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Abstract

The number of parts in the partitions (resp., distinct partitions) of n with parts from
a set were considered. Its generating functions were obtained. Consequently, we
derive several recurrence identities for the following functions: the number of prime
divisors of n, p-adic valuation of n, the number of Carlitz-binary compositions of n
and the Hamming weight function. Finally, we obtain an asymptotic estimate for
the number of parts in the partitions of n with parts from a finite set of relatively
prime integers.

1. Motivation and Basic Definitions

One can find a list of papers [2, 4, 8, 9, 10, 12] in the literature concerning the
distribution of a given type of parts in a given class of partitions. In this article,
we define the number of parts function in two major classes of partitions, namely,
in the partitions with parts from a given set and in the distinct partitions with
parts from a given set. We derive their generating functions. All the results of this
paper are obtained as the consequence of these generating functions. In Section
2, we present several recurrence identities for the following list of functions: the
number of Carlitz-binary compositions of n, the number of prime divisors of n, p-
adic valuation of n and the Hamming weight function. In Section 3, we obtain an
asymptotic estimate for the number of parts in the partitions of n with parts from
a finite set of relatively prime positive integers.

The main classes of partitions and compositions of this paper are given in the
following definition.

Definition 1. Let n be a positive integer. By a partition (resp. composition) of
n, we mean an unordered (resp. ordered) sequence of positive integers whose sum
equals n. Each summand in the sum is called a part.

1. A partition of n is said to be a distinct partition of n if each part of it is
different from the other parts.
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2.

3.

4.

A partition (resp. composition) of n is said to be a binary partition (resp.
composition) of n if each part of it is of the form 2* with integer k > 0.

A composition of n is said to be a Carlitz composition of n if each part of it
is different from its adjacent parts.

A composition of n is said to be a Carlitz-binary composition of n if it is both
Carlitz and binary.

We introduce the number of parts function which will be used for deriving several
interesting results.

Definition 2. Let n be a positive integer and let A be a set of positive integers.

1.

2.

The function N%(n) is defined to be the number of parts in the partitions of
n with parts from the set A.

The function N (n) is defined to be the number of parts in the distinct par-
titions of n with parts from the set A.

The list of partition functions and divisor-sum functions involved in the recur-
rence identities of this paper are given in the following definition.

Definition 3. Let n be a positive integer and let A be a set of positive integers.

1.

The function pa(n) (resp. ga(n)) is defined to be the number of partitions
(resp. distinct partitions) of n with parts from the set A.

The function p4 (n) (resp. p%(n)) is defined to be the number of partitions of
n with even (resp. odd) number of parts from the set A.

. The function ¢4(n) (resp. ¢9(n)) is defined to be the number of distinct

partitions of n with even (resp. odd) number of parts from the set A.

The function 74(n) is defined by

Ta(n) = Z 1.

aln
acA

The function 75 (n) is defined by

The function o4(n) is defined by

oa(n) = Z a.

aln
acA
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7. The function o¥(n) is defined by

aln
acA

8. The Hamming weight function, denoted h(n), is defined to be the number of
ones in the binary representation of n.

9. Let p be a prime number and let g be a rational number. The p-adic valuation
of g, denoted ¥,(q), is defined by ¥, (q) = r, where ¢ = p"§ with gcd(a,b) = 1.

Throughout this article, we assume x to be a real variable with |z| < 1. Tt is
well-known and easy to prove that

S patmge = L1 -2 1)
n=0

with p(0) = 1,
S qalmya = [ +2%) (2)
n=0

a€A
with g4(0) =1,

> W) —pam) e = [T+ 3)
n=0

a€A
with p4(0) =1 and p%(n) =0
and -
> (ga(n) —gam) " = [T —=% (4)
n=0 acA

with ¢5(0) = 1 and ¢4(0) = 0.
From the Lambert series expansion one can readily get the following two gener-

Z Ta(n)a™ = Z %, (5)
n=1

ating functions:

acA
= ax®
> oamer = 3 L ®
n=1 a€A
Since |z| < 1, we have
ma

_ a0 _ 2a 3a _
1+xa_$ " +x
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This gives

a

S e = X et

acA a€A

In the right side sum, every exponent of z is of the form n = ka for some a € A.
Thus, the coefficient of ™ in this sum is

D (DFE= Y (-DE = ().
k 5

Consequently, we have

Similar argument gives

2. Generating Functions for N4 (n) and Nj(n), and Six ways to Convo-
lution and Recurrence Identities

2.1. Derivation with a Direct Application

In this subsection, we derive generating functions for N% (n) and N (n) by defining
appropriate bijective maps.

