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Abstract
Let a, b, p, and ¢ be integers. Let Wy(a, b; p, q) = a, Wi(a,b;p,q) = b, and for n > 2,
let W, (a,b;p,q) = pWi—1(a, b;p,q) + qW,—2(a, b; p, q). Let n and m be nonnegative
integers. We will find a formula for S>74" W;(a,b; 1, q).

i=n

1. Introduction

We begin by defining a Horadam sequence [1].

Definition 1. Let a, b, p, and ¢ be integers. Let Wy(a, b; p, q) = a, Wi(a,b;p,q) = b,
and for n > 2, let

Wi (a,b;p,q) = pWy—1(a,b;p,q) + ¢Wr_2(a, b;p,q).

Let Xn(a»b;p7Q) = n+1(aab;p7Q) + anl(avb;p7Q) for n > 1. Let Un =
W,(0,1;p,q) and V,, = X,,(0,1;p,q) for n > 0. Finally, we define H,(a,b) =
Why(a,b;1,1) for n > 0.

When there is no confusion regarding the initial values a and b and recurrence
coefficients p and ¢, we write W, (a, b; p, q) as W,,. Note that the Fibonacci numbers
are F,, = W,(0,1;1, 1), the Lucas numbers are L,, = W, (2,1; 1, 1), the Pell numbers
are P, = W,,(0,1;2,1), and the Jacobsthal numbers are J,, = W, (0,1;1,2).

Several authors have studied this topic. Russell [5, 6] did some initial work.
Melham [2] showed that for nonnegative integers n and m,

n+m

Z Wi(a7 b;p, 1)

%‘/—(m+1)/2(a7 b??» 1)(W(2n+m+1)/2(a7 b??» 1) + W(2n+m—1)/2(a’7 b%?» 1))7
if m=1 (mod 4);

SUmt1)/2(a 050, 1) (X 2n 1) /205050, 1) + X(2ntm-1)2(a, b p, 1)),
if m =3 (mod 4).
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We will find a formula for
n+m

> Wila,b;1,q)

for integers a, b, and gq.
To state some of our theorems, we need to define the general rth order linear
recurrence, where r > 2 is an integer.

Definition 2. Let n > 0 and 7 > 1 be integers. Also, let {a;}/—4 and {c;}i_,
be two finite sequences of r integers. The general rth order Horadam sequence is
defined by

Wn(aO;ah' ey @pr—15;C1,C2, .. ';Cr)

A, fo<n<r-—1,;
P r .

Yoiq 6iWni(ao,a1,...,ar_1;¢1,C2,...,¢r), ifn>r.

In Section 2, we give a definition and state and prove a helpful lemma. Also,
in Section 2, we compute a finite sum of terms involving consecutive Us. Then, in
Section 3, we will compute a finite sum of consecutive W's, where a, b, and ¢ are
integers and p = 1.

2. Finite Sums Involving Consecutive Us
Definition 3. Let n > 0 and p and ¢ be integers. Let

Y, = W,(0,q,2pg; 2p,q — p°, -pq).

Note that when p = ¢ = 1, we have Y,,(0,1,2;2,0,-1) = F,,42 — 1 [3, A000071].
Also, when p =2 and ¢ = 1, Y,,(0,1,4;4,-3,-2) is [3, A094706] and is the convolu-
tion of P, and 2". And, when p =1 and ¢ = 2, we define G,, = Y,,(0,2,4;2,1,-2),
which is [3, A167030].

Lemma 1. Let p and q be integers. Then

n—1—=%\ ,_1_9:
U"Z( ; )p"lzq for n > 0, (1)
i>0

n—1 o
- n—1—27 1+1 f > 9 )
Y 7;>0 (z 1>p q or n > (2)

We will prove the formula for Y,,. The proof of the formula for U, is similar and
will be omitted.
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Proof. The proof is by induction on n.

Base Step. For n = 2, the left-hand side of (2) is

Yy = Wa(0,¢,2pq; 2p, q — p°, —pa) = 2pg.
The right-hand side of (2) is
20\ 5igi 2
Yol ) e = ()t = 2pa.
. 1+ 1 1
>0
Therefore, the base step is true for n = 2.
For n = 3, the left-hand side of (2) is
Y3 = Ws(0,q,2pq; 2p, q—p*, -pq) = 2p-2pq+(q—p*)-q = 4p°q—¢* —p°q = 3p°q+¢".
The right-hand side of (2) is
30\ 519 3 2
ol ) e = (D)t + ()00 = 3P+
, 1+ 1 1 2
>0
Therefore, the base step is true for n = 3.
For n = 4, the left-hand side of (2) is
Yy = Wi(0,¢,2pq; 2p, ¢ — p*, —pq)
=2p-(3p%¢ +¢*) + (¢ —p°) - 2pg + (-pq) - ¢
= 6p°q + 2pq” + 2pq° — 2p°q — pg’
= 4p°q + 3pq”.

