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Abstract
Binet formulae for three versions of third-order Pell polynomials are derived.

1. A Binet Formula for Third-order Pell Polynomials

Mahon and Horadam [3] study the recursion for r, = r,(z):
T =2TTp_1+"h-3, n>3, 19=0,r =1, rp =2x.
The characteristic equation of the recursion is
X3 —2xX%—1=0;

in [3] the authors try to attack it with Cardano’s formula (and without using com-

puters). Based on our recently acquired experience with ternary recursions, see,

e.g., [4], and using Maple, we are able to get stronger and quite satisfying results.
First, substitute X = 2/Y and the equation is now

Y3 4+22°Y — 2 = 0.
Now, setting o3 = —1/z it is
2Y3 -2y +1=0.

Using the substitution
2= (1- 021+ 1),

the equation has beautiful roots:

1
V1 = 1 —t’
L+t /AF06-30
2 2(2 — 1) ’
14+t — /)5 - 3t)
U3 = 262 — 1) :
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Note that vg +vs = 1/(t — 1) and vovg = 1/(t? — 1). Setting
Ty =" (Avf" + Buy " + Cv;”),

we can now compute the coefficients A, B, C from the initial values, with the result

1
T 1yt
s 1 NEDICEED)
(1+3t)°

3
T2 +3t) 2 (5-3t)
1 3/ +1)
“ o430 T2(5-30

Even more appealing are the reciprocal roots:

—~

5 — 3t)
1+3t)°

—~

-1
wy =v; =1-4¢,

L 14+t— /A +t)(5-3t)

2 )
1+t+ /A +t)(5—3t)
5 .

Wo = Uy

w3:v3_1:

The promised Binet formula is
R (Aw? + Bul + Cw;}).
As an example,

rs = 131072217 4 245760z 4 1597442 + 4224028 + 40322 + 8422

17

It starts with the highest power x!7, and goes down from there by powers of 23,

as predicted.

2. The Coefficients

First, we want to show, that as in the Binet formula for Fibonacci numbers, the
square root is superficial and cancels out. To see this, we compute

(14 3t)r, __(1—pn
xn—l
1 3v/A+t)B=3)]/1+t—/(1+t)(5—3t)\"
+[2 2 (5-3t) ]( 2 )
1 3V/A+0)B=3)]/1+t+/1+8)(5—3t)\"
+[2+2 (5 3t) K 2 ) '
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The non-trivial part (lines 2 and 3), multiplied by 2"*! and the abbreviation W =
(L+¢)(5—3t) is

—_

3W W n
1- 1
[ 53t 53J( i+ W)

_ n 2k n—2k n 2k+1 n—1-2
_2§;;<2’f)w (1+1) +2§k:<2k+1)w (1+1) —y

- 2; (27;) (5301 +0)" "+ 6; (2]{1 1) (530" (1+1)"

and no more square roots are present.
Now we want to show how to compute various series expansions. We start with

](1+t—W)n+[1+

z=(1-1t)21+1).

So, z is given in terms of ¢, but we want the expansion of ¢ in terms of z. This can
be seen in the context of the Lagrange inversion or the Lagrange-Blirmann formula,
[2]. We will use contour integration to get the inverted series. We need another
substitution:

t=u—1 = z=u(u—2)>%

The advantage is that z — 0 < u — 0; we restrict ourselves to |u| < % Further-

Figure 1: z as a function of u. If |u| < Z the function can be inverted.

d
more i = (3u — 2)(u — 2). We are going to show that

1/3n—2 1 n
u:Zn<n_1>23n—1Z :

n>1

The usual convergence test shows that this series converges for |z| < % ~ 1.185.
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For that, we compute (the path of integration is in all instances a small circle
around the origin)

1 dz
2mi |
1 du(3u — 2)(u — 2)
omi f unti(u — 2)2n+z
3u—2 1 2—3u

- [un—l] u ‘
(u _ 2)2n+1 922n+1 (1 _ §)Qn—q—l

[2"]

u =

= "]

Reading off this coefficient and simplifying leads to the result. Now we will do a
similar computation to show that

_(1 _t)n — 2271—36—1 3—n ZZ’
143t = l
which is the first term of the Binet formula. First,

Q-0 @-wr

1+3 3u—-2"
and then
_[zg]M _ 1 fdr 2-w) 1 [du(Bu—2)(u—2)(2—u)"
3u—2  2mi ) 2 3u—2  2mi )] wftl(u—2)242 3u—2

n 1 du ‘ 1
=-(-1) i j{ W (y — 2)2+1-n — [u ]<2 —u)2in

B 1 30 —n
T 930+1-n / )

If only this first term of the Binet formula would be used, we would have derived

that
ra@) =3 (” - 15_ 2€> (22)n-1-5¢

>0

However, r,(x) is not an infinite series, it is just a polynomial. This means that
the second and third term in the Binet formula kill off the infinite rest of the series.
This can be seen, for instance, by finding the expansions of wf + wg and Z)U";:Zi
using the Girard-Waring formula [1].

Instead of showing this cancellation directly, we prove that

no= 3 (")

0<4<(n—1)/3
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by simple induction. The initial conditions match, and then:

Ty =2XTp_1 +Tp_3

oy Z (n - 26— 26) (20)n=2-3 | Z (n - 4£7 26) (20)n—4-3¢

0<0<(n—2)/3 0<¢<(n—4)/3

_ oy <n—2£—2e>(2x)n_l_3é+ > <n—éz_—12e>(2x)n_l_3é

0<¢<(n—2)/3 1<4<(n—1)/3

S D DI G IEB K S CTTCR

<(n—2)/3

n—1- 25) (2z)n—1-3¢

3

1<
o<e<(n 1)/3 (

as predicted.

3. The Second Version of the Third-order Pell Polynomials

We consider the second version proposed by Mahon and Horadam, but only indicate
the changes. These polynomials are given by

Sp =281+ Sp_3, n>3, 1ro=0, r =2, ry =2x.

Since the recursion is the same, only the initial values change, and they are

B 2t
(1430t -1)
B t N 3t? — 3t — 2
(1430t —1)  (2—-1)(3t+1)(3t —5)’
O t 3t2 — 3t —2
(143t (t—1)  (2—-1)(3t+1)(3t—-5)’

The Binet formula is then
§p = "1 (Aw} 4+ Buwj 4+ Cuy).
There is also an explicit formula, which works for n > 2:
-1 (m—-20—-1
(z) = 9pyn—1-3¢ " — .
5n(®) >, () n—20—1 ¢
0<0<(n—1)/3

As before, this could be guessed from the first term in the Binet formula and proved
by induction.
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4. The Third Version of the Third-order Pell Polynomials
These polynomials are given by
Op =220, 14+ 0n_3, n=>3, o00g=23, 01 =2, 09 = 422
This time the Binet formula is very simple:
on =" (W] + wy + wy).
There is an explicit formula, valid for n > 1:

B n (n—20 30
on =y, n_ﬁ( , )(Qx) .

0<0<n/3
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