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Abstract

This paper makes a fundamental assertion about the Erdős-Straus conjecture. Sup-
pose that for a prime p there exists x, y, z ∈ N with x ≤ y ≤ z so that

4
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y
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z
.

The main contribution of this paper is that, under this assumption, the Erdős-
Straus conjecture can be reduced by one variable. For example, it is necessarily
true that

z =
xyp

gcd(y, p) gcd (xy, x + y)
.

Considering other reductions of the Erdős-Straus conjecture, this paper suggests a
method for proof.

1. Preliminaries

The ancient Egyptian society revered unit fractions as the fundamental building

blocks of all other fractions. In fact, ancient Egyptians ascribed special unit frac-

tions to the eye of the god Horus. Thus the name “Egyptian fraction” was given to

sums of unit fractions with positive denominators. The monumental work of Paul

Erdős left a variety of unsolved problems related to Egyptian fractions [7]. This has

led to a large body of work [1, 2, 4, 10, 13, 22]. One of the more common areas of

study is the Erdős-Straus and related conjectures [3, 5, 6, 8, 9, 11, 12, 14, 15, 16,

17, 18, 19, 20, 21, 23, 24, 25]. In its original form it reduces to the following: given

a prime number p there exist natural numbers x, y, and z and without a loss of

generality one may assume x ≤ y ≤ z so that the Erdős-Straus equation is solved.

This is expressed as
4

p
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x
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z
. (1)
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The most famous approach is by Rosati [14] and is outlined in a book by Mordell

[11], which described modular identities for specific cases of primes, and an as-

sumption that quadratic residues play a role in the solution of the problem. More

recently Elsholtz and Tao [5] attempted to find a solution using arithmetic number

theory. Both of these texts motivated a different approach in the paper presented

here. This theoretical paper is a continuation of the work in [3], which was more

computational in nature. The patterns discovered here help simplify the problem

by one dimension but do not solve the conjecture.

Assume that the conjecture is true. Discerning a pattern between a given prime

number p and the associated solution values x, y, and z will determine the necessary

conditions to show that a solution exists. To prevent any ambiguity, note that this

paper does not show that a solution exists. Going forward, reserve x, y, and z as

the general solution values for a prime p and insist that x ≤ y ≤ z. The following

propositions are taken from [5].

Proposition 1. A prime number p must divide at least one of its solution values

x, y, or z.

Proposition 2. For a given prime number p, the solution values x, y, and z cannot

simultaneously be divisible by p.

The first lemma serves to further illuminate the nature of the solution values for

a given prime p.

Lemma 1. Given a prime number p, necessary conditions for the solution values

x ≤ y ≤ z are⌈p
4

⌉
≤ x ≤

⌊
3p

4

⌋
and

⌈
xp

4x− p

⌉
≤ y ≤

⌊
2xp

4x− p

⌋
. (2)

The necessary conditions (6) establish the subsequent lemmata.

Lemma 2. A prime number p is coprime to the smallest solution value x.

Lemma 3. For a prime number p, both gcd(y, p2) 6= p2 and gcd(z, p2) 6= p2.

The fourth lemma guarantees that the solution value z is divisible by p.

Lemma 4. For a prime number p, if gcd(y, p) = p, then gcd(z, p) = p.

Assume that a solution to Equation (1) exists for a prime p. For our pur-

poses, going forward, a Type I solution will have gcd(x, p) = 1, gcd(y, p) = 1,

and gcd(z, p) = p. A Type II solution will have gcd(x, p) = 1, gcd(y, p) = p, and

gcd(z, p) = p.
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Figure 1: This is a diagram of x, y, and z into its factored parts.

This language is used in [5] to describe types of solutions; however, the current

paper insists on an ordering of the solution values. Once classified into types, the

solution values must be factored into their smallest relevant components.

Assume that a solution to Equation (1) exists for a prime p. Reserve d =

gcd(x, y, z), a = gcd(x, y)/d, b = gcd(x, z)/d, and c = gcd(y, z)/d. Also reserve

x◦, y◦, and z◦ to be positive integers so that x = x◦abd, y = y◦acd, and z = z◦bcd.

This makes clear that a, b, and c are pairwise coprime. For Type I solutions p|z◦,

and for Type II solutions p|c. Refer to Figure 1 for clarity. The final lemma reduces

the complexity of the factorizations of x, y, and z.

Lemma 5. For a prime number p, a Type I solution has x◦ = y◦ = 1 and z◦ = p,

and a Type II solution has x◦ = y◦ = z◦ = 1.

These preliminary results assure that the factorizations of x, y, and z are funda-

mental for both types of solutions. The results in this paper use these factorizations

to reveal patterns that reduce the dimensionality of this conjecture.

