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Abstract
We construct polar harmonic Maafl forms of non-positive integral weight utilizing
a technique based on holomorphic projection. This generalizes recent work due
to Mertens, Ono, Rolen, and due to Males, Rolen, and the author to higher even
dimensions, except for dimension 2. We provide explicit examples in dimension 4,
6, 8, and 10.

1. Introduction - One-dimensional Case

In a recent paper [2], Mertens, Ono, and Rolen defined and investigated a new type
of mock modular form, whose coefficients are given by a small divisor function. We
summarize their approach. As usual, we let 7 = u +iv € H and ¢ = €>™". Let
P, (%,d) € Q[X,Y], and %, x be Dirichlet characters of moduli My, M, respec-
tively. We denote by x_4 the unique odd Dirichlet character of modulus 4, and we
define

Dn::{d|n:1§d§

o= Y x (450

deD,

and d = % (mod 2)},
(15503,

Additionally, we require Shimura’s theta-function

< a3

1 o
0111(7_) = 5 Zd)(”)n/\wq ; >‘1/1 = fa
ne”Z

and recall that

o o (M), ) if Ay = 0,
VS (Po(4M2), 9 x—s) if Ay = 1.
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Furthermore, we recall the definition of a harmonic Maafl form?!.

Definition 1.1. Let k € 1Z, and choose N € N such that 4 | N whenever k ¢ Z.
Let ¢ be a Dirichlet character of modulus N.

(i) A weight k harmonic Maaf$ form on a subgroup To(N) with Nebentypus ¢ is
any smooth function f: H — C satisfying the following three properties:

(a) Forall y = (2¢%) € Ty(N) and all 7 € H we have

d(d)"Her +d)~Ff(yT) if k eZ,

) = ) () = {¢(d)1 (§)e¥(cr+d) " f(yr) ifke+2Z,

where (g) denotes the extended Legendre symbol, and
1 ifd=1(mod 4),
€4 =
)i ifd=3(mod 4).

for odd integers d.

(b) The function f is harmonic with respect to the weight k hyperbolic Lapla-
cian on H, especially

02 0? 0 0
_ - o 2 . .
0=Akf= < v <8u2 81}2) kv (8u Z8v>>f'

(¢) The function f has at most linear exponential growth at all cusps.

(ii) A polar harmonic Maaf form is a harmonic Maaf} form with isolated poles on
the upper half plane.

Then the main result of [2] reads as follows.

Theorem 1.2 ([2, Theorem 1.1]). Suppose that 1) = x # 1, and that Ps (%, d) =d.
Denote the corresponding small divisor function by o5™, and by Ea the Fisenstein

series
Es(7) ::1—24Z(Zd>q".
n>1 dln
Define
1
ET(r) = —— | aypFa(r) + ai™(n)g" |,
() 0¢(T) ¢2()n§1(>

— —(_ M;M i QE(’LU)
=g Citwr I

1Be aware that there is no overall convention which terminology encodes which growth condi-
tion.
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where oy 1s an implicit constant depending only on ¢ to ensure a certain growth
condition. Then the function E¥ + £~ is a polar harmonic Maafi form of weight

% — Ay on T <4Mi) with Nebentypus 1 - Xi‘fl-

In analogy to the classical divisor sums oy (n), Mertens, Ono, and Rolen called
their function £1 a mock modular Eisenstein series with Nebentypus. Furthermore,
they related their result to partition functions for special choices of v, and proved
a p-adic property of £, compare [2, Corollary 1.3, Theorem 1.4].

In [1], Males, Rolen, and the author discovered another example of a polar har-
monic Maaf form adapting the construction from [2].

Theorem 1.3 ([1, Theorem 1.1, Theorem 1.3]). Suppose that v is odd, x is even,
and that Ps (%,d) = d?. Denote the corresponding small divisor function by o§™,
and define

Ft (1) = L ) ZnZl 3™ (n)q" , ifx #1,
T (1) | e b2 s 03 ()" if x =1,
i e ex(w)

dw.

F ()= ) - (—i(w—i-T))%

(i) If x # 1 then the function F* +F~ is a polar harmonic Maaf form of weight
% on Ty (4M§) NTy (4]\/[1%) with Nebentypus Y - (¢ - X—4)_1-

(i1) If x = 1 then the function F* +F~ is a polar harmonic Maaf form of weight
3 on Ty (4Mi> with Nebentypus (- x—4) .

Moreover, if ¢ = x_4, x = 1 , Males, Rolen and the author related F* to Hur-
witz class numbers, and proved a p-adic property of 1 in both cases of x as well,
compare [1, Corollary 1.6, Theorem 1.8].

