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Abstract

We look at upper bounds for the count of certain primes related to the Fermat
numbers Fn = 22

n

+ 1 called elite primes. We first note an oversight in a result
of Kř́ıžek, Luca and Somer and give the corrected, slightly weaker upper bound.
We then assume the Generalized Riemann Hypothesis for Dirichlet L functions and
obtain a stronger conditional upper bound.

1. Introduction

The Fermat numbers are given by Fn = 22
n

+ 1 for n ≥ 0. The first few Fermat

numbers are 3, 5, 17, 257, 65537, 4294967297. Notice that the first five Fermat

numbers are prime, and it was initially conjectured (by Fermat) that all such num-

bers are prime. The sixth Fermat number is not prime, and no other Fermat primes

are known. It is known that Fn is composite for 5 ≤ n ≤ 32 though interestingly

no prime factor of F14, F20, F22, or F24 is known (see [4]). An efficient test exists

to determine whether or not a Fermat number is prime, called Pépin’s test.

Proposition 1 (Pépin’s test [11]). Let n > 0. Then Fn is prime if and only if

3(Fn−1)/2 ≡ −1 (mod Fn).

The only fact about the prime 3 used in this proof is that Fn is a quadratic

nonresidue (mod 3) for n > 0. Thus we can replace 3 with any other prime that

satisfies this requirement. Primes p for which all sufficiently large Fermat numbers

are quadratic nonresidues (mod p) are called elite primes, a term introduced by

Aigner [1]. Thus we can use elite primes to test the primality of Fn for all but

finitely many Fermat numbers. For more on the search for elite primes see [2], [3],

and [6].

Similarly defined are anti-elite primes which are primes p such that Fn is a

quadratic residue for all but finitely many n. Generalizations of elite and anti-elite

primes for numbers other than the Fermat numbers were studied by Müller, see [8],

[9], and [10].
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Let E(x) be the number of elite primes up to x. Kř́ıžek, Luca and Somer [5] gave

the upper bound

E(x) = O

(
x

(log x)2

)
as x→∞. Their proof used the estimate

2t∏
i=0

Fi < 22
t+1

;

however one can check that for all t ≥ 0

2t∏
i=0

Fi = 22
2t+1

− 1.

Using the revised estimate
∏2t

i=0 Fi < 22
2t+1

we obtain the following result following

their proof.

Theorem 1. Let E(x) be the number of elite primes up to x. Then

E(x) = O

(
x

(log x)3/2

)
as x→∞.

Corollary 2 of Kř́ıžek, Luca and Somer’s paper states that the sum of the recip-

rocals of the elite primes converges. We note that this still follows from Theorem

1.

We next give our main result which is a stronger upper bound for E(x) conditional

upon the Generalized Riemann Hypothesis for Dirichlet L functions:

Theorem 2. Let E(x) be the number of elite primes up to x. Then assuming the

Generalized Riemann Hypothesis

E(x) = O(x5/6)

as x→∞.

2. Proof of Theorem 2

Before beginning the proof we introduce some tools we will use. Let
(

a
m

)
denote

the Kronecker symbol.

We will use the fact that for a fixed integer a satisfying a 6= 0 and a 6≡ 3 (mod 4)

the Kronecker symbol is a Dirichlet character to the modulus |a| (or 4|a| if a ≡
2 (mod 4)). Furthermore this Dirichlet character is not the principal character as

long as a is not a square. The key lemma will be the following classical result which

can be found in Montgomery and Vaughan [7].
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Lemma 1. Let χ be a Dirichlet character to the modulus q, not the principal char-

acter. Then assuming the Generalized Riemann Hypothesis∑
p≤x

χ(p) = O(
√
x log(qx)).

Proof of Theorem 2. Let p ≤ x be an elite prime. We write

p− 1 = 2epkp,

where kp is odd and let fp denote the multiplicative order 2 (mod kp). Now for any

m ≥ ep we have that

(p− 1) | 2m(2fp − 1) = 2m+fp − 2m,

which shows by Fermat’s little theorem that

22
m+fp ≡ 22

m

(mod p).

This periodicity of the sequence of Fermat numbers shows that if there exists an

m ≥ ep such that Fm is a quadratic residue (mod p) then p cannot be elite since

Fm+`fp would be a quadratic residue (mod p) for all ` ≥ 0.

Now suppose p is a prime with ep > t, where t is a parameter depending on x

to be chosen later. Then p lies in the residue class 1 (mod 2t). As long as 2t ≤
√
x

then we may apply the Brun-Titchmarsh inequality to get an upper bound on the

distribution of such primes in arithmetic progressions:

π(x; 2t, 1) ≤ 2x

φ(2t)(log x− log 2t)
� x

2t
.

Now we assume p is an elite prime with ep ≤ t. We see now that p must be a

quadratic nonresidue modulo Ft+i for all i ≥ 0. Looking at the Legendre symbol

we see that for any prime number p

1−
(
Ft+i

p

)
=


2 if Ft+i is a quadratic nonresidue (mod p),

0 if Ft+i is a quadratic residue (mod p),

1 if p | Ft+i.

Fixing another parameter T depending on x to be chosen later let

A =

T∏
i=0

Ft+i

so that we now have the following upper bound for E(x):

E(x) ≤ 1

2T+1

∑
p≤x

T∑
i=0

(
1−

(
Ft+i

p

))
+
∑
p|A

1 +O
( x

2t

)
.
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Notice that

A <

t+T∏
i=0

Fi < 22
T+t+1

,

and thus ∑
p|A

1� logA� 2T 2t.

As for the first term in our estimate for E(x), we have

1

2T+1

T+1∑
j=1

(−1)j
∑

B⊂{0,1,2,...,T}
|B|=j

∑
p≤x

(∏
b∈B Ft+b

p

)
+
π(x)

2T+1
.

Using the fact that these inner Kronecker symbols are Dirichlet characters to the

modulus ∏
b∈B

Ft+B ≤ A < 22
t+T+1

,

we can apply Lemma 1 once we observe that Fermat numbers are pairwise coprime

and hence any product of Fermat numbers will never be a square. We then have

the upper bound ∑
p≤x

(∏
b∈B Ft+b

p

)
�
√
x(log x+ 2t+T ).

Putting all this together, we have

E(x)�
√
x log x+

√
x2t+T +

x

2T
+
x

2t
.

Letting t = T = log x
6 log 2 gives the desired result.

Remark. Theorem 2 gives an upper bound for the count of elite primes, but if we

instead used

1 +

(
Ft+i

p

)
=


2 if Ft+i is a quadratic residue (mod p)

0 if Ft+i is a quadratic nonresidue (mod p)

1 if p | Ft+i,

we obtain the same upper bound for the count of anti-elite primes. Furthermore, if

we consider the generalized Fermat numbers to the base b,

b2
n

+ 1,

we can ask what is special about the case b = 2. In fact the only time the base b = 2

is used in the proof of Theorem 2 is that for a fixed prime p the sequence 22
n

+ 1

will eventually be periodic (mod p). But this is true for any base b, hence Theorem

2 will also hold for the count of generalized elite and anti-elite primes with respect

to the generalized Fermat numbers to the base b.
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[5] M. Kř́ıžek, F. Luca, and L. Somer, On the convergence of series of reciprocals of primes
related to the Fermat numbers, J. Number Theory 97 (2002), 95-112.
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