The right-hand side of (2) is
4—13\ 4 19 s 4 3
Dol ) T = )P+ () e = 4pPa + 3pg”.
, 1+1 1 2
>0
Therefore, the base step is true for n = 4.

Induction Step. Let n > 5 and assume that the result is true n — 3, n — 2, and
n — 1. We will prove the result for n. By the induction hypothesis, we know that

n—3—1 49 4
Yn3:Z( i1 >pn 4 21qz+17
i>0

n—2—1 a9
]fn72 E ( ) ) >pn 3 QZq'LJrl7

n—1—1 o9
]fnfl E ( . ) >pn 2 2zqz+1’
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Then, using the definition of Y;,, we have

Yn = 2pYn71 + (q - p2)Yn72 - qunfs

n—1—1 P n—2—1i >
-9 n—2—2i i+1 2 n—3—21 1+1
pZ(Hl )P " +(q p)z iv1 )P q
i>0 i>0
N—=3=1\ n_4-2i i1
pqz ( i+1 )p ¢
i>0
Rearranging terms and using the binomial coefficient recurrence relation

(3)=0)+6") ®

twice, we know that for each i > 0,

n—1—1 o n—2—1 ;o
2 n—1-—27 i+1 n—3—21 1+2
( i1 >p R N L 1

n—1-—1 n—2-—1 n—1-2i i+1
+(( i+1 ) ( i1 >)p 1
n—2-—1 n—3—1 n—3-2i i+2
+<( i+1 > < i+1 ))p !
N AU Sl A W R I n—=2—=19\ n_1-2i it1
< i1 )p q + i P q

_ (n - ? - i>pn—3—2iqi+2.

Replacing ¢ by 7 — 1 in the last term of this expression, we have

n'—l—i pn—l—zz‘qz‘+1+ n—?—i pn—1—2iqi+1+ ”-_2_1' pn—l—Qqu—l.
1+ 1 7 71 —1

Combining the last two terms in this expression using (3), we have

(n - 1-— i)pn_l_%qi-i-l + (” - 1 - 7;>pn—1—21’qi+1.
i+ 1 ?

Finally, combining the two remaining terms using (3), we have

N=1\ 12 i+1
(i+1)p ¢

Summing this last expression for all ¢ > 0 gives us is what we wanted to prove.
Therefore, the induction step is true. This completes the proof by induction. O
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We can arrange the terms of the polynomials U, and Y,, in the following table.
The sums of the rows of the table add up to U,,. We will show that the terms of Y,
appear in the table.

n | Sum

0 |0

1|1

2 1p

3 1p? 1q

4 | 1p® 2pg

5 | 1pt 3¢ 14

6 | 1p° 4p’¢  3pg?

7 11 Bplg  6pP¢® 14
8 | 1p"  6p°q¢  10p°¢*  4pg®
9 | 1p® T  15p*¢®  10p*¢>  1g*

10 | 1p°  8p'q 21p°¢%  20p3¢®  5pgt

11 | 1p'°  9p3q 28p%¢%  35ptg®  15p%¢t 14

12 | 1p't  10p°%¢ 36p"¢®> 56p°q 35p3¢* 6pq®

13 lp12 1 lploq 45p8 q2 84p6q3 7Op4q4 21p2 q5 lq6
14 | 1p'3  12p'lq  55p%¢% 120p7¢%  126p°¢*  56pc¢®  Tpq®

Now, we have a corollary to Lemma 1.

Corollary 1. Letn > 4. Then
U, = pnil + Y, .
Proof. Let n > 4, p, and ¢ be integers. By Lemma 1,

n—1-—1 n—1-2i 14
=3 ("

i>0
n—2—1 ;g
Yn— _ n—3—21 z+1.
3 (M
>0
Thus,

U, = p"~ 1+Z(” ) n-1-2igi

i>1

Z n—2- [ 3—2iqi+1
erl

1

n 1

+
Y,
=}

n— l

=p

f“

This completes the proof. O
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Lemma 2. Let n and m be nonnegative integers. Then

Wn(Ym+la Ym+2;p7 q) - an (Ym7 Yerl y Py Q> = qUn+m+1~ (4>

Proof. We fix m and prove the lemma by induction on n. Note that by Lemma 1,

m—1 o
Ym: m—1—21 i+1
Z<i+1>p T

i>0
m+1—3 o
Ym+1:Z< i+l )pm 21q1+1’
i>0
m+2—1 Coi
Ym+2:Z< i )pm+1 21q1+1.
i>0

Base Step. For n = 0, the left-hand side of (4) is

Wo(Yim+1, Yme2:0:0) — PWo (Yo, Ying130,9) = Yong1 — pYm

m+1 m—2 i+1 M=%\ 1 9 41
(D (T
m+1—1 m—1 —2i i
Z(< i+1 ><i+1>>p K
i>0
>0

( > m— 2iqi+1.