The proof of Theorem 1.2 and 1.3 is performed in three main steps. To describe
them, we let

I'(s,2) ::/ tstetat,

be the incomplete Gamma function, which is defined for Re(s) > 0 and z € C. It
can be analytically continued in s via the functional equation

T(s+1,z) =sT(s,2)+ 2% 7,
and has the asymptotic behavior

I'(s,v) ~v¥ te™, |v] = o0
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for v € R. In addition, let
0 0 0
K = 2 F— e Fl— ) —
£ w 7= w <8u+28v>
be the Bruinier—Funke operator of weight x, and

(k —1)(20)" / f(z+iy)y* dady
il

T f(T) = 4 (T—z+1y)" 2

?

be the weight k holomorphic projection operator, whenever f is translation invariant,
and the integral converges absolutely.
Moreover, we let

o) =3B )= —— S )",
9(7) &=

n>1

Fo(r) = a(m)m® I (1= kyp dmmo) g7, f(7) = (FT 4 7)),

m>1
Then we proceed as follows.

(I) Show that

75 (fg) (1) =0.

To this end, we rewrite the definition of the given non-holomorphic part (see
[1, Lemma 4.1] for instance), and next we utilize the following result. Here and
throughout, Py(,a’b) denotes the Jacobi polynomial of degree r and parameter
a, b, which we introduce in Section 4.1.

Proposition 1.4 ([1, Proposition 1.7, Corollary 4.2]). Let ky € R\N, k, €
R\ (—N), such that k == ky + kg € Z>2. Let a(m), B(n) be two complex
sequences, and define the functions f, g as above. Suppose that

(a) the function (fg)(r + iv) grows at most polynomially as v N\, 0, where
r € Q, and that

(b) the function (fg)(iv) grows at most polynomially as v 7 co.

Then the weight k holomorphic projection of f~g is given by

m (f79) ()= -T(—kp) D > a(m)p(n)

m>1n—m>1

X (nkf_lp,(ql:gkf’lw) (1 - 2T) - mkf_1> g,
n

Furthermore, it holds that . (fTg) () = (fTg) (7).
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In addition, the holomorphic part f¥g has to be rewritten as well, see the
proof of Theorem 1.2 in [1, Section 4].

(IT) We compute

& (f9) (1) = —(dm) ~Rroks [N a(m)q™ | g(7),

m>1

and choose the coefficients « (m), 8 (n), such that this function is modular of
weight 2 — k.

(ITI) Conclude that fg is modular of weight x by the following result.

Proposition 1.5 ([2, Proposition 2.3]). Let h: H — C be a translation in-
variant function such that |h(7)|[v? is bounded on H for some § > 0. If the
weight k holomorphic projection of h vanishes identically for some k > § + 1
and &ih is modular of weight 2 — k for some subgroup T' < SLa(Z), then h is
modular of weight k for T'.

The subtle growth conditions are required to include the case 7o, and are
clearly satisfied if we deal with higher weight holomorphic projections, in
which case the integral defining 7, converges absolutely.

Lastly, verify harmonicity and the growth property towards the cusps required
by the definition of a harmonic Maafl form.

Finally, we mention one remark from [1, p. 5], which states that there are more
choices of half integral parameters k¢, kg, which lead to other choices of polynomials
P, (Z,d) in the definition of ¢3™, such that step (I) above works.

We refer to the first two sections of [1] for more details, and for overall prelimi-
naries introducing the aforementioned objects together with their key properties.

2. Statement of the Result

We define the function f; in equation (2) based on the objects? introduced at the
beginning of Section 3. We apply the outlined steps from Section 1 to fy, which
leads to several intermediate results during Section 3. Combining these results, we
arrive at the following theorem.

2In short, we choose ¢ first, which leads to the weights kf,, and k. In turn, this defines the
polynomial P, via Corollay 3.2, which yields o™ eventually.
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Theorem 2.1. Let ¢ be an odd Dirichlet character, and x be an even and non-
trivial Dirichlet character. Let £ € 2N + 2. Define P; as indicated in Corollay 3.2,
obtaining the corresponding small divisor function o3™. Then the resulting function
fe is a polar harmonic Maaf§ form of weight 2 — g € —Ny on FO(4M§) N F0(4M1/2))
with Nebentypus X - (1 - X—4)_1- Its shadow is given by a non-zero constant multiple
of 9%.

In other words, the technique presented in [1], [2] applies straightforward in
higher even dimensions, except for dimension two. We plan to find and investigate
applications of f, to other areas of number theory, such as combinatorics, as in the
one—dimensional case [2, Corollary 1.3].

