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Abstract
In this paper, we find all integers m having at least two representations as a differ-
ence between a Lucas number and a power of 3. The sequence of Lucas numbers,
(Li)k>0, is given by Ly = 2,L1 = 1 and Lgys = Lgt1 + Ly, for k£ > 0. The
tools used to solve our main theorem are linear forms in logarithms, properties
of continued fractions and a version of the Baker-Davenport reduction method in
Diophantine approximation.

1. Introduction
The Lucas sequence (Ly)r>o is a linear recurrence given by Ly = 2, L; = 1 and
Lyyo =Liy1+ L, for k> 0.

It follows the same recursive definition as the Fibonacci sequence (Fy)r>o given by
Fy=0,F; =1 and
Frpio=Fyy1 +Fy, fork>2.

The Diophantine equation
L+ L =2
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is studied in [3] in positive integers k,! and ¢. Similar equations involving Fibonacci
and Padovan sequences are solved in [6, 8].
In this paper, we study the Diophantine equation

Li—3'=m,

where m is a fixed integer and k,[ are positive variable integers. We are interested
in finding those integers m admitting at least two representations as a difference
between a Lucas number and a power of 3.

All integers ¢ which have at least two representations as a difference between a
Fibonacci number and a power of three are found in [4]. Specifically, the author
proved the following theorem.

Theorem 1. The only integers having at least two representations of the form
F, —3™ are —26, —6, —1, 0, 2, 4, 7, and 12. Furthermore, all the representations
of the above integers as F,, — 3™ with n > 2 and m > 0 are given by

—26=Fjp—3'=F, -3,
—6=Fy—3*=F, - 3%
~1=Fs—3%=F3 -3,
0=F,—-3"=F-3°
2=F;-3"'=F, -3,
A=F -3 =F;-3,
T=Fy—-3"=F -3,
12 = Fy — 3* = Fr — 3°.

(1.1)

In this paper, we prove an extension of Theorem 1 when the Fiboncci numbers
are replaced by Lucas numbers and determine all integers m having at least two
representations of the form Lj — 3'. We prove the following result.

Theorem 2. The only integers having at least two representations of the form
Ly — 3" are =5, =2, 0, 2, 20, and 114. Furthermore, all the representations of the
above integers as Ly — 3! with k > 1 and | > 0 are given by

—5=1L3—3%=Lyg—3",
—2=101;-3"=L4—3%
0=1L,—-3%=1L,-3"
2=1I1,—-3"=L5—3%=1L;—35
20=L;—3*=Lsg—3=1L15—3"
114 = Lyg — 3% = L4 — 35.

(1.2)

)
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2. Preliminaries

Before proceeding further, we recall the Binet formula for the Lucas numbers

(Li)k>o0:
Lk = ak + Bkv

for k > 0, where

1+2\/5 and ﬁ:1_2\/5

are the roots of the characteristic equation 2 —x — 1 = 0. In particular, the
inequality

o =

oF Tl < Ly, < 2aF (2.1)

holds for all k£ > 0.
To prove Theorem 2, using a result on linear forms in two logarithms, we require
some notation. Let ¢ be an algebraic number of degree d with minimal polynomial

d
aoz® + a1zl + -+ ag =aoH(X—5(i))
=1

where the a;’s are relatively prime integers with ag > 0 and the 6 denotes the
conjugates of §. Then,

d
h(8) = (ogao + > log(max{|5], 1}))

is called the logarithmic height of §. In particular, if 6 = p/q is a rational number
with ged(p,¢) = 1 and g > 0, then,

h(6) = log max{lp|, g}-

The following properties of the logarithmic height, will be used in the next sec-
tion. Let §, v be algebraic numbers and r € Z. Then,

e h(6+v) <h(§)+h(v)+log2,
o h(svt) < h(d) + h(v),
o h(&") = |r|h(9).

Using the above notation,we restate the result in [7, Cor. 1].
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Theorem 3. Let §1,02 be two non-zero algebraic numbers, and let logd1 and log do
be any determinations of their logarithms. Set

D = [Q(61,62) : Ql/[R(61,d2) : R]
and
I':= bg 10g 52 — bl 10g 51,

where by and by are positive integers. Further, let Ay, As > 1 be real numbers such
that
|h(6;)] 1

D 'D”
Then, assuming that 61 and do are multiplicatively independent, we have

log A; > max{h(;), i=1,2.

