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Abstract
In this paper, by using Abel’s Lemma on summation by parts, we mainly show that
several types of infinite sums involving the generalized ¢g-harmonic numbers can be
expressed in terms of linear combinations of the generalized Hurwitz ¢-zeta values,
which are natural g-generalizations of Sofo’s results.

1. Introduction

With an arbitrary complex sequence {74}, a forward difference and a backward
difference are expressions of the forms

ATy =Tpe1 — T and V7, =T — Tp—1,

respectively. Given two sequences { fi} and {g}, Abel’s Lemma on summation by
parts [1, 3] can be stated as

n n—1
D FeAgk = fagnir = fmgm — Y Gei1Afx.
k=m

k=m

When m =1, n — oo and gi, is replaced by gi—_1, it is reformed as

Y iVoe = lim fugn = figo =Y gk (1)
k=1 k=1

If we use the summation

n

> gk = fat19ni1 — fnGm — Y Ger1Afx

k=m k=m
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then we have
oo oo
> fiVar = m for1gn — figo — > g S (2)
k=1 k=1
There are also some other forms of Abel’s Lemma on summation by parts (see,
e.g., Chu [3]). Since then, Chu and more authors have applied Abel’s Lemma on
summation by parts to varieties of numbers or functions to obtain relations and
identities.

The generalized harmonic numbers in power r are those rational numbers given

by

n

1
H" =" — (nreN:={1,2,3,-}),
J

J=1

where the empty sum H(gr) is conventionally understood to be zero. When r = 1,
they reduce to the classical harmonic numbers H,, = Z;;l 1/j. These numbers
play an important role in combinatorics, number theory, analysis of algorithms and
many other areas.

There are various curlous identities in the literature involving the generalized
harmonic numbers HY"”. A classical result that goes back to the time of Euler [7, 9]
is

= Sl +¢n)),

where ((s) = Y02, n™*%, Re(s) > 1, denotes the well-known Riemann zeta function.
Sofo [6] expresses the general sums of types

(5

o)
Z n+lc

n=1 n

i ale() i aH (s) ) (s)
= (n+1)( —in(nta) —
in terms of linear combinations of zeta values.

Wang [8] defines the (a, b)-harmonic numbers of order m by

- 1
<m>
hy™ (a,b) = 321 @k —atb)m (n,m € N)

with h5™” (a,b) = 0, where a and b are positive real numbers. For m = 2,3,
Wang gives some interesting infinite series including h2> (a,b) and h=3>(a,b). In
particular, for special values of @ and b, Wang expresses some infinite series in terms
of linear combinations of 72, 7%, In2 and some zeta values.

For ¢ € C with |¢| < 1 and any real =, denote the g-number [z], by
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We have [z], = x (¢ — 1).
There are some different definitions for ¢-zeta functions. For 0 < x < 1, s € C,
and Re(s) > 1, define a Hurwitz q-zeta function (;(s,z) [5] as

q(n+x)r

~ [n + x5

Cq(s,m) = (3)

When z =1, (4(s) = (,4(s,1) is the g-zeta function. In this paper, following [2, 4],
define a generalized g-harmonic number hgf)(a:) as

() =3 [k; . (4)

— k- L+ )5,

The well-known g-binomial coefficients are defined by

(&), = pan

with ¢-factorials [n],! = [n]4[n — 1], - - - [1]4. For convenience, we introduce another
two g-binomial coefficients. We define the shifted g-binomial coefficients ("'“) by

(n+x) Ity +tr—1)---n+x—k+1],
kg [K]q! '

We define the (g1, g2)-binomial coefficients (Z) . by

= et

The motivation of the present paper arises from Sofo’s work [6] on some infinite
series involving the generalized harmonic numbers Hﬁr). Our main aim is to estab-
lish a g-version of those infinite series. In order to be able to reach our goal, we
introduce some more notation. We define the generalized Hurwitz q-zeta functions

Ctq(s, ) by
0 qrt(nJra:)

[+ ]G

<t7q(8,$) = ’ (5)

where r,t € N, 0 < z < 1, and s € C with Re(s) > 1. We define the generalized
g-harmonic numbers h( )( ) by

n rt(k 14+x)
) =) = 30

k:l
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It is clear that the right-hand side of (5) is absolutely convergent as 0 < ¢ < 1.
When s =1 and 0 < ¢ < 1, the right-hand side of (5) is also absolutely convergent.
We have hg?l(:c) — (rq(s,2) (n— 00).

