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Abstract
Forn=0,1,2,...let T,, denote the nth triangular number n(n+1)/2. For any odd
prime p, we prove that

[ @+m={ D000 modp) ifp=1(modd),
1<i<ji<(p—1)/2 ! 2(p+5)/4 (mod p) if p =3 (mod 4).
ptT; +T;

Furthermore, we also prove the congruence

1 (—1)*-1)/8
=2+ — d
2 g =ity (modp)
1<i<i<(p=1)/2
ptT; +T;

in the ring of p-adic integers.

1. Introduction

Let p be an odd prime. Then, Wilson’s theorem states that

p—1

(=1t =] n= -1 (modp).

n=1

2
—1
12,92, . (P22
b b 7( 2

are pairwise incongruent modulo p. Similar to Wilson’s theorem, it is known that
if p=3 (mod 4) then

Note that the integers

[I @+ = 0 (modp)
1<i<j<(p—1)/2
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(cf. Problem N.2 of [4, pp.364-365]). When p = 1 (mod 4), we can write p in a
unique way as a® +b? with a,b € Z and 1 < a < b < (p—1)/2, and recently Sun [3]
proved that

[T @+ = )78 (mod p).
1<i<j<(p—1)/2
ptiZ+;52

Recall that the triangular numbers are given by
n(n+1)
2

For any odd prime p, it is easy to see that the triangular numbers

T, = (n=0,1,2,...).

Ty, T, ooy Tip—1)/2

are also pairwise incongruent modulo p. Motivated by the above work and Sun’s
conjecture (cf. [2, Conjecture 4.4]) that

2T, + 2T';
—aer|(F522)]
p 1<i,j<(p—1)/2

is a quadratic nonresidue modulo any prime p = +3 (mod 8) (where () denotes
the Legendre symbol), we obtain the following new result on a product involving
triangular numbers.

Theorem 1.1. Let p be an odd prime. Then

| N (=2)®@+3)/4 (mod p) if p=1 (mod 4),
H (T; +Ty) = {2(p+5)/4 (mod p) if p=3 (mod 4). (1.1)

1<i<j<(p—1)/2
piT;+T}

Corollary 1.1. For any odd prime p, the product

I | (T; + Tj)
1<i<j<(p—1)/2
piT; +T;

i a quadratic residue modulo p.

Inspired by Theorem 1.1, we also establish the following result on a sum involving
triangular numbers.

Theorem 1.2. Let p be an odd prime. Then we have the congruence

1 (—1)@*-1)/8
=2+ —— d p). 1.2
D gyp it (wody) (12)
1<i<i<(p—1)/2
ptT;+T;

in the ring of p-adic integers.

We will prove Theorem 1.1 and Corollary 1.1 in the next section. Theorem 1.2
will be proved in Section 3.



INTEGERS: 20 (2020) 3

2. Proofs of Theorem 1.1 and Corollary 1.1

Lemma 2.1. Let p be any odd prime. Then

(p; 1!)2 = (—1)®*D/2 (1mod p)

and

op—1)/2 — (;) = (=1)®* =D/ (mod p).

This is well known. Note that for any odd prime p we have
(r-1)/2 p—1\2
p-vi= II *o-0 =002 (220 modp)
k=1
and hence the first congruence in Lemma 2.1 follows from Wilson’s theorem.
Lemma 2.2. Let p be an odd prime, and let b,c € Z with p{b*> — 4c. Then
pil <x2+bx+c> _
=0 p

This is also known, see, e.g., [1, p. 58].
As usual, we denote the cardinality of a set S by |S].

Lemma 2.3. Let p be any odd prime and let

r(n)::H(i,j): O§i<j§p andTi—i—TjEn(modp)H

form=0,...,p—1. Then

2= (5) -1\ 1+(3) p-1
! T2 4

(2.1)

Proof. Letn = (p(2— (%)) —1)/4. Then 4n+1 =0 (mod p). Fori,j € {0,...,(p—
1)/2}, we have

T;+Tj=n (mod p) <= (2i+1)*+ (2§ +1)*> =8n+2=0 (mod p).

Hence )
(2i +1)2 =0 (mod p) <= z’:%.
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Thus
2r(n) = {(z’,j): 0§z’,j<p; and (2i+1)2+(2j+1)250(modp)}‘
= {(fmy): vy €{l,...,p—1}, (;) — (i) =1andp|x+y}‘
ffrererr ()-G)-0)
Bz ()
and hence e
)=
as desired. O

Proof of Theorem 1.1. For n = 0,...,p — 1, we define r(n) as in Lemma 2.3. For
nog = (p(2 — (_71)) — 1)/4, the value of r(ng) is given by (2.1). Now we compute
r(n) for any fixed 1 < n < p— 1 with n # ng. Note that 4n + 1 # 0 (mod p) and