21 1
log |T'| > —30.9 - D*(max {log ¥, D3 )2log A log As,

where
by by

b = .
Dlog As + Dlog A,

We also need the following general lower bound for linear forms in logarithms
due to Matveev [9].

Theorem 4. Assume that 61, -+ ,0; are positive real algebraic numbers in a real
algebraic number field K of degree D. Let by,--- ,b, be rational integers, and

A=o5 —1
be not zero. Then,
|A| > exp (—1.4-30""3 . ¢*5. D?(1 +log D)(1 +log B)A; - - - Ay),

where
B > max {|bi], -, |b]},

and
A; > max{Dh(¢;), |logé;|,0.16}, forall i=1,--- .

Finally, we present a version of the reduction method in [1] and [5]. This will be
one of the key tools used to reduce the upper bounds on the variables.

Lemma 1. Let N be a positive integer, let p/q be a convergent of the irrational
number v such that ¢ > 6N and let A, B, u be real numbers with A >0 and B > 1.
Define

§:= llpgll = Nllvall,
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where || - || denotes the distance to the nearest integer. If € > 0, then there is no
solution to the inequality

O<uy—v+p<AB™Y

log (Aq/€)

i positive integers u, v, and w with u < N and w > oz B

3. The Proof of Theorem 2

Let us establish here a relation between k£ and I.
First of all, observe that if L —3' = Ly, —3"1, with min{k,k;} > 1, min{l,1;} >0
and (k, k1) # (1, 11).
Then, assume that | = [y;
I =1y implies that Ly = Lj,. This is a contradiction of our assumption. Thus ,
[ > 1. We have
Ly — Ly, =3 =34 > 0. (3.1)

Combining (2.1) with (3.1), one gets that

P < Ly o < Lp— Ly, =3 -3 <3,

which implies that

k<z(1°g3)+3. (3.2)

log o
And

Ly — Ly, =3 =31 =371(3 - 3"7"1) < 20*

implies 3'~! < 2a*, so that

log3 log2
-1 —
( )1ogoz log v
and we get:
log 3
[—2)—— < k. 3.3
(=25 < (33)
Combining (3.2) with (3.3), we obtain
log 3 log 3
-2 k<l 3. 34
( )loga shs <loga>+ (34)

When k£ < 250, we have [ < 112. Then, a brute force search using Sagemath
in the range 2 < k; < k < 250 and 0 < [; < [ < 112 produces the solutions
m € {—5,-2,0,2,20,114}, whose representation is (1.2).

Thus, for the remainder of the paper, we assume that k£ > 250 and [ > 112.
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3.1. Bounding k

We rewrite (3.1) as
of -3t =L, —3h —g"

Now, taking absolute values, we obtain:

1
o =3 < Ly, +3" + 5" < 20% +3" 4 o < 2max{al1¥2 3041

Dividing both sides of the above expression by o and taking into account that
2<a? and a < 3, we get:

11 —3'a™] < 2a " max{a™*2 3171} < max{aM ~FT4 3h—F+3Y (3.5)

We apply Theorem 3 to
I':=llog3 —kloga.

Therefore, estimation (3.5) can be rewritten as

|1 —e!'| < max{af1—F+4 gh-k+31 (3.6)

The algebraic number field containing 3 and « is Q(\/g)7 so we can take D := 2.
Hence,
log |T'| < max{(k1 —k+4)loga, (1 —k + 3)log3}. (3.7)

Note further that h(a) = loga/2 and h(3) = log 3. Thus, we can choose
log A; :=loga and log A, :=log3.

Finally, recall that | < k and so

.k l

= ——+— <3k
2log 3 + 2log v

Since o and 3 are multiplicatively independent, we have, by Theorem 3, that

logT' > —30.9 - 2* - (max{log (3k),21/2,1/2})? - log a - log 3.

Thus,
log |T'| > —174 - (max{log (3k),21/2,1/2})?. (3.8)

Combining (3.7) and (3.8), we obtain:
min{(—k;+k—4)log o, (=11 +k—3)log 3} < 174-(max{log (3k),21/2,1/2})2. (3.9)
Therefore, either

min{(—k; + k)loga, (1, + k) log3} < 174 - (log (3k))?, or

. (3.10)
min{(—k;, + k)log o, (—I1 + k) log 3} < 19184.
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Finally, we consider a third linear form in logarithms. We now rewrite equation
(3.1) as follows:
aF — okt — 3l 43— gk _ gk

