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Abstract
By means of Abel’s lemma on summation by parts, we shall derive several infi-
nite series identities involving generalized harmonic numbers and central binomial
coefficients.

1. Introduction and Motivation

For central binomial coefficients, the following Maclaurin series [7] are well-known:

Z (Qy);" = 2(arcsiny)?, (1)

n>1 n2 ( n )

Z (2y)*"  2yarcsiny @)

n>1 n(%) - Vi—y? '

Z (2y)2" _ 1 yarcsiny 3)
(Qn) 1—y2 (1— y2)3/2 ’

n>0
(2y)*" _ arcsing A

§(2”+1)(2§) yy/1— 92 W
2y)* o V19

Zn(?n—l—l)(Q:) _2<1 y

n>1

n

arcsin y) . (5)

In fact, starting from (1), one can derive, without difficulty, the others by differ-
entiation and integration. When y is specified to particular values, these formulae
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have been used in [5, 7, 9] to produce numerous infinite series identities, that de-
pend substantially on the evaluation of arcsin-function. By means of the elementary
relations below

arcsiny = iln (\/1—y2—iy> and arcsin(iy) = iln (\/1+y2—|—y),

we construct the following short table that will be employed in this paper, together
with Abel’s lemma on summation by parts to evaluate a large class of infinite series.

0 /2 /6 w/4 /3 /5 o /5
sin 6 1 i % ? 25\;%/5 %
4 /8 3r/8 | m/10 | 3x/10 | w/12 | 57/12

Table 1: Special values of the sine function

As a classical analytic instrument, Abel’s lemma has been fundamental in con-
vergence tests of infinite series. Recently, it has been utilized by Chu [2] to derive
several infinite series identities involving the classical harmonic numbers and their
variants. For subsequent applications, we reproduce this lemma as follows. With
an arbitrary complex sequence {74}, define the backward and forward difference
operators V and A, respectively, by

Ve =7k — 1 and  A7g = T, — Tpt1, (6)

where A is adopted for convenience in the present paper, which differs from the
usual operator A only in the minus sign. Then Abel’s lemma on summation by
parts (see [2] for a proof) may be reformulated as follows. For a fixed integer ¢ and
two complex sequences {Ux} and {Vj}, we have

Y ViVU, = [UV]y = UeaVe + > UpAVy, (7)
k>e k>e

provided that one of both series is convergent and the following limit exists:

In a paper on binomial sums involving harmonic numbers, Gencev [6] found
several remarkable identities. We reproduce his typical Example 2.1:

2 — 1.
_7‘%7 Oé—l,

5 (Bk+5)He(@) ), a4vayr a=1+1/V2; )
2 b+ )2k +3) () . |
S RV}
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Here and forth, Hy (o) is the generalized harmonic number, with a real parameter
a subject to |a| > 1, defined by

LN |
Hn(a):zm with  Hp(a) = 0.
k=1

Motivated by Gencev’s work, this paper will explore further applications of Abel’s
lemma on summation by parts to evaluate the following type infinite series:

S (48)" :
k(o) —R(k) with |of >1and [B] <1, (10)
k>1 (%)
which involves a rational function R(k), central binomial coefficients and Hj(«).
Up to now, only very few similar series have been evaluated, which represent
just the tip of the iceberg. For example, the formulae found by Gencev [6] cor-
respond to the cases a = 1 and § € {1/2,1/4,3/4} as well as § = 1/4 and
o € {1,2++/3,141/4/2} that are covered by the following five choices y = \/3/a €
1 1 V3 v/3-1 V2-v2

2720 20 2,32 2
Throughout the paper, we shall fix the sequence {Uy} by setting Uy = H(a).

From this, it follows easily that VU = 1/(ka*) as well as Uy = 0 and U; = 1/a.
Moreover, for ¢ = 1 the term U._,V, vanishes, and, consequently, can be ignored
in (7). Because |a| > 1, the limit of U,, exists as n — .

} out of twelve listed in our table.

