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Abstract
In this note we introduce Apostol-Vu multiple balancing zeta functions as

1
CavB(81,82, .-+, 8r8p41) = E B Be B B )
1<my < <m,<oo my-=ma Mr=my+mo+---+m,

where s; (i =1,2,...,r+1) are complex variables. We study the analytic continua-
tion of Apostol-Vu multiple balancing zeta functions of three variables and calculate
a complete list of the residues corresponding to their respective poles. Further we
examine the values of these zeta functions at negative integers.

1. Introduction

The Euler-Zagier multiple zeta function of depth r is defined by

1
<(51a527"'787') = Z s, )

m151m252 My

1<mi<ma---<m,<oo

where s; (1 =1,2,...,r) are complex variables [13]. Zhao [14] gave an analytic con-
tinuation of ((s1, s2, ..., s,) as a function of s;(i = 1,2,...,r) to C" using Gelfand
and Shilov’s generalized functions. The series

= 1
DD (L1)
m=1ln<m men 2(m+n)

was first introduced by Apostol and Vu [2] and they obtained partial results on
its analytic continuation. The meromorphic continuation of (1.1), and the more
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general series

= 1
Z Z ms1nsz(m+n)ss (12)

m=1n<m

to the whole space, was first proved in [6]. In [7], Matsumoto generalized (1.2) and
introduced the Apostol-Vu r-ple zeta function

Cavir(51,82, -+, Sr; Srt1)

1
- > TS e (L e ) (1.3)
1<my <ma<--<mp<oo L 2 T AL 2 T
He proved that the series (1.3) is convergent absolutely when Re(s;) > 1 (1 <14 <),
Re(s,+1) > 0, and can be extended meromorphically to the whole space C"*1.
Let {F,,}n>0 be the sequence of Fibonacci numbers which is recursively defined
by
FO = O,Fl = 17Fn+1 = Fn +Fn—17 fOI‘ n Z 1

The closed form expression for {F,},>0 is F,, = ag:gn, where o = 1*—2‘/5 and

8= 1=V5 416 the zeros of the Fibonacci characteristic equation x>

5 —2—1 = 0. Navas
[8] introduced the Fibonacci zeta function (p(s) = >.,-; F,, %, where F), denotes
the n-th Fibonacci number, and proved that (z(s) is meromorphically continued
to the whole complex plane C. For s = 1, (p(1) = Y 02, F,;! is the sum of the
reciprocal of Fibonacci constants which is an irrational number [1]. Duverney et al.
[4] proved that (r(2m) for m = 1,2,3,... are all transcendental numbers. Elsner
et al. [5] proved that (r(2), (r(4) and (r(6) are algebraically independent. By
applying the theory of modular forms, Ram Murty [9] also showed that (r(2m)
are transcendental numbers for m > 1. Recently, Rout and Meher [11] defined the

multiple Fibonacci zeta function of depth r as:

Cr(s1,82,...,8.) = Z 1

FS1 Fsz ”.FST :
1<mi<mao<---<m,<oo m1-m2 M

They studied the analytic continuation of (r(s1, $2,...,s,) of depth 2, and found
a complete list of poles and their corresponding residues. In [11], they also exam-
ined the arithmetic nature of multiple Fibonacci zeta functions at negative integer
arguments.

Before going to the study of analytic continuation of Apostol-Vu multiple balanc-
ing zeta functions, our foremost task is to discuss the theory of balancing numbers
and balancing zeta function. A natural number m is said to be a balancing num-
ber if it is the solution of a simple Diophantine equation 1 4+2+---+ (m — 1) =
(m+1)+(m+2)+---+ (m+r), where r is a balancer corresponding to m [3].
Let {B,}m>0 be the balancing sequence which is recursively defined as By = 0,
By =1and B, = 6B,,_1 — By,_2 for m > 2. The closed form expression for
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a™ — ﬁm
{Bm}m=0 is P

the roots of the balancing characteristic equation #? — 6z + 1 = 0 [10]. Rout and
Panda [12] considered balancing zeta function (p(s) = >.°_, B;,*,Re(s) > 0 for

s € C, where By, denotes the m-th balancing number, and derived that (g(s) can
be meromorphically continued to the whole complex plane.

