#A94 INTEGERS 20 (2020)

ON 5-REGULAR BIPARTITIONS INTO DISTINCT PARTS

M. Prasad
Department of Mathematics, PES College of Engineering, Mandya, Karnataka,
India
prasadmj1987@gmail.com

K. V. Prasad
Department of Mathematics, VSK University, Bellary, Karnataka, India
prasadkv2007@gmail.com

Received: 6/16/20, Accepted: 10/21/20, Published: 11/2/20

Abstract
Let Bs(n) denote the number of 5-regular bipartitions of a positive integer n into
distinct parts. In this paper, we establish several infinite families of congruences
modulo powers of 2 for Bs(n). For example,

= 5 1122042520 4] f
Z B5 (22a+o . 52671 + 3 ) qn = 4f1f10 (mod 23),

n=0

for all n > 0 and «a, 8 > 0.

1. Introduction

Throughout this paper, we let |g| < 1. We use the standard notation

fr = (0" ¢")o-
Following Ramanujan, we define
plq) = flag)= Y ¢ =% ) (1)
.: 3y _ N~ a2 _ (@550
Y = f(¢.q) g::oq O (2)
fa) = fea—a) = ) (1" = (g9), (3)

n=-—oo
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which are special cases of Ramanujan’s general theta function [1]

f(a,b) = Z @D/ 2pn(n=D/2 5 gp) <1, (4)

n=—oo

In Ramanujan’s notation, Jacobi’s famous triple product identity becomes
f(a,b) = (—a; ab) oo (—b; ab) oo (ab; ab) . (5)

A partition of a positive integer n is a non-increasing sequence of positive integers
whose sum is n. An f-regular partition is a partition in which none of its parts
are divisible by ¢. Let by(n) denote the number of ¢-regular partitions of n with
be(0) = 1. The generating function for by(n) is given by

oo

Zbe(n)q" -

= N1
Recently, arithmetic properties of /-regular partition functions have been studied
by a number of mathematicians. Calkin et al. [2] established many congruences for
5-regular partitions modulo 2 and 13-regular partitions modulo 2 and 3 by using
the theory of modular forms. For more details, one can see [3, 5].

Mahadeva Naika and Hemanthkumar [6] obtained many infinite families of con-
gruences for 5-regular bipartitions. In [9], the authors established some infinite
families of congruences for (¢, m)-regular partitions with distinct parts. For more
details, one can see [7].

Let Bs(n) denote the number of 5-regular bipartitions of n into distinct parts;
its generating function is given by

o0 . 7)2 2 2
S By = AL _ ol (6)
= (—a*¢°)3%  fifio

2. Preliminary Results

In this section, we collect some identities which are useful in proving our results.
Lemma 1. [3, Theorem 2.2]. For any prime p > 5,

p—1
2 2

324k 3p2+(6k+1)p 3p2—(6k+1)p tp—1 p3-1
h= Y (D> f<—q 7, g 2 >+(—1) S q T fpe

f=—P=1

kot (£p—1)/6
(7)
Furthermore, for —(p —1)/2 <k < (p—1)/2 and k # (£p — 1)/6,

32 +k |, p?—1
5 % 54 (mod p).
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Lemma 2. The following 2-dissections hold:

fi  fafsfa f3f10 (8)

fs  fafdyfao qfsffo

and

2
s Ssfh 3 f10f40. ©
fi~ f2fo st
Equation (8) was proved by Hirschhorn and Sellers [5}; see also [10]. Replacing ¢

by —¢ in (8) and using the fact that (—¢; —¢)co f %>, we obtain (9).

Lemma 3. [8]. We have

_ 3f4f10f40

3 .3 13 o fa0 2
FLf2 = f3 fro — 72202 4 267 fu f3, ; (10)
fa fof3
f3faff : f9 fof3
Fifs = 225010 £ 2q f5 oo — Safa fy + 20 2 (11)
f20 f2f5 [
We shall prove the following theorems:
Theorem 1. For alln >0 and o, B > 0, we have
et 22a+1 . 52,8 1
> Bs (226*“ 5%Pn 4 3+> " =2f3fs (mod 2?), (12)

n=0

Z B; (22a+2 526 4+

n=0 )
22a+2 525+1 + 1)
q"