The rest of the paper will be devoted to evaluating nine classes of infinite series
specified by particular cases of the sequence {V}} and will be divided into nine sec-
tions characterized by polynomial factors appearing in the denominators. In each
section, we shall prove a general theorem by means of Abel’s lemma on summa-
tion by parts and then derive from it some exemplified infinite series identities by
specifying the two parameters a and § with particular values.

2. Series with (2kk) (2k 4+ 1) in Denominators

In this section, we consider € = 1 and

(48)"
(%)

This particular choice in (7) leads to the following theorem.

(48)% (1 4 2k — 2Bk — 2p)

Ve = CRY(2k + 1)

with AV, =

Theorem 1. Let o and § be two real numbers subject to |a| > 1 and |B| < 1. Then
fory =+/B/a, the following summation formula holds:

S Hy(a) (48)*F (1 + 2k — 28k — 268) 2y arcsiny

k>1 (Qkk) (2k+1) a V1-y?
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Proof. According to the modified Abel’s lemma on summation by parts (7), we can
formally reformulate the following infinite series:

waZVVU*[UV] —UV+ZUAV (11)
k(2k) — L = 4 oVi k k-
k>1 k k=1 k21

Now, recalling the Stirling asymptotic formula (cf. [4, Pages 267 and 292])

n n
n!l ~ <7) 2nm as n — oo,
e

we can determine the limit

n+1
V14| = lim ‘H"(“)(Zﬁ)“) < lim (5" /(n+ Drlnn =0
n+1

since || < 1. Then by means of D’Alembert’s test, we can check easily that the
series on the left of (11) is convergent and can hence be evaluated by (2) as follows:

Z (48/a)*  2yarcsiny
2Ky )

k>1 k( k ) 1—y?

where y = \/f/a. Therefore, the equality (11) is valid under the condition |a| > 1

and || < 1. Writing explicitly the sum on the right, we get the formula stated in

the theorem. O
For the presence of two free parameters in Theorem 1, we can derive more con-

crete infinite series identities by specifying particular values for a and g so that

v/ B/a equals one of sinf given in the table. We limit ourselves to highlight only

some representative results.

Corollary 1 (8 =1/4 in Theorem 1).

o | 32%’ a=1: Gencev [6];
Hk « 3k+1 ™ — :
> 1) )2va 4T L+ 1/V2;
E>1 (%) 2k +1) . V3
FeRevat a=2++3.
Corollary 2 (8 =1/2 in Theorem 1).
z a=1: Gencev [6];
L R a=2;
> CHEE+1) |33

k>1
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Corollary 3 (8 = 3/4 in Theorem 1).

4 1. o X
EL a=1: Gencev [6];
2m _ 9.
Sl (k=) Jas o 0T
= (Hek+ , a=3/2
M7 04:6+3\/§
Corollary 4 (8 =2/3 in Theorem 1).
3 a=4/3;
%a (1:8/3,
3T _ _ 4
3By ey [ EVEE D)
=8 ()ek+ T2-v3), a=52+V3);
3% \/\g/g27 a= %(3+\/5)7
282 a=43-V5).

3. Series with (2kk)k(2k + 1) in Denominators

From now on, the proofs of all the subsequent theorems will be omitted due to
the similarity with the proof of Theorem 1. Instead, we shall highlight only the
sequence {V}}, its difference AV and the equation corresponding to (7).

Specify the sequence {V}} and then compute its difference by

(45)* (48)%(1 + 2k — 28k)
67) WD)

By means of (7), we can reformulate the following infinite series:

Vi = and AV, =

4 k
S v, v
k>1 k E>1 k>1

According to (1), we establish the following summation theorem.

Theorem 2. Let o and S be two real numbers subject to |a| > 1 and || < 1. Then
fory =+/B/a, the following summation formula holds:

(48)k(1 + 2k — 23k)
2 Hi(e) k(%) (2k + 1)

= 2(arcsiny)?.
k>1
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Corollary 5 (8 = 1/4 in Theorem 2).

Hk(a) (3/€+2) - 2 i .

k>1
6 a=2+3.

Corollary 6 (8 =1/2 in Theorem 2).