In the present paper, with the help of Abel’s Lemma on summation by parts, we
mainly show that infinite sums of types

h(s)( ) r(n+x)[a_ 1
n+a—1+z], [n—i—x

(5) ( ) r(n—1+4x) [a]qr

a—l—l—x} rln—14 ]’

2 P
i ) r(n+x) i ]’L,(: ( ) r(n+x)

B
t,n
(n 1+:v+k) ) ’II—FZ‘ ]qT (n71+m+k)qr

k

can be expressed in terms of linear combinations of the generalized Hurwitz ¢-zeta
values (;,4(s, ).

2. Main Theorems

We shall show our main results.
Theorem 1. Forr e N, 0 <2 <1,0< g <1, and s € C with Re(s) > 1, we have

s (n— 1+a:)7‘h(3)( )

1,z).
n—l—x rln—14 ] =Gls+ 1)
n=1
Proof. In (2), put f, = h(g)( ). Then by Af,, = m_m]g , we have
h(g) )WVar = Jim o190 — figo — S —
> >l
Letting
P qr(nJr:v)
" [n+ g’
we get
— qr(n+m) qr(nfler) _ qr(n71+w)
In = — + -
n+alg  [n—1+z]y  [ntalgpn -1+l
Since -
r(n+3c)h s (l‘)
1 - 1 ) 0
lm fn+lgn i)Irolo [n-’-fl;}qr I

we have the desired result. O
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When z =1 in Theorem 1, we have the following corollary.
Corollary 1. Forr e N,0< ¢ <1, and s € C with Re(s) > 1, we have

0 nrh(s)( )
z:: G

Remark 1. When ¢ — 1, Corollary 1 is reduced to

[e%S) H7(ls)
— = ((s+ , D .
> i =S+ (p21)

n=1
We now begin to show some g-versions of Sofo’s results.
Theorem 2. For0<¢<1,0<z<1andrs,t,ace N witht> s, a > 1, we have
i b (@)g" 9o — 1]
n+a—1+z]gr[n+ g

n=1
a—l s 1 rb
e (Gms1g(L,2) = ¢TI G (1,2 4+ D))
b=1 qr
5 — s—m+1
+ (—1)° mthermJJ(m’x)hia_lJr )(1).
m=2

When ¢ — 1, Gi—s41.1(1, ) — Gi—s41,1(1, x + b) is interpreted as

hi'> (1) = Zk—1+x (6)

Proof. Consider the following expansion:

o ]’L( )( ) r(n+x) [a_ l]qr

t,n
Z n+a—1+2z]gn+ x|

n=1

_ i hia(@)q ") (¢ V[n+ 2l — [+ a—1+a])
[n+a—1+z]prn+ )4

- i B () grimte—ttn) — grnt)
tm m+a—1+zlp [n+2]g

-3 O (L e
tm n+1+ ] n+a—1+z]

qr(n—i-m) qr(n+a—2+z)
i e — _|_ P _|_ .
<[n—|—:ﬁ]qr [n—|—a—2+x]qr>)
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If in (2) we put f,, = h,(gsr)b(x) and

qr(n+1+w) qr(n+a71+a:)

n:7+...+ ,
I A+ al, nta—1+al,

then we get
qrt(ner)

[n+ )5

Since

() q'r(n+1+a:) qr(n+a—1+m)
lim foiign = lim Al i =0,
A frrgn = lim t+1(7) <[n+1+:z:]q7- ot [n+al+x]qr>

we have

- i B (@) [ — 1]
n+a—1+z]gr[n+ g

n=1
_ qrtm qr(1+a:) - qr(a—l-i-w)
[2]gr \[1+2]qr [a =1+ g
e qrt(n+x) qr(n+1+x) qr(n+a—1+x)
— 5 + .o +
—ntali \In+1+afg n+a—1+z]4p
> qrt(n+z) qr(n+l+m) qr(n+a—1+z)
- : ot
nzo[n—l—x];r ([n—f—l—l—x]qr [n—}—a—l—f—x}qr)

a—1 oo qrt(n+m) qr(n+b+z)

o bz:;n:O [n—i—x];r [n+b+ ]

By partial fraction decomposition, we have

qrt(n+:c) qr(n+b+3c) - Al N A2 N N As N B;
n+als n+b+aly [n+aly  [n+a)2 n+az]s  [n4+b+xly’
where

(_1)squrbqr(tfs+j)(n+a:)

A= . 1<j<s
J [b];:]_;,_l ( > )

and
(_1)sqrbqr(t—s+1)(n+w)

[b]g-

q"

By =
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Thus we get

f: B (@)d ™) — 1y
n+a—1+z]gn+ )

n=1
e Ay A A B
=> 3 - ot —+
pray mral T Tty T bty

b=1 n=0
a1 5 ((1)slq’“bqr<ts+1><n+w> ( 1 L ))
- b=1n=0 [b]5- [ntaly [n+b+aly

s (_ 1)s—mqrbqr(t—s+m)(n+m)