Theorem 1. Let n be a positive integer and let A be a set of positive integers. We
have

(a)

b

S ston = (5 ) (S5 ) g
n=1 beA

acA

(b) »
NE(n) =" pa(k)7a(n — k), (10)
k=0

(c)

b

3 Ni(n)a" = (Ha +x“)> <Z 1ixb> : (11)

a€A beA



INTEGERS: 21 (2021) )

(d) )
Ni(n) =" qa(k)ri(n — k). (12)
k=0
Proof. Let b € A. Let P} be the set of partitions of n with parts from the set A.
Let N/ (n) be the number of times b occurs in P}. Consider the mapping
(b1,ba, -+ ,bs) = (b1,ba, -+ ,bs,b,b, -+, (k times) b)

with b; € A\ {b} and by + by + -+ + bs + kb = n.

We observe that this mapping establishes a one-to-one correspondence between
PX"ZZ’ and the set of partitions of n with part b occurring exactly k times and parts
from the set A. This gives

NP (n) = paygpy(n = b) + 2pa\ py (0 — 2b) + 3pay gy (n — 30) + - - - .

Now, we have

Z NP (n)a™ = Z Z kpa\ oy (n — kb) | 2™
n=1 n=1 \k>1

= (xb Loz 4. ) <Z pA\{b}(n)x">
n=0

b
x 1
- (1 —=xb)? ]-_-[ 1— @

acA\{b}
b
T 1
C1-—ab H 11—z
acA

Since N% (n) = >, c 4 NJ(n), we have

I
—
[u—
-
%
vm
/F—ﬂ\
=
I8
&e-
N——

as expected in (a).
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Substituting (1) and (5) in (a), and equating the coefficients of 2™ on both sides
gives (b).

Let b € A. Let Q" be the set of all distinct partitions of n with parts from the
set A. Let N/(n) be the number of times b occurs in Q7. Consider the mapping

(blabQ;"' abs) — (blbea"' 7bsab)

with b; € A\{b} and by +bo+---+bs+b = n. This mapping establishes a one-to-one
correspondence between Q’Z‘be} and the set of distinct partitions of n in @’} having

b as a part. This gives N/ (n) = |Qﬁ<€b}| = qa\{p}(n — b). Now, we have
> ONf(n)z" = qa\py(n - b)a"
n=1 n=1

[ee]
=2" ) qa\py(n)z”
n=0

=2 H (1+ 2%

acA\{b}

ZL’b
S L0,
acA

Since Nj(n) = > ,c4 Ny (n), we have

Z Ni(n)z" = Z (Z Ng(n)> "

n=1 n=1 \b€A

= Z Z Ni(n)z"

beAn=1

z( ? T >)

= — Tl +2"
b

beA 1+$ acA

(o) (522

a€A beA

as expected in (c).
Substituting (2) and (7) in (c), and equating the coefficients of 2™ on both sides
gives (d). O

As special cases of (b) of Theorem 1 we have the following three results. First,
we have a convolution-sum expression for the number of parts in the (distinct)
partitions of n.
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Corollary 1. Let N?(n) (resp. N%(n)) be the number of parts in the partitions
(resp. distinct partitions) of n and let p(m) (resp. q(m)) be the number of partitions
(resp. distinct partitions) of m. We have

(a)

n—1
NP(n) =Y p(k)7(n — k), (13)
k=0
where T(m) = mv(m),
) y
Ni(n) =) q(k)m*(n—k), (14)
k=0

where 7°(m) = 75(m).