Taking absolute values in the above relation and using the fact that g = (1 —

V5)/2, we get:
jaft (@7 —1) =3 (3T - )| = |87 - BF < 8% |+ 18Y < 2.
Dividing both sides of the above inequality by the second term of the left-hand

side, we obtain:

2 4
ot (@h - 1)37h (8T — )T -1 < e < 5 <

l(3—l+l1 _ 1) 3l ak—:}' (3'11)

We apply Theorem 4 to
A=aM (R )3Tl Tt

with the parameters n := 3, §; := 3, &2 := «, J3 = (aF~F — 1)(3=h — 1)~
by := —ly, by := ky and b3 := 1, K := Q(+/5) contains d1, 02,03, D := [K: Q] = 2.
To see why the left-hand side of (3.11) is not zero, note that otherwise, we would
get the relation

af — oM =3l -3k,

This is impossible because o — a1 ¢ Q. Thus,
O[kl (Olkikl o 1)37l1(3l711 . 1)71 -1

is not zero.
We now apply Theorem 4 with A; := 2log3, As :=loga. Since | < k; it follows
that we can take B := k. Let us now estimate h(d3). We begin by observing that

h(33) < h(a®™% — 1) + R(37"1 —1).

Next, notice that

h(03) < (k—ky)loga+ (I —11)log3 +2log2 < 2-174 - (max{log (3k),21/2,1/2})%.
Hence, we can take
Az :=2-174 - (max{log (3k), 21/2,1/2})® > max{2h(d3), |log d3|,0.16}.

Now, from Theorem 4 we have that
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log|A| > —1.4-30°-3%%.2%(1 4+ log 2)(1 + log(k)) - 2log 3 - 2log a
x2-174 - (max{log (3k), 21/2,1/2})>.
So, Inequality (3.11) gives
k < 2-10%log(k) - (max{log (3k),21/2,1/2})% (3.12)
If max{log(3k),21/2} = 21/2, it then follows from (3.12) that
k < 221-10(log(k)),
giving
k< 10".

If on the other hand we have that max{log(3k),21/2} = log(3k), then Inequality
(3.12) gives that
k< 2-10"(log(k)) - (log(3k))?,

and so k < 8-10%°. In any case, we have that
k< 10"

always holds. We summarize what we have so far in the following lemma.

Lemma 2. If an integer m has at least two representations of the form Ly — 3!
with k > 250, then inequalities | < k and k < 10" hold.

4. The Final Computations

In this section, we will reduce the upper bound on k. Firstly, we determine a
suitable upper bound on k — k1,1l — [1, and later we use Lemma 1 to conclude that
k must be smaller than 250.

Turning back to Inequality (3.5),

|1 — e!'| < max{af1—F+4 gh-k+31

If
I':=llog3 —kloga >0,
we obtain:
0<T <el =1 < max{af—FH 3h-kt3y
Thus,

log 3 1 i
0= (1;) —k < g max{alt T BT < mafalh TS, g,
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Dividing across by log o, we get:

0 < Iy — k < max{af=F+6 gh=t+i1 (4.1)
where
log 3
V= .
og o
Let [ag, a1, az, a3, a4, as,a6,a7,...] = [2;3,1,1,6,1,49,1,2,- -] be the continued

fraction expansion of v, and let denote p, /g, its nth convergent. Recall also that
[ < 10! by Lemma 2. A quick inspection using Sagemath reveals that

4977896525362041575 = g41 < 6 - 10" < quo = 805929983250536127817.

Furthermore, ay := max{a;;i =0,1,...,42} = ag = 49. So, from the known
properties of continued fractions, we obtain that

1

Ivy—kl > ——.
=R a2

(4.2)

Comparing estimates (4.1) and (4.2), we get right away that
1 < 511 - max{a® ~F6 3h=1+41 < 51. 109 . max{ar ~FF06 3h-l+dy

leading to the following two cases.

Case 1. If max{a®—k+6 ghi—l+41 — ok1—=k+6 then

log (51 - 101 - af)

k—Fk < < 106.
log o
Case 2. If max{a®—k+6 ghi—l+41 — gh=4+4 then
log (51 -10'° - 34
[— 1y < o8 ) < 50.

log 3

Suppose now that I' < 0. First, note that max{a*1=*+4 31=+31 < 9 since
k > ki and [ > l;. Then, from (3.6), we have that |1 —e'| < 9. Thus, 0 < el < 10.
Therefore,
el < 10.