, where @ = 34+ 2v2 and 3 = ! = 3 — 2V/2 are

In the present study we introduce the Apostol-Vu multiple balancing zeta func-
tion and investigate its analytic continuation of three variable along with poles and
their corresponding residues. We also evaluate the values of Apostol-Vu multiple
balancing zeta functions at negative integers.

2. Analytic Continuation of Apostol-Vu Multiple Balancing Zeta
Functions

In this section we define the Apostol-Vu multiple balancing zeta function and study
its analytic continuation of three variables. The Apostol- Vu multiple balancing zeta
function is defined by

1
CAVB(SM 82, ..., S8r; 8T+1) = § Bi1 B2 Bsr Bsr+l ’
1<y < ey <oo D Bmz B B s 4o,

(2.1)
where s; (i =1,2,...,r+ 1) are complex variables.

.pe . 1
Proposition 1. The series Cayvp(s1, S2,83) = E RN con-
1<mi<ma<oco 1T M2Tmytme

verges absolutely in the domain
D3 = {(51782783) S (C3|R€(Sl) > 0,1 = 1,2,3}.

Proof. Let s; = 0; +iy; € C and 0; = Re(s;) > 0, j = 1,2,3. From (2.1), we can
write

1
CavB(s1,s2,83) Z Byl B B

1<my <ma<oco mi+ma

o0

=1 1
=Y e Y e (22)

S1
mi=1 mi mo=1 mi+mz = 2mi+mo
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Now,

v

(aml — /87711)31
1

amr (1= (|1Z)m™)"

a—-08 \"*' 1
<<L4WM) amim
(a— )"

| -0

51
B,

<(a—p)7

:Ao'l ao'lml b (23)
where Ag, = W Similarly,
(0 - p)
‘Bfrfl+m2 = 792 go2(mitm2) (2.4)
and
! (@ —p)7
'm S Aoy G (2.5)

where Ay, = W for j = 2,3. By virtue of (2.2), (2.3), (2.4) and (2.5),

>y

’ITL1:1 mg:l

1
B B» . B

mi+mz 7 2my+ma

< Dl X lm e
mi=1 M1 ma=1 mi+mo 2 2mi+mo

< Ag Ag Ay (a— 3 o1+02+03

o14}202 03( ) m;l af1mi mgl ag2 (m1+ﬂ12) X aa3 (2m1+m2)
= Aa-p o1+02+03

D D R I g e
= Al — B)7rto2tos 1 " 1

(a01+02+203 _ ]_) (OZ‘72+‘73 _ 1)

< oo,

as a > 1 where A = Ay, Ay, Ay, Therefore, the series (2.2) converges absolutely in
the domain D3, which ends the proof. ]

Theorem 1. The series (avp(s1, s2,83) can be analytically continued to a mero-
morphic function on C3. It has possible simple poles on the hyperplanes

o
51+52—|—2$3=—2(/€+l—|—2t)—|—1ﬁi with k,1,t € Z>q,a € Z,
og o =
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and omib
s2+ 85 = 20+ 1) + 2 with I,t € Zso,b € Z.
log v =

Proof. For any s = 0 + iy € C, we have

() = ()
)

- 27} <Z> am =2k, (2.6)

k=0

The above series converges since « > 1. By virtue of (2.2) and (2.6), we get

o0 oo

1
Z Z B;&IBS? B33

mi=1mo=1 mi+ma2my+ma

_ i 25% Z (;1>am1 (s1+2k % 2";2 i (32) m1+m2) (52+2l)

mi,mo=1 k=0 =0
: ZOO 53) o~ ( ) (ss+20)
53 - —(2mi+m s3+2t
x2% t_o( . )a 1ma) (sat2t) (2.7)