2. Results

This section outlines the main results of this paper and provides motivation to a

method of solution for the conjecture.

Theorem 1. For a prime number p, if x and y are solution values to (1), then

necessarily

4xy − (x + y)p = gcd(y, p) gcd(xy, x + y). (3)



INTEGERS: 20 (2020) 4

The most relevant implication from (3) is that

z =
xyp

gcd(y, p) gcd(xy, x + y)
. (4)

Notice z, by its definition in Equation (4), has to be an integer. For a given p

it suffices to find x, y ∈ N in the region defined in (6) so that Equation (3) holds.

This, in essence, reduces the dimensionality of the problem by one variable. This

is also incredibly important because it reveals that the true nature of this problem

depends on the greatest common divisor of the product of two numbers and the sum

of those same two numbers. This is not immediately understood from the original

description, and this paper hopes to inform and motivate mathematicians who have

studied this problem. The next theorem is motivated by the results in [3].
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Figure 2: Type I solutions. Red points denote that the prime has remainder 1 after
dividing by 4, and blue points denote that the prime has remainder 3 after dividing
by 4.
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Theorem 2. For a prime number p with a Type I solution,

x =

⌈
yp

4y − p

⌉
. (5)

The dimensionality of the problem is again reduced by one degree for a Type

I solution. It also holds for a vast majority of Type II solutions. Computational

evidence suggests that Equation (5) holds for over 97 percent of all solutions [3].

Theorem 2 also helps to reduce the bounds to Lemma 1.

Corollary 1. Given a prime number p, necessary conditions for the solution values

x ≤ y ≤ z are⌈p
4

⌉
≤ x ≤

⌈p
2

⌉
and

⌈
xp

4x− p

⌉
≤ y ≤

⌊
2xp

4x− p

⌋
. (6)

Further note that for 3 ≡ p mod 4, a Type I solution exists when x = y = dp/2e.
These are the only types of solutions that exist when x = dp/2e. Considering the

bounds in Corollary 1 and the results in Theorems 1 and 2, for a prime p it suffices

to find y ∈ N so that

⌈p
2

⌉
≤ y ≤

⌊
2
⌈
p
4

⌉
p

4
⌈
p
4

⌉
− p

⌋
(7)

and

(4y − p)

⌈
yp

4y − p

⌉
− yp = gcd(y, p) gcd

(
y ·
⌈

yp

4y − p

⌉
, y +

⌈
yp

4y − p

⌉)
. (8)

For p large enough, it suffices to find a functional expression for y that depends

solely on p so that (7) and Equation (8) hold. It is important to note that the

functional description for y would have to lie between linear and quadratic behavior

in p, although finding the correct description has proven elusive. Figure 2 shows

that many patterns exist between y and p for Type I solutions. These patterns are

found as modular identities outlined in previous papers [11], but we maintain hope

that a general pattern can be found.

3. Proofs

Proof of Lemma 1. First, assume that x < p/4. Substitute the bound p/4 for x in

the algebraic expression 4xy−(x+y)p to see that 4xy−(x+y)p ≤ −p2/4 < 0. Also

notice that xyp > 0 for all solution values. By definition z = xyp/(4xy− (x+ y)p).

These observations imply that z < 0, but to be a solution value requires that z > 0.
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This creates a contradiction negating the assumption and implies that x ≥ p/4.

Recall that x ∈ N to conclude that x ≥ dp/4e.
Next, assume that y > 2xp/(4x − p). The previous result establishes that 4x −

p > 0. When either side of the inequality is multiplied by 4x − p, the result is

4xy− yp > 2xp. This can be rewritten as 4xy− (x+ y)p > xp, which indicates that

4xy−(x+y)p > 0 because xp > 0. Multiplying either side of the previous inequality

by y > 0 implies that (4xy− (x+y)p)y > xyp. Dividing both sides of the inequality

by 4xy− (x+ y)p shows that y > xyp/(4xy− (x+ y)p) = z. Solution values require

that y ≤ z. This creates a contradiction that negates the assumption and implies

that y ≤ 2xp/(4x− p). Recall that y ∈ N to conclude that y ≤ b2xp/(4x− p)c.
Next, assume that y < xp/(4x − p). Remember that 4x − p > 0. Multiplying

either side of the inequality by 4x− p enables the derivation of 4xy− (x+ y)p < 0.

Also remember that xyp > 0. Dividing xyp by 4xy− (x+ y)p shows that z = xyp/

(4xy − (x + y)p) < 0. To be a solution value requires that z > 0. This creates a

contradiction that negates the assumption and implies that y ≥ xp/(4x−p). Recall

that y ∈ N to conclude that y ≥ dxp/(4x− p)e.
Finally, assume that x > 3p/4. For solution values the inequality x ≤ y ≤ z

makes both y > 3p/4 and z > 3p/4. It implies that 4/p > 1/x + 1/y + 1/z. This

contradicts the assumption that x, y, and z are solution values. This contradiction

negates the assumption and implies that x ≤ 3p/4. Recall that x ∈ N to conclude

that x ≤ b3p/4c.