N

= 98 0122,

2ka(Oé)(k + 1) 2
kzzl k(3F)(2k +1) '

Corollary 7 (8 = 3/4 in Theorem 2).

9 > Oé—l,
Z 3FHy(a)(k +2) 2 3
— o, o T o =3
= k() (2k + 1) 92
T, a=3/2
Corollary 8 (8 =5/6 in Theorem 2).
i 0 =5/3;
10\ * Hy, kE+3
> (5 Aule) (RH3) _ a2 s,
k1 k() 2k +1) .
2=, a=10/9.

4. Series with (2kk) (2k + 1)(2k 4+ 3) in Denominators

Define the sequence {V;.} and then compute its difference by

(48)*
() 2k +1)

(48)F(3 + 2k — 28k — 23)

and AV = e o ek 4 9)

Vi =

Then the equation corresponding to (7) becomes

Z % = ZVkVUk = [UV]y — U1 + Z U AV
kzlk(k)(2k+1) k>1 k>1

Because the series on left can be evaluated by (5), we prove consequently the
general summation theorem below.
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Theorem 3. Let o and 8 be two real numbers subject to |a| > 1 and |B| < 1. Then
fory =+/B/a, the following summation formula holds:

(48)F(3 + 2k — 28k —26) _  2arcsing —
’; Hk(Oé) (zkk) (Qk + 1)(2k I 3) =2 y W (12)

Letting 8 = 1/4 in this theorem, we recover Gené¢ev’s formulae [6, Example 2.1],
anticipated in equation (9). Other formulae are given below.

Corollary 9 (8 = 1/2 in Theorem 3).

2-3, a=1
k
Z 23 Hk(a)(k+2) _ 2_%’ a=2;
=1 () 2k +1)(2k + 3)

pRcE = E) LN Ve

Corollary 10 (8 = 3/4 in Theorem 3).

4 1.

RV

27 _ 9.

s key |G e
E>1 (2:)(% +1)(2k + 3) 4 —T, a=3/2;

4 BT 6433

Corollary 11 (8 = 1/3 in Theorem 3).

6—7?\/3, o= %;
S (g)k Hi(o) 4k +7) _ J6-F0+v2).  a=32+V2);
=03 (DCk+DEE+3) 6-32+4v3),  a=32+V3);
6—3V5+2v5, a=2(3+V5).

Corollary 12 (8 = 5/8 in Theorem 3).

8 — 27, o= g;

_ 4n a=3
5 (0) SN nas e
=\2) (3F)(2k + 1)(2k + 3) ’ : ’
) 8- F(2+V3),  a=32+V3);
— 45+ 2v5, a=2(3+5).
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5. Series with (2kk)k(2k: + 1)(2k + 3) in Denominators
Define the sequence {Vi} and then compute its difference by

G AV, = (453 +2k — 26k)
k(%) (2k+1) T RCH 2k + 1)(2k+3)

k=

Applying the modified Abel’s lemma on summation by parts (7), we can refor-
mulate the following infinite series:

(48/a)*
—— L _NTYVU = [UV]y —UVi + ) UpAV.
;%:1 k2(°F) (2k + 1) ;;1 ;1

Keeping in mind of the equality
1 1 2

K22k +1) k%2 k(2k+1)

we can evaluate the series on the left by (1) and (5). This results in the following
general summation theorem.

Theorem 4. Let o and § be two real numbers subject to |a| > 1 and |B| < 1. Then
fory =+/B/a, the following summation formula holds:

« = arcsiny + 2(arcsiny)? — 4.
k(%F)(2k +1)(2k + 3) y v+ v)

ZHk( )(4ﬁ)k(3+2k—zﬁk) 4y/1 — 92

k>1

Corollary 13 (8 = 1/4 in Theorem 4).