As the second consequence of (b) of Theorem 1, we have a recurrence identity
for the number of prime divisors of n.

Corollary 2. Let A=1{2,3,5,7,11,---} be the set of all prime numbers. Then we
have

NG = 3 patk)n - ), (15)
k=0

where Q(m) denotes the number of prime divisors of m.

As the third consequence of (b) of Theorem 1, we have a recurrence identity for
the p-adic valuation of n for prime p.

Corollary 3. Let p be a prime number and let A= {1,p,p* p3,---}. We have

n—1
Ni(n) = pa(k) (Op(n— k) +1). (16)
k=0

As a consequence of (d) of Theorem 1, we have an elegant recurrence relation for
the Hamming weight function.

Corollary 4. For integer n > 2, we have
h(n) =h(n —1) +1—492(n). (17)

Proof. Set A = {1,2,22,23 ...}, Then by basis representation theorem, we have
ga(n) =1 for every n > 1. By the definition: g4(0) = 1. Also we have 75(n) =
1 —¥5(n) and Ni(n) = h(n). Substituting these values in (d) of Theorem 1 gives

h(n) = (1 2(k))

=h(n—1)4+1—192(n)

~
Il
-

as expected. O
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Note 1. Corollary 4 can be written as h(n) = ¥ (%)

2.2. Inversion
The following result is an inversion formula for (b) and (d) of Theorem 1.

Theorem 2. Let n be a positive integer and let A be a set of positive integers. We
have

(¢)

D NE(E) (¢4 (n — k) — ¢4 (n — k) = 7a(n), (18)
k=1
(b) )
NY(K) (05 (n — k) — p%4(n — k) = T4 (n) (19)
k=1

Proof. From (a) of Theorem 1, we have

(Z Nﬁ(n)x"> (H (1- xﬂ)) =3 ] fbxb. (20)

acA

Substituting (4) and (5) in (20), and equating the coefficients of =™ on both sides
gives (a).
From (c) of Theorem 1, we have

o0 xb
<Z Ng(n)x”> (H 1—|—1$> = ZW' (21)

acA beA

Substituting (3) and (7) in (21), and equating the coefficients of =™ on both sides
gives (b). O

A recurrence identity of the form g(n) = Y7 _, w(k)f(n — k) with
(m) 1 if m=0;
w(m) =
(=1)F  ifm= 3k22:|:k

is called an Euler-type recurrence identity. As a consequence of Theorem 2 we have
an Euler-type recurrence identity for the number of parts in the partitions of n.

Corollary 5. We have
(@) )
> NP(k)w(n — k) = (n), (22)
k=1
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(b)

n

Y (1" ENY(k)o(n — k) = 7°(n), (23)

k=1
where o(m) denotes the number of distinct partitions of m with odd parts,
7%(m) = 75(m) and T(m) = mv(m).
Proof. Set A =N. Then by Euler’s pentagonal number theorem [6] we have
ga(n—k) —qa(n—k) =wln — k).

Substituting this value in (a) of Theorem 2, and equating the coefficients of ™ on
both sides gives (a).
From (3) we have

oo 1 oo
= (pi(m) — pR(m))z™.
};[1 1t an z:: Py PN

m=0

In view of Euler’s partition theorem [5], we have

I = T = 3 cimotmyen. @
el n=1 m=0

Substituting these values in (b) of Theorem 2, and equating the coefficients of z"
on both sides gives (b). O

As another application of Theorem 2 we express the number of prime divisors of
n as the convolution sum of N4 (k) and ¢4 (k) — ¢4 (k) with A being the set of prime
numbers.

Corollary 6. Let A ={2,3,5,7,11,---} be the set of all prime numbers. We have

> NR(k) (g4 (n — k) — g4 (n — k) = Q(n). (25)
k=1

n

A result similar to the above one is achieved for the p-adic valuation of n.

