this contradicts the maximality of
P51 O

Lemma 27. If p=2 mod q, then rb(Zge,p) < rb(Zgo—1,p) + 1b(Zq, p) — 2.

Proof. Suppose c is an r-coloring. By Lemma 26, there exists index j such that
|P;| > |P;| for all 0 <4 <g—1. Then |P;\ Pj| <1lforall 0 <i<g—1. Let é be a
coloring constructed from ¢ as described in Lemma 22. Notice that the set of colors
used in c is comprised of the colors in R; and each color used in ¢ other than a.
Thus, we know that r = |P;| 4+ |¢| — 1, where |¢| is the number of colors appearing
in €.

Notice that p =2 mod ¢ implies that any triple with 2 elements in R; must be
completely contained in ;. Therefore, R; acts like Zjo—1 when we only consider
the positions within R;. Since c is a rainbow-free coloring of Zga—1, we know c|g;,
must be a rainbow-free coloring of Zg, so [Py| < 7b(Zga-1,p) — 1. Furthermore, ¢
is a rainbow-free coloring of Zga-1, implying that |¢] < rb(Z,,p) — 1. Therefore,
r < rb(Zgo-1,p) +1rb(Zg,p) — 3. O

Proof of Theorem 5. Applying Proposition 9 or Lemma 27 for to every prime factor
q; # p of n in Proposition 8 gives

m

r0(Zy,, p) < 16(Zpe,p) + Z (ai(rb(Zqi,p) — 2))
i=1
Since this is identical to the lower bound from Proposition 7, we can conclude

rb(Zy,, p) = 76(Zpe,p) + Z (ai(rb(Zqi,p) - 2))

=1

Acknowledgements. This research took place primarily at SUAMI at Carnegie
Mellon University and the authors would like to thank the NSA for funding the
program. Additionally, we would like to thank the referees for their careful reading
and feedback.



INTEGERS: 20 (2020) 27

References

[1] Z. Berikkyzy, A. Schulte, and M. Young. Anti-van der Waerden numbers of 3-term arithmetic
progressions, Electron. J. Combin. 24 (2017), #P2.39.

[2] S. Butler, C. Erickson, L. Hogben, K. Hogenson, L. Kramer, R. Kramer, J. Lin, R. Martin,
D. Stolee, N. Warnberg, and M. Young, Rainbow arithmetic progressions, J. Comb. 7 (2016),
595-626.

[3] V. Jungié, J. Licht (Fox), M. Mahdian, J. Nesetfil, and R. Radoi¢i¢, Rainbow arithmetic
progressions and anti-Ramsey results, Combin. Probab. Comput. 12 (2003), 599-620.

4] B. Llano and A. Montenjano, Rainbow-free colorings for z +vy = cz in Z;, Discrete Math. 312
P
(2012), 2566-2573.

[5] M. Young, Rainbow arithmetic progressions in finite abelian groups, J. Comb. 9 (2018), 619-
629.