ﬁ+ 4r 8 a=1:
27 T 3/3 3 -5
Hp(o) (k+2) 2 (1+V2) 8
= L UEVaIT 8 =1 41/
,;1 k(%) (2k + 1)(2k + 3) 48 3 3 V2
LARERICLE VD)L S VA

Corollary 14 (5 =1/2 in Theorem 4).
%2 +m—4, a=1;

w2 2 — 9.
2 H()(k+3) TS a=2
2%k = .
SR EE+DRE+3) |z Oy — 94 /5,

o STy 0 —44243
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Corollary 15 (5 = 3/4 in Theorem 4).

472 8m —1-

T—I—ﬁ—& a—l,

w2 4 .

3 Hi(a)(k+6) )9t a=3;
kzlk(Qkk)(2k+1)(2k+3) %24—2%—8, a=3/2;

T LE243) -8, a=6+3V3
Corollary 16 (8 =1/7 in Theorem 4).

2
Z(g)k Hi(a)(12k + 21) T TRV -8 a=302+V3);
ST Rk DEE+3) | Iy U 510598, a=2(3+5).

2k+2

6. Series with (k+1

)(2k + 3) in Denominators

Define the sequence {Vj }, a shifted one of that in §2, and then compute its difference
by

(4B)* (48)%(3 + 2k — 28k — 4P3)
Vi= ~2)_ and AV, =
: (32 o : (%) (2k + 3)

According to the modified Abel’s lemma on summation by parts (7), we can
reformulate the following infinite series:

ZW*ZVVU = [UV]y = UoVi + > UrAY
k(2k+2) = EVUE = + oV1 EAVE.
k>1 k+1 E>1 E>1

In view of the identity
St (1 _ 1)
RO 200 \F 21
we can evaluate the left series displayed in the penultimate equation by (2) and (4).

As observed by an anonymous referee, this can also be done by means of (4) and (5)
taking into account that

1 k+1 B 1 N 1
KCERD) 26k + 1) (%) 202k +1)(%F) 262k +1) (%)

This leads to the following general summation theorem.
Theorem 5. Let a and 8 be two real numbers subject to |a| > 1 and |B| < 1. Then
fory =+/B/a, the following summation formula holds:

48)k (3 + 2k — 2Bk — 4 1 (1-2y? arcsin

k>1 (zkk:f) (2k +3) 2 2y\/1 —y?
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Corollary 17 (8 = 1/4 in Theorem 5).

Hy(a) 3k +4 Lo 0Tl
k>1 (o) (26 +3)
1-— 2“—\/5, a=2++3.
Corollary 18 (8 = 1/2 in Theorem 5).
%7 o = 17
k Il a=2
e OICRE VN R
E>1 (2kk++12) (2k +3) % - % a =242
Lo a=44243.

Corollary 19 (8 = 3/4 in Theorem 5).

3v3’
s Siap__J1-5m o=
k>1 (Qkk:f)(% +3) 1, a=3/2;
1-%,  a=3+3/V2
Corollary 20 (8 = 1/5 in Theorem 5).
5% a=2(2+v2);
A\k Hy(a)(8k +11) 5 _ bm _ 4 .
Z(7>2k+2—: 2 avE a=32+V3);
k>1 5/ (4ir)(2k +3) ) v ,
23\ s a=2(3+V5).

7. Series with (2::24) (2k 4 5) in Denominators

Define the sequence {V4} and then compute its difference by

(48)" (48)% (5 + 2k — 2Bk — 63)
V. = d AV, =
G . (@0 2k +5)

According to the modified Abel’s lemma on summation by parts (7), we can
reformulate the following infinite series:

k
Z % = Z ViVU, = [UV]} = UoVi + ZUkAVk.

k>1 k(k+2) k>1 k>1
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The series on the left can be evaluated by (2) and (4) because of the equality

I 1( I 1 )
RO 6\R(E) @D k3

This proves the following general summation theorem.

Theorem 6. Let o and 8 be two real numbers subject to |a| > 1 and |8| < 1. Then
fory =+/B/a, the following summation formula holds:

48)k(5+2k —28k—6 3+ 1442 i 2 1 1
ZHk(a)( B) gk:; BE—63) _ 3+ 2y |, _aresiny (y ) (13)
E>1 (k+2 )(2k 4 5) 2y yv/1—1y?