We know that ‘ (;j) ’ < (—1)* (_l:') Thus we have

1
le BSQ B53

mi+msz—2mi+ma

>y

mi= 1m2 1

[ee] 5 (e%e] s s
- Yy kl)a—m«w) o 2
mlmgfl k=0

o0

25 () )

=0

% Z (_32) m1+m2 52+2l

[e%S) B 9]
< Z 20(61+32+a3) ™o Z <|k51|> (—l)ka72m1k
mi,mo=1 k=0
)
X a— (’I’I’Ll-'rmg)O'Q Z (_lsz|> (_1)la—2(m1+m2)l
=0
[e%S)
« 2m1+m2 o3 Z <—|83 ) ta72(2m1+m2)
t=



INTEGERS: 20A (2020) 6

oo
5(c1+09+03) —|s1] B
=Y oty (poaom) T g

ml,m2:1

% <1 _ a*?(mr&mg))_|S2‘a7(2m1+m2)o’3 (1 _ a72(2m1+m2))_‘53‘

oo
5(c1409+03) —|s1] —|s2]
< E D (1 - cfQ) X a~ (matma) oz (1 - 074)
mi,ma=1
—|ss|
> a*(2m1+m2)63 (1 o 0476)
5(c1+ost03) o\ sl _a\ szl o\ ~ssl
= 2% (1—a2) (1—a4) (1—a6)
o0 o0
> E a*(01+02+203)m1 E a*(02+03)m2
mi=1 mo=1
< o0.

Thus, the above series absolutely converges for a fixed point (s1, s2, s3) in Ds. Then
by interchanging the order of summation in (2.7), we get

5(s1+sa+s3) > —S > —S > —S
vt = (D))

k=0 =0 t=0
o0 my oo ma
E (a(51+32+253+2k}+2l+4t)> E (a(82+53+2l+2t))
mi=1 mo=1
. 25(S1+;2+53) i —S1 i —S9 i —S3
k l t
k=0 =0 t=0
a7(81+52+253+2k‘+2l+4t) a7(52+53+2l+2t)
X

(1 _ a—(51+32+233+2k+2l+4t)) (1 _ a—(32+83+2l+2t)>

5(s1+s2+s3) > —S1 > —S89 > —S3
Y () ()2 ()
k=0 =0 t=0
1 1
X . (2.8)
(a51+52+233+2k+2l+4t _ 1) (a52+33+21+2t _ 1)

For any si,s2,83 € C, |afTs2t2sat2hf2ldl _ 1) qoitoat2oath 2t for | >
ko, 1 > 1y, t >ty and ‘a82+s3+2l+2t — 1| > qo2tostitt for | > [, t > t1, where
ko = ko(o1,02,03,a) > 0, lg = lo(01,02,03,a) > 0, tg = to(01,02,03,a) > 0,
Iy = l1(02,03,&) > 0, and ¢; = t1(02,03,) > 0. Assume that I* = max{ly, {1}
and t* = max{tg, 1 }.
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Now,
k l t s1+s2+2s3+2k+2044t _ |
k>ko I>1* t>t* @
1
X
(a52+53+2l+2t _ 1)
= —|[s1] ) —ls2] EER ¢ 1
S Z ( k (_1) l (_1) t (_1) agl+02+263+k+l+2t
k>ko, I>1%,
ot
1
x ao2tos+i+t
< o (01+2024303) Z <|]:1>(1)kak: (182|)(1)la2l

k>ko, I>1%,
t>t*

% <|53|) (—1)ta =3
t
< o (o1+202+303) (1 _ a—l)f‘sll (1 _ a—2>7‘52| (1 _ a_3)7\53|-

The above bound is uniform where (s, s2,53) varies over compact subsets of C3.
Thus the series (2.8) converges uniformly and absolutely on the compact subsets of
C? not containing any poles. Indeed, the series (2.8) determines the holomorphic
function on C3 except for the poles derived from the functions o5t +52+2ss+2k+21+4t _
1 = 0 and 2+sst20+2t _ 1 = (. Therefore, Cavp(s1,52,53) can be analytically
continued to a meromorphic function on C? and its simple poles are at