The right-hand side of (4) is

m — .o
qUO+m+1:qu+1:qz< ; ) m—2i z Z( > m— 22q1+1.

i>0 i>0

So the left-hand side and right-hand side are equal for n = 0.
For n = 1, the left-hand side of (4) is

Wi(Yog1, Yms2:0,0) — pW1 (Yo, Vit 150,¢) = Vg2 — DY g

m+ 2 m+1—2i i+1 m—+1—=149\ 9 i1
(M e e (M

i>0

m+2—d\ (m+1—i mA1-2 it1
<\ i+l iv1 )7 1

(m +i1 - i)pm+12iqi+1.

vV

"Mg

(2

Il
\T/M |
[}
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The right-hand side of (4) is

m+1—1 9 m+1—1 9
qU1+m+1qu+2qZ< i )pm+1 quzZ( . >pm+1 Zigitl
>0 >0

So the left-hand side and right-hand side are equal for n = 1. Therefore, the base
step is true.

Induction Step. Let n > 2 and assume that the result is true n —2 and n— 1. We
will prove the result for n.
By the induction hypothesis, we know that

Wn72(Ym+1a Ym+2§P» Q) - anfZ(Yma Ym+1§pu Q) = qUn72+m+1
Wh—1(Yim+1, Yint2: 0, @) — PWoe1 (Yon, Yot 130, @) = @Un—14m+1-

Then, using the recurrence relation for W, and the induction hypothesis, we have

W (Yit1, Yiy2: 0, ¢) — pWi (Yo, Ying15p, q)

= qWn—2(Ym+1, Ymt2: 0, ) + PWa1 (Yint1, Yint2: P, q)
= p((@Wn—2(Yin, Yim413 0, ¢) + pWie1 (Yo, Yint150,0))

= q(Wa—2(Yim+1, Yimt2:0, @) = PWo—2(Yin, Yin41: 0, 9))
+p(Wh1 (Yins1, Yir2; 0, @) = PWa1 (Yo, Yoy 1505 @)

= ¢*Un—29m+1 + PqUn—14m+1

= q(qUn—24m+1 + PUn—14m+1)

= qUn+m+1-

Thus, the induction step is true. Therefore, by mathematical induction, the result
is true for all integers n > 0. O

Theorem 1. Let n and m be nonnegative integers. Then

n+m

q Z pn—’_m_iUi = Wn(YTm Y150, q)' (5)

Proof. We fix n and prove the result by induction on m.
Base Step. For m = 0, the left-hand side of (5) is

n+0
¢ > "7 = p°Uy = qUn.

i=n

The right-hand side of (5) is

Wn(Yo, Yos150,9) = Wi (Yo, Y150, 0) = Wi(0,4;p,q) = ¢Wn(0,1;p,q) = qU,.
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The left-hand side is equal to the right-hand side so the base step is true.

Induction Step. We assume the result is true for some m > 0. We will prove the
result is true for m + 1. Using the induction hypothesis and Lemma 2 we have

n+m+1 ntm
i=n i=n

= an(}/m; }/m+1 3D, Q) + qUn+m+1
= Wn(Yini1, Yint2; D, @)

This is what we wanted to prove. Therefore, by mathematical induction, the result
is true. O

Here is a special case of Theorem 1.

Corollary 2. Let n and m be nonnegative integers. Then

n+m

> Fi=Hy(Fpya—1,Fpys —1).

3. Finite Sums of Consecutive W (a, b; 1, q)s

We are now ready to state and prove our main result.

Theorem 2. Let n and m be nonnegative integers. Then

n+m

q Z pn+m7iWi = an (Yma Ym-‘rl;p) q) + ann—l(Knv Ym—"—l;p’ q)

Proof. From an identity in Horadam [1] and Rabinowitz [4], we have

Wi = bUz + anifl.

Therefore,
n+m ntm
g PTTIWi=q Y pt T (U + galia)
i=n i=n
n+m ntm
=gb Y P Ui Y pMT U
i=n i=n
ntm - n—1+m .
_ bq Z pn+m71Ui + qaq Z pn71+mflUi
i—n 1=n—1

- an (Y;ru Y;n-l-l;pa Q) + ann—l (}/'mv Y;n-l-l 2 Q)

This completes the proof. O
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When p = 1, we have the following corollary.

Corollary 3. Let a, b, g, n >0, and m > 0 be integers. Then

n+m

b
Z Wi(aa ba 1; Q) = awn(yma Ym+l; ]-a Q) + aWn—l(Ym’Ym—i-l; ]-7 q)

In addition, we have three special cases of Corollary 3.

Corollary 4. Let n and m be nonnegative integers. Then
n+m

> Li=Hu(Fni2—1,Fpnis — 1)+ 2Hy 1 (Fya — 1, Fys — 1),

n+m

>

1
§Wn(Gma Gerl; ]-7 2)7

n+m

> Hi(a,b) = bHy,(Fryz — 1, Frgs — 1) + aHp 1 (Fogz — 1, Frgs — 1).
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