3. Multidimensional Case

We fix £ € N throughout. Let 7 = (n1,...,ny) € N*. We recall the usual multi-index
conventions

il=ning--ng, | =n1+...4ng |7l =1/nF+...+ni
We let ¢ # 1, and consider
0,(7)" = 3w (i) (i)™ g%,

RENE

Moreover, we relax our assumption to P, € Q(X,Y), and we let

j
:{JENZ:dﬂnj, lgdjgj,anddjE%(mon) V1§j§£}
J J

¢ n; n; n; Ax n; Ay
M\ (Mdy [ —d\ D+ d
m /= . d; J dj J d; J d; J
lep; \I=1

x Py (115 /)y 1)

Consequently,
1 _
fE) = o3 > o™ (i) ¢,
0y (1)* ﬁ%;z
_ 1 P U _ . il
77 = gy Do Y OR) GRD [ IT (L~ k)~
fe) ene

folr) = (f + 1)), (2)
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We insert this setting into the constructive method described in the first section,
and devote a subsection to each step.

3.1. First Step

We verify that the first step continues to hold due to exactly the same proofs as in
[1, Section 3]. We have to be careful regarding the summation conditions, which
are determined one step after the application of the Lipschitz summantion formula.
Explicitly, we obtain

e (F0) (= =30 D0 ) @) e ) (i)
r>1 ﬁl.,’r_iGNg
1701 = |7 | =r

2112
X (||ﬁ|2(kfﬂ—1)7)’ilzkfz,1ﬁ) (1 _2Hm|l ) _ ||T?L2(kf1’~_1)> q.

17>

To match this expression with f; g, we rewrite the small divisor function. We
substitute

s (BAd gedy L mod g
S (A EEAy g (Eoh )

from which we deduce

d=a—b,  a+b=(ny/dj),c;ce,  Inl=lall> — B>
Thus,
o S\ Ax s Lo L al2— 11512
Foum =30 3 x () () Te@ @ (a8 fa- o)) oI
bEN G—beN®

We transform the summation condition.

Lemma 3.1. We have

Sy £ A S0\ (=1 A S o e =l T
SO =30 S XA GRS g ) () P (il [~ )
r2l o, AeNt
17212 || =
Proof. Note that if @ — be N¢, then

£

lal® = [16]1* = > (a5 +b;)(a; —b;) = 1.
j=1
Conversely, suppose [|@||2 — [|b]]2 > 1. Recall that n; = (a; + b;)(a; — b;) € N
for every 1 < j < { by definition of f*, and a; + b; is always positive. Thus,
(aj —bj) > 1 for every 1 < j < ¢, which proves the lemma. O



INTEGERS: 21 (2021) 8

Hence, we achieve the following result by virtue of Proposition 1.4.

Corollary 3.2. If P, is defined by the condition

=2
”bHQ(ku—1)P’21772kf[,lfn) (1 _9 H‘i” > _ ||(_i||2(kff_1) =P <||@'+ b”7 ||a’_ bH) ,

then we have 7, (fg@fb) (r)=0.

3.2. Second Step
We summarize the result of a standard calcualtion.
Lemma 3.3. We have

& (feby) (1) =

_ (47T>1_kf£ Ukefb 7(7_)
I'(1—kyp,) Oy (r)f

away from the zeros of Oy, .
Proof. By definition and linearity of &, it holds that
Ex (F703) (1) = (Eaf)(T) - 0u(T)F + fr (1) (€x0y) (1) = (& fi ) (T) - Oy (7)Y,

where the last step uses that 92} is holomorphic. Next, one computes®

(4m)t R0 k. = A2
——v ¢ E x (ml) (m!)™ g™
ra- kfe) () (l)

meNE

(&t )(r) =

from which we infer the claim. O

Combining the previous result with the modularity of Shimura’s theta function
(see equation (1)), and the fact that
v

for every v = (‘; Z) € SLy(Z) and every T € H, we obtain the following corollary.

Corollary 3.4. If x # 1 then &, (fg%) is modular of weight

1 1
€<2+)\X) —€<2+/\,¢,>
on To(4MZ) N F0(4Mi) with Nebentypus X - (¢ - x—4) .

Thus, we stipulate ¥ to be odd, and x to be even and non-trivial, getting

¢
R=2—(-0) €Lz,  ky =27,

as desired.

3Compare the proof of [1, Lemma 2.12] for some intermediate steps.
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3.3. Third Step
We verify the two remaining conditions of a polar harmonic Maafl form.

Lemma 3.5. Let 7 € H with 6, (7) # 0. Then, the function f, = f;' + f, satisfies
0= Akfe f€7
and has the required growth property of a polar harmonic Maaf$ form.