2mia

s1+ 824283 =—2(k+1+2t)+ oo a with k,[,t € Z>9,a € Z, (2.9)
and
2mib
So+s3=—-2(l+1t)+ with [,t € Z>o,b € Z. (2.10)
log v =
This completes the proof. O

3. Residues of Apostol-Vu Multiple Balancing Zeta Functions at Poles

In this section, we find the residues of (av5(s1, $2,3) at the simple poles derived
from Theorem 1. We define the residue of the Apostol-Vu multiple balancing zeta
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functions Cavp(s1, s2,s3) along the hyperplane (2.9) to be the restriction of the
meromorphic function

2mia
(sl + 59+ 2s3+2(k+1+2t) — 107;&><AVB(317 52,53)

to the hyperplane (2.9). Similarly, define the residue of (avp(s1,s2,s3) along the
hyperplane (2.10) to be the restriction of the meromorphic function

2mib
log v

(32+53+2(l+t) - ><AVB(31752;53)

to the hyperplane (2.10).

Theorem 2. The residue of Cavp(s1,S2,83) at s1+ 52+ 283 = sy = —2(k +
e

U+ 2t) + % with Ut € Zsg,a € Z is
log o =

ssk’,l/,t’

O o
log o L t l k (a52+53+21+2t,1)

k+l4+2t=K"+1"4+2t'

Proof. Let k', I',t' € Z>o and a € Z. The function o1 t52+2s3+2K +2+48" _ 1 jg oy

analytic function which has simple zeros at

2mia
81+ 82+ 283 = Spr ¢ = —Q(k/ +U+ 2tl) +
log v
. 81+ 82+ 283 — Spr g 1 .
Now, 81_~_1812r51_2$3 o Tt B T — 1  loga The residue of {av5(s1, S2, $3)
=Skl ¢!
along s1 + 8o + 283 = s/ 1S
Ress, +sy+255Cav (51, 52, 53)
*)Slellytl
5(s1+s2+s3) i S
. s1+sa+sg —S83
= lim 1+ S2+ 253 — S )2 2
3 s
S1+s2+2s3 t
— Skl ¢! t=0
io: o io: - 1
—\ 1 )=\ k (asl+32+233+2k+2l+4t _ 1)
1

X
(a52+53+2l+2t _ 1)
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— 9% i <_:3> i <—l32) i <_]:1> (a52+53+il+2t _ 1)

t=0 1=0 k=0 S1+82+283=5ys 1/ ¢/

. 5(si+sa+2s3) S1 + Sg + 283 — Spr
x lim 2 2 —
s1+82+2s3 a81+82+283+2k)+2l+4t _ 1

_’Sk’,L’,t’

Ssprar gl

- 2 ) ey
log o L t l k (a52+53+2l+2t_1)

kl4-2t=K"+1"+2t’

This finishes the proof. O

Theorem 3. Let I',t' € Z>o and b € Z. Then the residue of (avp(s1,ss2,s3) at
2mib

sots3=spp==20'+1t)+ is
log «v

55ll,t/

272 Z 2071 <—S3> (—82) <—$1> 1 .
logar 4= t l k (a51+32+233+2k+21+4t _ 1)

I+t=l"+t'

. 3 / / . . . . .
Proof. The function o®2T53 12U +2t" _1 i5 an analytic function which has simple zeros

at
/ / 2mib Iyl
52+53:sl/7t/:72(l+t)+1 with I',t' € Z>g and b € Z.
og o =

Now,

i So + S3 — Sy ¢ R 1 1

im — = €S sy+s: = .
sysg—sy o 2t T2 ] 225783 (a52+83+2l'+2t/ B 1) log o

The residue of Cav p(s1, s2,53) along so + s3 = sp ¢/ is

Res s, +s5 Cav (51, 52, 53)

*}Sllm'
5(s1+so+s3) > S > S > S
. o851 782+ S3) —93 o2 —ol1
= lim <52 + s3 — Sl/,t/>2 2 Z g Z
S2-+s3 t l k
=Sy 4t t=0 =0 k=0
1 1