22(y+3 52,H 1
) =2n mod2?), (1)

=2f1f2 (mod 2?), (14)

e
n=0

Z B5 (22a+2 . 52ﬁ+1n
n=0

Corollary 1. Let a € {7,13} and b € {11,14}. Then for alln > 0 and a, > 0,
we have

22a+2 52ﬁ+1 1 .
) =2 g (mod 22).  (15)

a-2%0+1.520 41
3

Bs (22a+1 52 4 ) =0 (mod 2?), (16)

b-2%F2. 528 41
3

Theorem 2. Let ¢ € {7,13,19} and d € {29,53,77,101}. Then for all non-negative
integers «, B and n, we have

Bs (22a+2 52+ 4 ) =0 (mod 2?). (17)

c- 22a+1 . 525 + 1
3

B (22a+4 528, 4 ) =0 (mod 2?), (18)
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Bs (22a+4 528y 4 2%+t 5% + 1)

3

_ 2 (mod 2%) if n=k(Bk+1)/2 for somek € Z, (19)
- 0 (mod 22) otherwise,
92042 | 52841 1
Bs (22“+5 5% 4 & 2 35 + > =0 (mod 2?), (20)
92042 | £2B+1 1
Bs (226”5 52+ 4 d-2 35 + ) =0 (mod 2?), (21)

B5 (22a+5 . 52B+1n N 22a+2 . 525+1 4 1)
3

_ 2 (mod 2%) if n=k(3k+1)/2 for somek € Z, (22)
- 0 (mod 22) otherwise.
Theorem 3. For alln >0, « >0 andi=1,2,3, we have
22a+3 1
Bs <22a+2n + 3+> = Bs(4n+3) (mod 2%), (23)

2a+3 . 1 1
Bs <22a+6n+ 2 (61; )+ > = Bs(16n+4i +1) (mod 2%),  (24)
220-1—3 + 1
Bs (22a+6n+ 3)
_ Bs(16n+1) +4 (mod 23) if n=k(3k+1)/2 for somek € Z, (25)
Bs(16n + 1) (mod 23) otherwise.

Theorem 4. Let g € {83,107} and h € {31,79}. Then for alln >0 and o, 8 > 0,
we have

G 1122042526 41
Z B5 <22a+5 . 52571 + 3 > qn = 4f1f10 (IIlOd 23), (26)

9_22a+2 52[5 +1
3

n=0

Bs (22a+5 52841, 4 ) =0 (mod 23)) (27)

St 7. 22a+2 . 525+1 1 .
> B; (22a+5 52t 4 g + ) " =4f2fs (mod 2%),  (28)

h A 22a+2 A 526—1—1 + 1
* 3

n=0

Bs (22a+5 5282y, ) =0 (mod?2%). (29)
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Theorem 5. For a prime p > 5 and for all n,a, B, v > 0, we have

© 11-9220+2 . 520 .27 4 1
Z B5 <22a+5 . 52ﬁ .p27n + 3 P ) qn = 4f1f10 (mod 23)7
n=0
(30)
11 - 22a+2 A 52,6 . m27+2 1
Bs (22‘3““5 520 pt  (pn 4-4) + 3 P ) =0 (mod 2%),
(31)
e 7.92a+2 52f3+1 L2y 41
Z Bs (22a+5 520+ 27y, 4 . b ) ¢" = 4fsfs (mod 2°),
n=0
(32)
11 - 22a+2 . 52ﬁ+1 27 +2 1
Bs <22a+5 . 528+1 P (pn ) + 3 p + =0 (mod 2%),
(33)
where 1 =1,2,3,--- ,p— 1.
3. Proof of Theorem 1
From (6), we have
<>O 2 2
ZBS(”)Q” =X 5 (34)
"0 10 1

Using (9) in (34) and then extracting the terms involving ¢?"*! from both sides,

we arrive at - )
n o310

E Bs(2n +1)q" = 27— (35)

n=0 fl f5

From the binomial theorem, it is easy to see that for any positive integers k and m,

zm = f% (mod 2), (36)
,fm = 22,:” (mod 22). (37)

Using (36) in (35), we find that

> Bs(2n+1)¢" = 2f}f; (mod 2%), (38)

n=0
which is the & = § = 0 case of (12). Suppose that Congruence (12) holds for some

integer 8 > 0 and o = 0.
Ramanujan recorded the following identity in his notebooks without proof:

fi=f5(R(@°) ™ —q— *R(¢%)), (39)
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where R(q) = M

f(=q
For a proof of (39) one can see [4, 11].
Employing (39) in (12) with o = 0, we find that

> 2.5 4+1
> Bs <2~52ﬂn+3+> q" = 2fs

f35(R(@®°) ™" —q—¢°R(¢°))® (mod 2%).