Proof of Lemma 2. Assume that gcd(x, p) 6= 1. This implies that p|x. Lemma 1

shows that x ≤ b3p/4c. It is clear that x < p, so p - x which creates a contradiction.

This contradiction negates the assumption and implies that x and p are coprime.

Proof of Lemma 3. First, assume that gcd(y, p2) = p2. This implies that p2|y.

Recall from Lemma 1 that y ≤ 2xp/(4x − p). Start by showing that 2xp/(4x − p)

decreases as the integer x ≥ dp/4e increases. Consider that 2xp(4x − p) + 8xp >

2xp(4x − p) + 8xp − 2p2 because 0 > −p2, and rewrite it as 2xp(4(x + 1) − p) >

2(x + 1)p(4x − p). Lemma 1 also shows that x > p/4. As a consequence, both

4x− p > 0 and 4(x + 1)− p > 0. Dividing both sides of the previous inequality by

(4x − p)(4(x + 1) − p) shows that 2xp/(4x − p) > 2(x + 1)p/(4(x + 1) − p). This

shows that 2xp/(4x− p) decreases as the integer x ≥ dp/4e increases. Plugging the

smallest possible integer value for x into the expression 2xp/(4x− p) maximizes its

possible value over integers x ≥ dp/4e. This implies that y ≤ 2dp/4ep/(4dp/4e− p).

Notice that dp/4e ≤ (p+ 1)/4 and 4dp/4e − p ≥ 1 for all primes p. This shows that

y ≤ p(p + 1)/2 < p2. If y < p2, then p2 - y. which creates a contradiction. This

contradiction negates the assumption and implies that gcd(y, p2) 6= p2.

Next, assume that gcd(z, p2) = p2. This implies that p2|z. Let z∗ ∈ N so that

z = z∗p2. Solution values necessarily satisfy the equation y = xzp/(4xz− (x+ z)p)
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which can be written as y = xz∗p2/((4xz∗ − z∗p)p − x). Lemma 2 shows that

gcd(x, p) = 1 which implies that p - ((4xz∗ − z∗p)p − x). This implies that p2|y,

which further implies that gcd(y, p2) = p2. This creates a contradiction because

it was just shown that gcd(y, p2) 6= p2. This contradiction negates the assumption

and implies that gcd(z, p2) 6= p2.

Proof of Lemma 4. Let gcd(y, p) = p and for the sake of contradiction assume

that gcd(z, p) = 1. Let y∗ ∈ N so that y = y∗p. Solution values necessarily sat-

isfy the equation z = xyp/(4xy − (x + y)p) which can be written as z = xy∗p/

((4y∗ − 1)x − y∗p). Lemma 2 shows that gcd(x, p) = 1 and Lemma 3 shows that

gcd(y∗, p) = 1. The assumption that gcd(z, p) = 1 requires that p|(4y∗ − 1). Re-

calling the proof of Lemma 3, it was shown that y ≤ p(p + 1)/2. This implies that

y∗ ≤ (p+1)/2 which further implies that 4y∗−1 ≤ 2p+1. If p|(4y∗−1) then either

4y∗− 1 = p or 4y∗− 1 = 2p. 4y∗− 1 cannot be even, so 4y∗− 1 6= 2p. If 4y∗− 1 = p

then it is similarly clear that 3 ≡ p mod 4. Writing y∗ = (p + 1)/4 implies that

z = (p+1)x/(4x− (p+1)) which exists, is positive, and is maximized at the integer

value x = (p+ 5)/4 ≥ dp/4e. This implies that z ≤ ((p+ 1)/4)((p+ 5)/4). Because

(p+5)/4 < p for all primes such that 3 ≡ p mod 4, this implies that z < p(p+1)/4

which further implies that z < y. This creates a contradiction to x ≤ y ≤ z be-

ing solution values. This contradiction negates the assumption that gcd(z, p) = 1.

Conclude that gcd(z, p) = p because p is prime.

Proof of Lemma 5. Rewriting Equation (1) with the new notation and performing

some algebra gives the equation 4x◦y◦z◦abcd = (x◦y◦a+x◦z◦b+ y◦z◦c)p. Without

loss of generality, suppose that a prime q 6= p divides one of x◦, y◦, and z◦, for

example q|x◦. The equation would imply that q|y◦z◦c; however, by definition,

q - y◦ because gcd(x◦, y◦) = 1, q - z◦ because gcd(x◦, z◦) = 1, and q - c because

gcd(x◦, c) = 1. Therefore q - x◦. It is also true that primes q 6= p has p - y◦ and

p - z◦.