<a81+52+253+2k:+2l+4t _ 1) (a52+53+2l+2t _ 1)

- 5-%00 —S3 > —S9 > —81 1
= 2 Z( t )Z( l )Z< k )(asl+52+253+2k+2l+4t_1)

t=0 =0 k=0 32+33:sl’,t’

. 5(sg+s3) So + 83 — Sy
X lim 272 @ ——————
s2+s3 qs2tsat2l+2t 1

S8y 4t
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=
5syr 41

R0 e ——
logar £~ t ! k (a51+52+233+2k+2l+4t_1)

I+t=l'+¢'
This ends the proof. O

4. Values of Apostol-Vu Multiple Balancing Zeta Functions at Negative
Integers

In this section we consider the values of {4y p(s1, S2, S3) at negative integers. First
we give a sufficient condition for {4y g(s1, s2, s3) to be holomorphic at (s1, s2, s3) =
(=r1,—7r9, —r3) where r; € N for i =1,2,3.

Lemma 1. Let (ry,r9,73) € N3. Then Cavp(s1,s2,53) is holomorphic at (s1, s2,83) =

(=11, —re,—r3) if and only if r1 + ro + 2r3 Z0 (mod 2), ro +r3 Z0 (mod 2).

Proof. The infinite series (2.8) is holomorphic except the poles derived from

(as1+32+233+2k+2l+4t _ 1) « (aS2+S3+2l+2t _ 1) -0
This is true if and only if, one of the following equations holds:

51+ 89+ 283 = —2(k +1+2t), 50 + 53 = —2(l + 1),
for (k,1,t) € N3, and the result follows. O
Theorem 4. For positive integers r;,i = 1,2,3, Cavp(—r1,—r2,—13) € Q if even

number of vy in (r1,72,73) are odd and (ay p(—r1, —r2, —13) € V2Q if odd number
of ri in (r1,72,7r3) are odd except for singularities.

Proof. For positive integers r1,72,r3, from (2.8) we have

s et o (11 o= [T\ o= [T
Cave(orimr) = 2 S (1) 55 () (1)
k=0 =0 t=0
1 1

X (a—r1—7'2—27'3+2k+2l+4t _ 1) x (a—Tz—'f‘3+2l+2t _ 1)'

)

For k > ry,l > ryand t > rs, (72), (l
is a finite sum belonging to Q(v/2). Therefore,
—=5(r1+ro+r3) L 1 2 79 S T3
—ry, =T, —T = 27 T
cavn(Cr e (2 ()Z0)

1 1
(af’l’177“2727“3+2k+2l+4t _ 1) x (Oéf’l”Qf’l"3+2l+2t _ 1) :

(4.1)

> and (23) vanish respectively. Thus this

X
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Let

(T2 r3 1 do I AA! 1
oLt =1\ t ) (a—r2—rst2+2 1) and Urte =\ 1 (ori—ra=2rs$2k+20+4t _ 1)

Using these identities, from (4.1), we have

Cavp(—r1,—r2,—T3)

T3 T2 T1
—(rit+ro+rs)
= 577 ) > > ok
t=0 =0 k=0
9 *5("‘1+27"2+7'3) r3 ro  T1 ro T
= T2 {Z PILIUITEDD Zoz,rstﬂkmt}
t=0 - 1=0 k=0 =0 k=0

2*5("‘1+r2+7'3) r3 |:r2

S T1 1
= — E E ( E 0140kt + E Ory—1,40k ry—1 t
k=0 k=0

t=0 - 1=0
T1 T1
+ Z 01,7'3—t9k,l,r3—t + Z U'I"z—l,’rg—tak,’l”g—l,’r‘g—t)}
k=0 k=0
—5(r1tra+r3) r3 o r1 1 r1
2 2
= — 5 Z {Z (( 0140kt + Z Gz,th—k,l,t) + (Z Oro—1,40k,ra—1,t
t=0 “1=0 k=0 k=0 k=0