Extracting the coefficients of ¢°"*3 from (40), we find that )
Z Bs ( 5%y 5%3““) ¢"=2f1f5 (mod 2?). (41)
Again, using (39) in (41), we find that
> s (2 5%+ 44'5%; : 1) q
n=0
=2f3f25(R(@°) " —q—¢’R(¢%)) (mod 27). (42)
Extracting the coefficients of ¢°**! from (42), we get
i Bs (2 5242 4526;2“) ¢" =2f1f5 (mod 2?), (43)

n=0

which implies that (12) is true for 8 + 1. Hence, by induction, Congruence (12) is
true for any non-negative integer 8 and o = 0. Suppose that Congruence (12) holds
for some integers a, 8 > 0. Employing (11) in (12), we find that

o0 220¢+1 ) 52,8 +1
> Bs (22a+1 520 + 3) q" =2fs+2qf2fiy (mod 2?),  (44)
n=0

which implies
St 22a+3 L. E28 1 .
> B; (22a+2 - 5%n + 35+) " =2f1f (mod 22), (45)
n=0
which proves (13).
Again, employing (10) in (45), we obtain
> 22(Jc+3 . 52ﬁ 1
> Bs (22a+2 -5%n + 3+> " =213 fr0+2qfs0 (mod 2%).  (46)

Extracting the coefficients of ¢*" from (46), we get

- 22043 . 528 4 ]
Z Bs (22a+3 520+ 3) " =2ffs (mod 2?), (47)

n=0
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which shows that (12) is true for @ + 1. Hence, by induction, Congruence (12) is
true for any non-negative integers o and . This completes the proof.
Employing (39) in Equations (12) and (13), we obtain (14) and (15) respectively.

4. Proof of Corollary 1

Using Equations (12) and (13) along with Equation (39), we obtain (16) and (17)
respectively.

5. Proof of Theorem 2

Extracting the coefficients of ¢?* from (44), we get

e 92a+1 52B 1
> B; (22““ - 5%0n + 3+> ¢"=2f; (mod 2?), (48)

n=0

which implies (18).
Extracting the coefficients of ¢*" from (48), we obtain (19).
Extracting the coefficients of ¢?"*1 from (46), we get

22a+2 . 525+1 +1
3

Z Bs (22a+3 5% 4

n=0

) q" =2fs (mod 2?). (49)

Collecting the terms involving the powers of ¢*"*% for i = 1,2,3 from (49), we
obtain (20).
Extracting the coefficients ¢*" from (49), we obtain
22a+2 . 52[3+1 +1
3

> Bs <2za+5 5% +

n=0

) ¢" =2fs (mod 2?), (50)

which implies (21) and (22).

6. Proof of Theorem 3
Using (37), Equation (35) reduces to

Z B;(2n+1)¢" = 2% x f1f2  (mod 2%). (51)

n=0
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Using (10) in (51) and then collecting the even and odd powers of ¢ from the
resultant equation, we obtain

> Bs(An+1)¢" = 2f5 +4qfafro x fufi (mod 2°) (52)
n=0

and -
S Bs(dn +3)q" = - J;“’ X fifs +4qf (mod 2. (53)
n=0

Employing (11) in (53), we obtain

> Bs(8n+3)¢" = - f x f1f8 +4qfoffy  (mod 2°) (54)
n=0
and -
> Bs(8n+7)q" = Afafio ¥ fifs +6f7 (mod 2°). (55)
n=0

Using (10) in (54) and then collecting the coefficients of ¢?"*1 from the resultant
equation, we obtain

Bs(16n 4+ 11) = Bs(4n +3)  (mod 23), (56)

which is the @ = 1 case of (23). Suppose that Congruence (23) holds for some
integer > 0. Employing (11) in (23) and then collecting the even powers of ¢
from the resultant equation, we get

2a+3
ZB <22a+3 2 - +1> " ;20 x f1f3 +4qfof?  (mod 2%).  (57)

Using (10) in (57), we obtain

22a+5 + 1

Bs <22a+4n + -

) = Bs(4n +3) (mod 2%), (58)
which implies that (23) is true for a + 1. Hence, by induction, Congruence (23) is
true for any non-negative integer o > 0. This completes the proof.