Proof. The first assertion follows by construction of f,. Since be is of exponential
decay towards all cusps, the function f; admits at most linear exponential growth
towards all cusps. In particular, the cusp ioco is a removable singularity of fT, be-
cause both numerator and denominator vanish at ico of order ¢. In addition, the
function f,” decays exponentially towards ioco, since the incomplete Gamma func-
tion does (and it dominates the powers of ¢). The transformation behaviour of 6,
under the full modular group SLy(Z) implies that f, is of at most moderate growth
towards all cusps. Indeed, choosing suitable scaling matrices yields additional fac-
tors of polynomial growth inside the Fourier expansion of f,”. This establishes the
second assertion. O

3.4. Conclusion
We justify the application of Proposition 1.4, which proves Theorem 2.1.

Proof of Theorem 2.1. By definition, the Fourier coefficients of 01‘;) fj expanded at
100 are of moderate growth, whence the growth of 95) f;‘ towards any cusp has
to be moderate. Consequently, the growth of 95} fe¢ towards any cusp is moderate
according to the proof of Lemma 3.5. Thus, the assumptions in Proposition 1.4 are
satisfied by 95) fe. Performing the outlined steps concludes the proof of Theorem
2.1. O

4. Numerical Examples

4.1. An Interlude on Jacobi Polynomials

The Jacobi polynomials Pr(a’b) admit a representation in terms of of Gauf’ hyper-
geometric function o F3, namely

Fla+r+1) 1-2

Plab) () = ———— 2o F ( —r, b 1, 1,— |,
FUE) = e A et Lat =

for any » € N. This yields many identities between Jacobi polynomials of “neigh-

boring” degree r and parameters a, b, that is r € {r—1,r,7+1} and analogously for

a, b. For instance, one could use Gauf} contiguous relations to obtain such identities.
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In particular, this leads to a recursive characterization of the Jacobi polynomials.
More precisely, we have

:%(a—b+(a+b+2)z),
a ()P (2) = (e2(5) + e3(5)2) PY(2) — ca(G)PIY (2),
where
a() =20+ +a+b+1)(2j+a+b), i) =2j+a+b+1)(a®—b?),
e3(i)=2j+a+b)(2i+a+b+1)(2j+a+b+2),
ca(j) =20+ a)f+b)(2j +a+b+2).
4.2. Explicit Examples

Note that the parallelogram law and the fact |n| = ||@ + b||||@ — b|| yield

12 = la+ bl + @ = bl1* _lla+ blllla — o]
4 2 ’
IBlI2 = 1é@ + bl|* + [|@ — bl* _ |la + blllla — b]
4 2 '

The case ¢ = 2 has to be excluded since kg, # 1.

4.2.1. Higher Even Dimensions

On one hand, if £ = 4 for instance, we have

5
1,-5 a = 7
k=6, Ky = R Ct) B (el 1))
’ ' 16117 lal> lae)re

and thus, we choose the function P, as

Py (lla -+ 5, la - b))

= = R . R = 5'
lla-+51|2 -Hla 5|2 Ha+b|\| b\|2+|\a Bl _ lla+b]lla—s|
+
2
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Similarly, we compute (with = == |||, v :== ||b]])
2,-7 z? (332 - 92)7
y74 Pﬁ( " ) (1 — 2y2> — x74 = T (7172 + y2) 5

9
—6 (3,~9) x? 6 _ (@ —9?) 4 2.2, 4

2 2 _ 2\l
_ 4,—11 x _ (ac -y )
=S Pl (1 ~ 2y2> ot = e (28600 660y + 1yt )

from which we read off the corresponding definitions of P;.
Because of the aforementioned recursive nature of the Jacobi polynomials, the
indicated pattern continues to hold for every even dimension ¢ € 2N+2 by induction.

4.2.2. Higher Odd Dimensions

On the other hand, the case of dimension ¢ € 2Z>2 — 1 produces more complicated
functions P,. For example, if { = 3 we have

= zi4 = = 7 T e
(lan=151)* (sial®+201a )12 151 +29 il 1512 +1611512 )
16llal 177 ’

1
R = 7, kf'i = —57
(3:-0) (a2
i wE)
HE EHE

s e - e - - -
_ —693]|a@| '3 +4005 @)t 5|2 — 10010 @) ®|IB]I* +12870| @] " || 516 —9009] @ ® 1518 +3003 @ |3 | 5] 1O —256) 5| 13
256 a3 5)13 )

We observe that we are left with odd powers of [|@], ||b]| in both odd-dimensional
cases. If we keep the dependence of Py on ||@ = b||, which ultimately justifies the
terminology “divisor function”, then odd powers obstruct a definition of P, via the
parallelogram law in these cases of £. Once more, an inductive argument via the
recursive characterization of the Jacobi polynomials extends this phenomenon to
all odd dimensions ¢ € 2N + 1.
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