[Bl5= "+ i+ 2y

a—1 s—1 _rb ©©
N DT 1 1‘] b Z r(t—s+1)(nta) ( r 1 )
n+zlgr n4+b+x]4r

b=1
S X r(t—s+m)(n+x)
q
9 m
(=) q’b
= T(Ct—s+l,q(1v z) —q PTG (1, + D))
b=1 q"
. s—m (s—m+1)
+ (-1) Ct—s+m,q(M, )y Ja—1 (1),
m=2
which completes the proof. O

Remark 2. In order to guarantee the absolute convergence of the infinite series
used in the proof, it is necessary that to require t > s.

When ¢ — 1 and £ = 1 in Theorem 2, we get the following formula, which is
given by Sofo [6, Lemma 1.1].

Corollary 2. For s,a € N with a > 1, we have

afl s

= (a—1)H S'HH i 1 (s—it+1)
E E )*T'H, ) .
n=1 Tl + 1 j=1 T o C(l)
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Theorem 3. For0<qg<1,0<ax<1andr,s,t,a € Nwitht>s,a>1, we have

= @) aly
m+a—1+z)prn—1+z]r

n=1

- <t+1,q(8 + 17 m) + Z (_1)S_m<tfs+m,q(m7 l’)h(lf;—qurl)(l)

m=2
a—1 s—1 r
M L rb(t—st1)
+ Z ] (C—st1,4(1,2) — ¢ Ci—st+1,4(L,z+D)).

When q — 1, G—s1,1(1, @) — (—st1,1 (1,2 + b) is interpreted as hi'” (1,) in (6).

Proof. Consider the following expansion:

—fi R (2)g" "+ [a]
n+a—1+z]prn—1+z]g

n=1

o0

=> B (@)g (g 1+ aly — [0 +a— 1+ a]y)
m+a—1+z)prn—1+z]

n=1
_ i h(S) (x) qr(n+a—1+a:) B qr(n—l—i-w)
— tm m+a—1+z];r [—1+z]p

el ) qr(n+x) qr(n+a—1+x)
S (£ s )
' [n+ z]gr n+a—1+z|4
B qr(n—1+w) . qr(n+a—2+w)
[n—1+ x| n+a—2+z]r ’

If in (2) we put f, = h;;{(z) and

r(n+x) r(n+a—1+x)
q q
gp =7 ——=— T+ )
[n+ z]gr m+a—1+z|

then we get

qrt(n+x)

Afn = 78 .

[n + x5

Since

r lim h(®) g ") grimre )
Jim Jnt19n = jm tn41(2) (W ot [n+a—1+ x]qr> o
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we have
—i Ry (@)g" ") [a] 0
n+a—1+z|grn—1+z]

n=1
_ qrtx ( qmc . qr(a—1+x) )
[x]gr [z]gr [a—1+ ]

~ 0o qrt(n+:v) qr(n+r) - qr(n+a—1+z)
—n+alg \[n+a]er n+a—1+z]
_ 2, grt(nte) ( gr(nte) - g"(nta—1+e) )
— [n+alir \[n+alg n+a—1+z]0

a—1 oo rt (n+x) qr(n+b+x)

—— n—i—x oAb+ xlgr

> _r(t+1)(ntx) a-1 rt('rH—:c) r(n+b+x)

_ ¢ 3
__Z n—i—msﬂ Z z)5e [0+ b+ 2l

n=0 b=1n= O
a-1 oo rt(nJr:L’) qr(n+b+z)

:*Ct-‘rquJrl:Z? 217;) n+x r[n+b+x]qr

With the help of Theorem 2, we get the desired result. O

When ¢ — 1 and # = 1 in Theorem 3, we get the following formula, which is
given by Sofo [6, Lemma 1.2].

Corollary 3. For s,a € N with a > 1, we have
oo H(s) a—1 S+1H s . o .
Z =((s+1) +Z)7 + 3 (1) HETTC) .
n=1 i=1 7° i=2
J %
Now we consider infinite series involving the shifted g-binomial coefficients.
Theorem 4. For0<g<1,0<xz <1 andr, s,t,k € Nwitht > s, k> 1, we have

i M _ i [_1]2:,2[a]q_r[a - ”q‘r (k> 4
n—1+4x a5
( P )qr [a - 1]qT aJ (q=7.q7)

n=1 k a=2

where

Aa =D (=1 G g(m, )RSV (1)