Using (10) in (57) and then collecting the even powers of ¢ from the resultant
equation, we get

2a+4 22a+3+1 n 2 3
ZB 2 —3 ) =2 tdahfux s

= Z Bs(4n +1)¢" +4f, (mod 23). (59)
n=0
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Comparing the coefficients of ¢*"** for i = 1,2, 3 on both sides of the above equation,
we arrive at (24).
Collecting the coefficients of ¢** from both sides of (59), we arrive at

2a+6 2 +3+1 n __ - n 3
ZB 2 ) = Bs(16n+1)¢" +4f1 (mod 2°), (60)
n=0

which gives (25).

7. Proof of Theorem 4

Using (11) in (55) and then collecting the odd powers of ¢, we get

> Bs(16n+15)¢" = 4fafa0  (mod 2°), (61)
n=0
which implies
Bs5(32n+31) =0 (mod 2°) (62)
and -
> Bs(32n+15)¢" = 4f1f19  (mod 2°), (63)
n=0

which is the a = 8 = 0 case of (26). Let us consider the case 8 = 0 in (26) and
prove by induction on «. Suppose that Congruence (26) holds for some integer

a > 0.
1122042 4 9
§ Bs (22'“5 3+> q" = B5(32n + 15). (64)

The remaining proof is similar to the proof of (23). So, we omit the details.
Suppose that Congruence (26) holds for some integers a, 8 > 0. Employing (39)
n (26), we find that

= . 11.22a+2 . 526 4
> B; <22a+d -5%n + 3 > q"
n=0

=4fi0f25(R(¢°) "' —q—¢’R(¢°)) (mod 2%). (65)

Collecting the coefficients of ¢°"+3 and ¢°"** from (65), we get (27).
Collecting the coefficients ¢°**! from (65), we deduce that

> 242 2
> B (22“+5-525+1n+7'2 —3 BHH)q”
3
n=0

=4fofs = 4fsf50(R(q") ™" = ¢ — ¢"R(¢"°)) (mod 2%), (66)
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which implies

o 11 - 22a+5 . 526+2 41
Z Bs <22°‘+5 5202, 4 3 ) q" = 4f1f10, (67)

n=0

which implies that (26) is true for § + 1 with a > 0. By induction, Equation (26)
holds for all o, 8 > 0.

Equation (66) proves (28).

Collecting the coefficients of ¢°"*1 and ¢°**3 from (66), we obtain (29).

8. Proof of Theorem 5

We prove the identity (30) by induction, Equation (26) is the v = 0 case of Con-

gruence (30). Suppose that Congruence (30) holds for some integers v > 0. For a

prime p > 5 and —(p—1)/2 < k,m < (p — 1)/2, consider
3k +k 3m*+m _ 11p® —11

1
5 Tlx— 21

This is equivalent to

(mod p).

(6k+ 1) +10(6m +1)>=0 (mod p).

—10
Since | —— | = —1, the only solution of the above congruence is k = m = (£p —

p
1)/6. Using (7) in (26), we obtain

Z B5 (22a+5 . 52[3 . p2'y+1n

n=0

N 11 - 22a+2 . 52,8 ,p2'y+2 +1
3

) q" =4f,frop (mod 2%),
(68)

which implies

Z B5 (22a+5 . 526 . p2’y+2n

n=0

N 11 - 22a+2 . 525 . p2’y+2 +1
3

) q"=4f1fi0 (mod 23),

(69)
which implies that (30) is true for v + 1 with a, 8 > 0. Hence, by induction,
Congruence (30) is true for all non-negative integers v > 0. This proves (30).
Collecting the coefficients of ¢gP"** from both sides of (68), we obtain (31).
Since the proofs of (32) and (33) are similar to the proof of (30). So, we omit
the details.
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