Corollary 21 (8 = 1/4 in Theorem 6).

Hi(a) Bk +7) i
> % +5) R - B24V2), a=14+1/V2
kzl(k+2)( +95)
1966V _ x(443/3), =2+ V3

Corollary 22 (8 = 1/2 in Theorem 6).

5 ust

18~ 240 a=1;
13 - s
S~ 2l 2) )5 o=2
2k+4
i1 (i) 2k +5) 148v2 12+ V2), a=2+VZ

1946/ _ 144 3/3), a=4+2/3.

Corollary 23 (8 = 3/4 in Theorem 6).

14 2m a=1
. 2 27\/55 1)
23 Hk(a)(k"i’].) . 13 - o =3
2k-+4 T Y18 T 33 -

= CEh) ek +5) : jﬁ

Corollary 24 (8 =1/6 in Theorem 6).

e e

3 )
2 ka « 5I€+12) 19+6+1/3 T 4+2V/3.
Z(f) 2k(+4)(—_ S — (A +3VE), a= R
k>1 3 (k+2)(2k+5)
= 1643v6  m  [/38+17v/6 o 346
12 10 V5 0 -3
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8. Further Series with (2kk) (2k + 1)(2k 4+ 3) in Denominators

Define the sequence {Vi}, a variant of that treated in §4, and then compute its
difference by

k(4B)*

(48){k(2k + 3) — 2B(k + 1)} '
2k +1)(3)

(CF) 2k + 1)(2k + 3)

k= and AVk =

According to the modified Abel’s lemma on summation by parts (7), we can
reformulate the following infinite series:

Z M = Z ViVU, = [UV] = UgVi + ZUkAVk.
k>1 (k)(2k+ 1) E>1 k>1

Evaluating the sum on the left via (4), we derive the general theorem below.

Theorem 7. Let o and § be two real numbers subject to |a| > 1 and |B| < 1. Then
fory =+/B/a, the following summation formula holds:

Z Hy(o) (4B)k{k(2k +3)—28(k+ 1)2} arcsiny

. = ~1 (14)
= )2k +1)(2k + 3) Y1 — 42
Corollary 25 (8 = 1/4 in Theorem 7).
4 —1-
Hy (o) (3k% + 4k — 1) i s ek
kL& - .
@kt D2kt |V a=1+1/VE
E>1 \k
%’r -2, a=2++3.
Corollary 26 (5 =1/2 in Theorem 7).
51 a=1;
2 iy _ | o
k>1 () (2K + 1)(2Kk + 3) 33 b a=24+v72;
-1, a=4+2V3
Corollary 27 (8 = 3/4 in Theorem 7).
8m —1-
m — 2, o = 1,
4 — Q.
3 3¥Hi(a) (K2 =3) a2 a=3
= () 2k +1)(2k +3) —92 a=3+3/V3;

-2, a=6+3V3.
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Corollary 28 (8 = 3/7 in Theorem 7).

;‘7%* . a=12/T;
12\k Hy() (8K + 9k —6) ) . 6
%(7) Ry 2k +1)(2k+3) i D =RV
- "1, a=22+V3)

9. Series with (2kk) (2k 4+ 1)(2k + 3)(2k + 5) in Denominators
Finally, by combining linearly the equations

20Eq(13) — 3Eq(12) — Eq(14)
and then simplifying the result, we get the following general theorem.

Theorem 8. Let o and 8 be two real numbers subject to |a| > 1 and |8| < 1. Then
fory =+/B/a, the following summation formula holds:

Z Hy(o) (48)"{(2k + 5)(3k* + 6k + 1) — 2B(k + 1)(3k* + 12k + 10) }
k>1 ’ (2:)(2]“ +1)(2k + 3)(2k +5)
5(3—4y?)  (4y* + 10y? — 5) arcsiny

= -

18y? 6y31/1 — 42
Corollary 29 (8 = 1/4 in Theorem 8: Gencev [6, Example 2.2]).