—I—SM(Q t1g(La) =g PG (L + D))
[b]é stlg s+1,q

o
—

When g — 1, G—s41,1(1,2) — (—st1.1(1, @ + b) is interpreted as '~ (1, ) in (6).
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Proof. Consider the following expansion:
hgs) T(ner)

o0
n
Z (n 1+$+k) =

n=1

Mﬁ()ﬂ%ﬂwww
[n—|—a:+k—1] - n+ ]y

k
‘ [n + ot +x+a—1]

h(g)( ) r(n+z)

Mg gk

n

By partial fraction decomposition, we have

k

1
(11;[2 n+x+a—1]
_ 2 + 3 T A |
n+x+1y  [n+a+2 n+z+k—1],
where
_ [n+a¢+a7 1)gr
Cai"ﬁ‘h;n““ mt+z+1g-[n+z+k—1g
= lim 1
T n—lz—a+1 [n+$+1]q7--..[n+l‘+a72]q7-[n+x+a}q,....[n+x+]€7 1}[17,
1
= 2<a<k).
Cat 0y oy et iy 2SSk
Hence, we have
i hgf T(n—M) = i hgfn(w)qr(n+w) [K]qr! zk: C,
= (7 1+x+k) n=1 [0+ 2lgr ntrta—1]g
_ zk: [k]qr!Ca i hgfn(x)qr(nJr:v) [a — 1](]7,
a=2 [Cl - l]qr n=1 [n + x]q"‘ [n + €T + a — 1]qr
Note that
[k]qr!Cq _ (k]!
la =1~ [Fa+ 2y [Flg [y [Fa+ Kgrla— 1
[kl [—1]222

[K]g-[=1]g= aly—r[a — g~

(alglo = Uglo =2y [y Fat Mo — 11,

) [_1]3_3[[;L]q;][;_ Lg-r (’;) .

With the help of Theorem 2, we get the desired result. O
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When ¢ — 1 and = 1 in Theorem 4, we get the following formula, which is
given by Sofo [6, Theorem 2.1].

Corollary 4. For s,k € N with k > 1, we have

k s

H(e) r—1 1 s+1Hj i s—itl )
Z G => (-1 () Z‘T()js+2<1> HEHY¢)

n=1 r=2 =2

Theorem 5. For0<g<1,0<x <1 andr,s,t,k € Nwitht>s, k> 1, we have

i hi) (z)g" o)
Znta—1l, <"-1z“’€>qr
b= “W] k
Z (Ct-&-l,q(SJFlaz) +Aa)7
@/ (q=".a7)
where
Aa = (*1)87m<t—s+m,q(m7 I)hgéa "i+1) (1)
m=2

a—1
1 s—1,7b
+> ([)b]gq(Ct—s-&-l,q(la 2) =g TG g (Le 4 b))
When q¢ = 1, G—s41,1(1,2) — (—si1,1 (1, + b) is interpreted as hy '~ (1, ) in (6).
Proof. Consider the following expansion:
> Ro@)g S
['rl +x — 1]qT (n_1+x+k)qr [n + x4+ k — l}qr e [Tl +x — l]qr

n=1 k

k
H n+x+a—1]

a=1
By partial fraction decomposition, we have

k

1 Dy Do Dy,
| I = + + ..._|_ ,
shlntrta-1lgy  [ntaly  [ntatle n+az+k—1,

where
— 1
Dy= lim nteta-l,
n——z—atl [N+ x]gr - [n+z+k— 1]
. 1
= lim
no—z—atl N+l [n+c+a—2pn+c+aly---n+a+k—1)
1
_ (1<a<k).

[—a+ 1]q’“ T [_l]qr[l]qr o [-a+ k]qr
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Hence, we have

b)) . ) (@)g ) [ ! & D,
nzz:l [n+m—1]qr("7lzw+k)qr :nz::l 4z —1]gr az::l n+z+a—1]
_y oD g hia(@)g ") al,r
— lag Zntr-lghtrta—1g
Note that
[k]q"!Da _ Uf]qT!
[a]qr [—a+1]g - [“1gr[gr - - [—a + K]gralgr
B [Klgr 112
[a = 1g=r -+ g [Ugr -+ - [-a + Elgr[a]

B Ko =11 al,
B [a]g-r[a = 1g-r[a = 2]g= - [N+ [Ug -+ - [-a + Klgragr
el (k)
o ldg @) (grqry

With the help of Theorem 3, we get the desired result. O

When ¢ — 1 and z = 1 in Theorem 5, we get the following formula, which is
given by Sofo [6, Theorem 2.2].

Corollary 5. For s,k € N with k > 1, we have

oo

2%
Z n+k

k r—l s+1 s
=+ 1)+ (-1 +(> > E S
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