-1
’{nggpzz 2TkEn(m0dp)H

_1 1_"_ An+1
:HO<k<p2: (2k+1)254n+1(m0dp)}‘:(2’J.
Thus
1_"_ 4n+1
2r(n)+(2p )

(G,j): 0<i,j<b

and T; +T; = n (mod p)H

(@,9): 0<z,y<p—1, (i) >0, (Z) >0, x+yz8n+2(modp>}‘

1+ 8n+2 9 _
:M_,_ 1<z<p-—1: L =1 and M >0
2 P D

{
- {(i,j): Ogi,jgp;1 and (2i+1)2+(2j+1)2=8n+2(mOdP)H
{
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and hence

with the aid of Lemma 2.2. Note that

;(p_i;> N 1—2@)) |2,

Therefore i )
14+ (=22) (8)-1
= |23 ] LD G-
8 2 2
Now we know the value of r(n) for each n =1,...,p — 1. Observe that

-1
[ @em)=]w®
n=1

0<i<j<(p—1)/2

piT;+T}
pt5 p—l 5 pl 102
:ng(no)fLTJ H nlZE2 ] o H nE((3)-1)
By Lemma 2.3,
, (+(FH) Bt = [ 22
r(no)—| B2 1 P 8 8
no( R (—4) (mod p).

Also,
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by Wilson’s theorem. For each n =1,...,p — 1, clearly

4 1 -1
nt :1@(2]@—1—1)25471—1—1(modp)forsome0<k<L
p , 2 (23
<n=k(k+1) (mod p) for some k = 1,...,p;
Therefore
I @+
0<i<i<(p=1)/2
ptT; +T;
(LH(Fh) 2 - 28 (b=3)/2 (@)~
1 D 8 8 b5 23
= <4> (-1l J( I1 k(k+1)>
k=1
1 2
2\ z(($)-1)
()G 2Lt e e (2 (P
p—1 2
1(2)—
= ()OI LA 0G0 D/2g) G nod )

with the aid of Lemma 2.1. Note that
(—1)HEDEE @)D <2>
p
and )
92 ZE2 = (IH(FN B +5((3)-1) — 91(1-p(F)

9

which can be easily checked by considering all the cases p = 1,3,5,7 (mod 8). So
we have

I @w+m)= (2) 2:(1-7(59) (mod p). (2.4)
0<i<j<(p—1)/2 p
T AT+
Observe that
(p=1)/2 (p=1)/2 . . 2
H (To +Tj) = H iG+1) — 9—(p—1)/2 pt+1 (1)_11>
11 a2 2 2
ptTo+T;
2\ (=1)P+1)/2
= (p) % (mod p)

in view of Lemma 2.1. Combining this with (2.4) we see that
(2)240-p(51) 1 1
_ 1)/201+1 (1—p(=
[I @7 = e = ()G

2)7
1<i<j<(p—1)/2 P 2
ptT; +T;

(—2)PT3/4 (mod p) if4|p—1,
| 2e+5)/ (mod p) if4|p+1.



INTEGERS: 20 (2020)

The proof of Theorem 1.1 is now complete.

Proof of Corollary 1.1. If p =1 (mod 4), then

<V4DQH3V4) - <2>Q&$/4:(_4)p£~ﬁf —1.
p p

If p =3 (mod 4), then

(p+5)/4 (p+5)/4 o
<2p >::<2> = (- =1

p p

Therefore, applying (1.1) we immediately get the desired result.

3. Proof of Theorem 1.2

To prove Theorem 1.2, we utilize some ideas in the proof of Theorem 1.1.

Proof of Theorem 1.2. Since

(p—1)/2 (r-1)/2
1 1 1 2
}: -9 § S ——|=2(1-——) = -2 (mod p),

the congruence (1.2) has the following equivalent form:

St -2()

0<i<j<(p—1)/2 J
piT; +T;

Note that

1 irln)  rlng) = r(n)
DO o D Dl ek ) Dl
osicismnse LT G o "
PIT;+T; nvg

where r(n) is defined as in Lemma 2.3 and ng := (p(2 — (_71)) —1)/4. In view of

(2.1), we have

r(no)_l‘f'(_?l)_ p—1 1+ (5H)
no 2 p(2— (%)) -1

For each n =1,...,p — 1 with n # ng, by (2.2) we have

2y _ dntl
e

(3.2)
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Thus

o k=1 (@1): 1
(p—3)/2

1 |p+5| (3)-1 1
= — + (by (2.3))

ng 8 2 k(k+1)
_,|pt5 +(12))_1(p§/2 1 1
n 8 2 — E k+1

2

p+5| (5)—1 2

=4 1-—
{ 3 J + 5 - (mod p)
Combining this with (3.2), we obtain
-1 —1
r(ng) ‘*—=r(n) 1+ (7) p+5 3 2
= 4 = -1
g + Z; n 2 + 8 + 2 P
g
1/2
and hence the desired (3.1) follows.
The proof of Theorem 1.2 is now complete. O
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