71 T1 T1
+ E O—T’Q—l,terl—k,rg—l,t) +( E Olrg—t0k 1 rg—t + E 01,r3—t9r1—k,l,r3—t)
k=0 k=0 k=0

+( Z Urzfl,rsftek,rzflms*t + Z JTzl’Tsteﬁk,T2l,T3t)>:| : (4‘2)

k=0 k=0

Let us denote:

T3 T2 T1 T3 T2 T1 T3 T2 T1
P=2 > > oubrin Q= > ouilri—kit R=3_3 % Oritibrra-i
t=0 [=0 k=0 t=0 [=0 k=0 t=0 =0 k=0
T3 Te T1 rs T2 T1
S = g E g Org—t,40r —kro—it, T = E E E Olrg—t0k,1rs—t,
t=0 =0 k=0 t=0 =0 k=0
T3 T2 T1 T3 T2 T1
U= g § § Ul,rg—tgrl—k,l,rg—t; V= E § § O—’I”Q—l7r3—t0k,’l”2—l7"’3—t
t=0 =0 k=0 t=0 [=0 k=0

T3 T2 T1

and W = Z Z Z Orytrg—t0ry—kirg—trg—t- Let X = PHQ+RAS+THUHV+W
t=0 =0 k=0



INTEGERS: 20A (2020) 12

and ® # Id be an automorphism of Gal(Q(v/2)/Q) and hence ®(a) = 3. Now,

0-7“27[,7“371507“17]C,T27l,7’37t

_ T2 T3 1
= Py — l ry — t (a7r27r3+2(?”27l)+2(7‘3*t) — 1)

T 1
X r—k (a_rl—r2—2r3+2(r1—k)+2(r2—l)+4(1”3—t) _ 1)

T3 T2 1 1 1
t l (ar2+r3—2(l+t) _ 1) k (ar1+r2+2r3—2(k+l+2t) _ 1)
1 1
_ (T3 (T2 " . (4.3)
t l (ﬁ—rz—r3+2l+2t _ 1) k (ﬁ—rl—r2—2r3+2k+2l+4t _ 1)

Similarly, one can deduce that

O-T2fl,’r‘37t9k,r27l,r37t
1 1
_ (T3 (T2 1 ’ (4.4)
t ) (ﬁ*’f‘Q*T3+2(l+t) _ 1) k (/6T17T272T372(k7l72t) _ 1)

O—Z,T3—t0r1—k,l,r3—t

r r 1 r 1
= (:) < 12> (6r2—r3—2(l—t) _ 1) (];) (ﬁ—r1+7“2—27"3+2k—2l+4t _ 1) (45)

and
Olrg—tOk 1. rg—t

T r 1 r 1
- <t3> ( l2) (ﬂrz—r3—2(l—t) — 1) <k1> (ﬁr1+’r2—2r3—2(k+l—2t) _ 1) . (46)

Let N, and N, denote the set of odd and even positive integers respectively. We
consider two cases.

Case 1. ry,79,73 € N, (or) 1,72 € N, and r3 € N, (or) 71,73 € N, and ry €
N, (or) mo,m3 € N, and r1 € N,. In this case, (r; + ro + 73)/2 is an integer
which implies g Prutprtral o Q. Then from (4.3), (4.4), (4.5), (4.6), we obtain that
O(P) =W, Q) =V, ®(R) = U and ®(S5) = T, and hence from (4.2), X € Q.
Therefore, Cayp(—r1, —1r2, —73) € Q.

Case 2. ry,r9,73 € N, (or) r1,73 € N, and r3 € N, (or) r1,r3 € N and 5 €
N, (or) ro,r3 € N and r1 € N,. In this case, (r1 +re +73)/2 is not an integer, and
hence 252 ¢ V2Q. Then from (4.3), (4.4), (4.5) and (4.6), we also obtain
that ®(P) = W, ®(Q) =V, ®(R) = U and ®(S) = T. Thus from (4.2), we have
X € Q which implies C4v (=71, =72, —73) € v/2Q. This completes the proof. [
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