Since I' < 0, we have
0< D <ell—1=elMe M — 1] = elMlel — 1] < 10 - max{afr —F+4 gh—+31
Then, we obtain:

0 < —llog3 + kloga < 10 - max{a® ~F+4 3h=I+31



INTEGERS: 21 (2021) 10

By the same arguments used in the case I' > 0, we obtain:

1 10 >
0<k ( Oga) —1 < ——-max{a™ FH 3h 7Y < max{aM THO 30716 (4.3)

log 3 log 3
We put
__loga
T log3’
Let [ag, a1, a2, a3, a4,a5,a6,a7,...] =10;2,3,1,1,6,1,49,1,2,2,1,1,2,---] be the

continued fraction expansion of ~, and let p, /¢, denote its nth convergent. Recall
also that k < 10" by Lemma 2. A quick inspection using Sagemath reveals that

11364596648895014778 = g4z < 6 - 1019 < q43 = 1839947684775733804495.

Furthermore, ay := max{a;;i =0,1,...,43} = a7y = 49. So, from the known
properties of continued fractions, we obtain that
|ky — 1] > L (4.4)
7 (an +2)k’ '

Comparing estimates (4.3) and (4.4), we get right away that
1 < 51k - max{a® ~#9 3h=1461 < 51.10'9 . max{a ~F+9 gh-l+61
leading to the following two cases.
Case 1. If max{af—F+9 3h=14+6}1 — oF1—=F+9 then

log (51 - 10 - o)

k—Fk < < 109.
log v
Case 2. If max{a®—k+9 3hi—l+61 — gh=I46 then
log (51 - 109 - 36
| =1y < 8l ) < 50.

log 3

As a conclusion, we have that either k — k1 < 108 or [ —I; < 49 whenever T" #£ 0.

Finally, we shall use (3.11) to reduce the upper bound on k. we distinguish
between the case k — k1 < 108 and [ — 17 < 49.

Put

-1
T =k log o — Llog 3 + log (;‘1> (4.5)
where u =k — k1,v=101—1;.
Note that I' £ 0. Thus, we distinguish the following cases. If I' > 0 then, from
(3.11), we obtain:

0<T<el—1< (4.6)

Qb3
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In Inequality (4.6) replace I' by its formula (4.5) and dividing both sides of the
resulting inequality by log 3, we get:

lo
log a g(sv 1) 4
0<k —1 . 4.7
=M <10g3> + log 3 S o3 (47
We now put:
log(aff:l)
:loga *#, A:=4 and B:=a.

p=

log3’ log 3

Clearly v is an irrational number. We also put N := 10'? , which is an upper bound

on k1 by Lemma 2. We therefore apply Lemma 1 to Inequality (4.7) for all choices
of u € {1,...,108},v € {1,...,49} and get that

log(Ag/§)

k—3
< log B

where ¢ > 6N is a denominator of a convergent of the continued fraction of v such
that & = ||ugl| — N||vqll > 0. Indeed, using Sagemath, we have that

q = qa3 = 1839947684775733804495.

Futher this yields £ > 0.0000102818012237548828125 > 0.00001. Therefore, we find
that if I' > 0, then k& < 127. This is false because our assumption is that k& > 250.

Suppose now that I" < 0. Flrst note that k d < 5 since k > 250. Then, from
(3.11), we have that |1 —e"| < §; thus § <e' < 2 Therefore

el < 2.

Since I' < 0, we have:

4
k—3"

0< |0 <elll =1 =ellle T — 1] = ellljel — 1] <
(0%

Then we obtain:

a*—1 4
0<llog3—kl -1 .
< llog 1loga og<3v_1> < =

By the same arguments used for proving (3.11), we obtain:

lo
1 g (5=
0<l<0g3> ky — (3 1)< ’ (4.8)

lo log a ak—3

We now put:
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log ( &=1

1 g( - )

= &37 W= —#, A:=9 and B:=aq.
log o log o

Clearly, v is an irrational number. We also put N := 10'° which is an upper bound
on [ by Lemma 2. We therefore apply Lemma 1 to Inequality (4.8) for all choices of
ue{l,...,108},v € {1,...,49} and get that

log(A
o < Log(Ag/¢)
log B
where ¢ > 6N is a denominator of a convergent of the continued fraction of v such
that & = ||ug|l — N||vql| > 0. Indeed, using Sagemath, we have hat
q = qa2 = 805929983250536127817.

Therefore, we find that if I' < 0, then k& < 127. This is false because our assumption
is that £ > 250. Thus, Theorem 2 is proven.
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