For a Type I solution, the prime p divides neither x nor y. This implies x◦ =

y◦ = 1. It is clear that p|z, p - gcd(x, z), and p - gcd(y, z) and this implies z◦ = p.

For a Type II solution the prime p - x. This implies that x◦ = 1. Lemma 3 indi-

cates that both gcd(y, p2) 6= p2 and gcd(z, p2) 6= p2. Considering this along with

p|c implies that p - y◦ and p - z◦. This means that y◦ = z◦ = 1.

Proof of Theorem 1. Using the factorizations of x, y, and z with Lemma 5 makes

x = abd, y = acd, z = bcdp, and p = (4abcd − a)/(b + c) for Type I solutions. This

makes

4xy − (x + y)p = 4a2bcd2 − ad(4abcd− a)

= a2d.
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Let c∗ ∈ N so that c = c∗p. Using the factorizations of x, y, and z with Lemma 5

makes x = abd, y = acd, z = bcd, and p = 4abd − (a + b)/c∗ for Type II solutions.

This makes

4xy − (x + y)p = p(4a2bc∗d2 − abd− ad(4abc∗d− (a + b)))

= pa2d.

This implies that, regardless of the type of solution, 4xy−(x+y)p = gcd(y, p)a2d.

For a Type I solution p(b+ c) = a(4bcd−1) and gcd(a, p) = 1 implies that a|(b+ c).

Suppose a prime q|((b + c)/a). This implies that q|(4bcd − 1). If q|bcd, then q|1.

This implies that gcd(bcd, (b + c)/a) = 1. Conclude that

gcd(y, p) gcd(xy, x + y) = gcd(a2bcd2, abd + acd)

= a2d · gcd

(
bcd,

b + c

a

)
= a2d.

For a Type II solution pc∗ = a(4bc∗d − 1) − b which implies that if p|(4bc∗d −
1), then p|b. gcd(p, b) = 1 implies that gcd(p, 4bc∗d − 1) = 1. Also note that

gcd(bc∗d, 4bc∗d−1) = 1, so it is clear that gcd(bc∗dp, 4bc∗d−1) = 1. Conclude that

gcd(y, p) gcd(xy, x + y) = p gcd(a2bc∗d2p, abd + ac∗dp)

= pa2d · gcd (bc∗dp, 4bc∗d− 1)

= pa2d.

This implies that regardless of the type of solution, gcd(y, p) gcd(xy, x + y) =

gcd(y, p)a2d. Finally conclude that regardless of the type of solution 4xy−(x+y)p =

gcd(y, p) gcd(xy, x + y).

Proof of Theorem 2. Theorem 1 implies that 4xy − (x + y)p = gcd(xy, x + y) for

any Type I solutions. Dividing both sides by 4y − p shows that

x− yp

4y − p
=

gcd(xy, x + y)

4y − p

<
x + y

4y − p

<
2y

2y + (2y − p)
.

By definition y > p/2, so

x− yp

4y − p
< 1.
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Noting that
gcd(xy, x + y)

4y − p
> 0

and x ∈ N, conclude

x−
⌈

yp

4y − p

⌉
= 0.

Proof of Corollary 1. Consider possible solutions with x > dp/2e. Recall from the

proof of Lemma 3, 2xp/(4x− p) decreases as the integer value x ≥ dp/4e increases.

This implies 2xp/(4x − p) < 2 dp/2e p/(4 dp/2e − p) ≤ p for integers x > dp/2e.
Lemma 1 then suggests y ≤ b2xp/(4x− p)c < p. Type II solutions require p|y. It

is impossible to have Type II solutions when x > dp/2e because y < p.

Solution values also require x ≤ y. If x > dp/2e, then y > dp/2e. Similarly, it

can be inferred from the proof of Lemma 3, yp/(4y − p) decreases as the integer

value y ≥ dp/4e increases. This implies yp/(4y − p) < dp/2e p/(4 dp/2e − p) ≤
dp/2e for integers y > dp/2e. Theorem 2 makes clear that for Type I solutions

x = dyp/(4y − p)e, implying that x ≤ dp/2e for y > dp/2e. Note that this cannot

occur, because x > dp/2e. Conclude that x ≤ dp/2e, because there are are no Type

I or Type II solutions for x > dp/2e. Combining this with Lemma 1 finishes the

corollary.
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[6] P. Erdős, Az 1/x1+· · ·+1/xn = a/b egyenlet egész számú megoldásairól, Mat. Lapok 1 (1950).
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