EzHM@ k(k+2)(3k +7)

(CFy (2k+1)(2k + 3)(2k + 5)

E>1

40 _ 2w — 1.
27 3v3’ a_l’

= {A0H30VE _ w114 44/2), a=1+1/v2;

L00460V3 _ Tx (4 1 3,/3), o =2+ /3.

Corollary 30 (8 = 1/2 in Theorem 8).

Z 28Hy (o)  3k® + 12k% + 10k — 5
(3R (2k +1)(2k + 3)(2k +5)

E>1
ot 5 a=1
20 s — 9.

. ?_%7 C¥—2,
W4VE 1 (1] 4+ 42), a=2+V2;

D(5+3V3) - Z(4+3V3), a=4+2V3.
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Corollary 31 (8 = 3/4 in Theorem 8).

> 3*Hp(a)  3k3 +9k? — 2k — 20
(%) (2k +1)(2k + 3)(2k + 5)

k>1 k
76T =
2737 =1
40 27 = 9;
_)e T “=
4o+30\/§ — Z(11+4v2), a=3+3/V2

D(B+3V3) - T(4+3V3), a=6+3V3
Corollary 32 (8 = 3/8 in Theorem 8).
Z §)ka(a) 15k3 + 63k2 + 62k — 10

= 2 (2]5) (2k +1)(2k + 3)(2k + 5)
%—4—\/%, a=3/2

= Q 8UH00V2 111 4 4/2),  a=3(2+V2);
20041208 m (4 4 3/3) o= 3(2+/3).

10. Series about Quadratic Harmonic Numbers

Before the end of this paper, we are going to show another different example. For
the sequences {Ug} and {V;} (where V} is the same as that in §2) defined by

k
1 (4p)"*
Uk:H]g(Oé):;ﬁ and Vk: oy

(%)

it is routine to check their differences
(48)* (1 + 2k — 2Bk — 2p)

VU, = (Qkk> @t 1)

and AV, =

1
k2ak
as well as limiting relations

[UV]; = UpVi =0 provided that || > 1 and 8] < 1.

According to the modified Abel’s lemma on summation by parts (7), we can
manipulate the following infinite series:

(48/a)*
N =Y ViVl = [UV], = UgVi + Y UsAV. (15)
E>1 k (k) k>1 k>1

Evaluating the series on the left by (1), we prove the general theorem below.
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Theorem 9. Let o and 8 be two real numbers subject to |a| > 1 and |B| < 1. Then
fory =+/B/a, the following summation formula holds:

ZH];/(O() (48)"(1 + 2k — 26k — 25) = 2(arcsin y)2.
k>1 (k)(2k+ 1)
Corollary 33 (8 = 1/4 in Theorem 9).
2
%) o = 17
Hy 3k+1
Z—’f(a)< U =, a=1+1/V2

= (Dek+1)
s, a=2+43

Corollary 34 (8 =1/2 in Theorem 9).

2kH,;’(a)k ).
,§1<2:><2k+1>— !

Corollary 35 (8 = 3/4 in Theorem 9).

S~ AL (k= 1)

5
k>1 (Qkk)(2k +1) %2, a=3/2;
. a=6+3V3

Corollary 36 (8 =2/7 in Theorem 9).

e, a=8/T;

2
Z(8>kH,;'( (10k+3) )5z, a=3702+V2);
k>1 7 ( )2k+1 77“22, a:§(2+\/§);

I, a=13+V5).

Corollary 37 (5 =2/9 in Theorem 9).
2
S a=502+V2);
8>kH”( 14k+5 ] 5
=, =5(2+Vv3);
%, a=506+V5).
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11. Concluding Remarks

The examples exhibited in this paper suggest that there may exist potentially in-
finite difference pairs {U} and {V}} fitting into our scheme. Their reformulations
carried out through Abel’s lemma on summation by parts would produce infinitely
many summation formulae involving both the generalized harmonic numbers and
the central binomial coefficients. For example, one may construct other difference
pairs {Uy} and {V4} based on the series appeared in [1, 2, 3, 8] and [4, Page 89].
The interested reader is encouraged to explore further this approach and search for
more significant infinite series identities.
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