Corollary 7. Let p be a prime number and let A = {1,p,p?,p3,---}. We have
> NA(R) (@i (n — k) = g5 (n — k) = 0,(n) + 1. (26)
k=1

As a special case of Corollary 7 we have a relation between Hamming weight
function, the number of parts in the binary partitions of n and the 2-adic valuation
of n.
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Corollary 8. Let N[ (m) be the number of parts in the binary partitions of m.

Define 5(0) = 1 and s(m) = (—=1)"™) for m > 1. Then we have

> NE, (k)s(n — k) = d2(n) + 1. (27)
k=1

2.3. Product with [[72 (1 —2™) and [[0, (1 + ™)~

Multiplying the terms []>7,(1 — 2™) and [, (1 + 2™)~!, respectively, with the
generating functions (a) and (c¢) of Theorem 1 gives recurrence identities (separately)
for N4 (m) and N (m) when A # N, of which one is Euler-type.

Theorem 3. We have

(a)
D NA(R)w(n —k) =Y 7alk) (gfi-a(n — k) = gi_a(n — k), (28)
k=1 k=1
(b)
D (DTENG(R)o(n — k) =D mi(k) (pfi_a(n — k) = po_a(n — k). (29)
k=1 k=1

Proof. From (a) of Theorem 1, we have

> 1 T
S (1) (5)

n=1 acA

Multiplying both sides with []>_,(1 — ™) gives

(i]\fﬁ(@ﬂ) (ﬁ(l-ﬂ)) = I[ @ -9 (Z 1fbxb>.

m=1 a€N\A beA

Now in view of Euler’s pentagonal number theorem [6], (4) and (5), we get (a).
From (c) of Theorem 1, we have

Z Ni(n)a" = <H 1+ xa)> <Z M) :

a€A beA

Multiplying both sides by [T ~_, ﬁ gives

- | 1 zb
(ZNZ("):””> (H 1+xm> =| Il (Z 1+xb> (30)

n=1 m=1 a€N\A beA

Now substituting (24), (3) and (7) in the equation above, and equating the coeffi-
cients of like powers of & on both sides gives (b). O
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2.4. Logarithmic Differentiation

Logarithmic differentiation of the generating function of p(n) gives the following
relation:

i
L

np(n) = ) o(k)p(n—Fk). (31)
=0

=

We wield the same technique for N%

—~

n) and Nj(n) to get results of similar kind.

Theorem 4. We have

(a)
n—1 n
nNi(n) = ZNf‘(k)UA(n—k:)—i—ZtTA(t)pA(n—t), (32)
k=1 t=1
) B
nN4(n) = Ni(k)oh(n—k)+ > tri(t)ga(n —t). (33)
k=1 t=1

Proof. Define the following:

1 xb
Nt = (Haxlxa) (b Alxb>;

b
Nq<x>:< <1+x“>>< i >;
! 11134 b€A1+xb

a€EA
$b
TA(m):Zl—mb’
beA
\(2) Z—xb
Ty(x) = .
4 beAlerb

Now taking the logarithm of N%(z) and then differentiating gives

a—1 /

M) _ 5~ a1

1—xz%  7a(x)

acA
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Multiplying both sides by z and rearranging gives

xNﬁl(x) = N4 (z) <Z 1?(;& + mTA(m;)

a€A

= N% (@) (Z 2+ ijé((j))pm))

acA

N4 (@) (Z 1“_“””;> + o7y (@)pale).

acA

Now equating the coefficients of ™ on extreme terms of the above chain of equalities
gives (a).

Taking the logarithm of N (z) and differentiating gives
N4 ()
Ni(z)

_ Z az®~! n 5 ()

< 1+a° 75(z) "

Multiplying both sides by z gives

= Ni(@) (Z Hﬂ) a7 (@)aa(e).
acA

Now equating the coefficients of ™ on extreme terms of the above chain of equalities
gives (b). O

Corollary 9. We have

(a)
nNP(n Z NP (k )+ Z tr(t)p(n —t), (34)

(b)
nN(n Z N(k )+ Z tr*()g(n —t), (35)

(c)

Ny, (n Z (2192(""”“—1)+itw2<t>+1>b<n—t>. (36)
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2.5. Recurrence Identities over A
In this section, we derive recurrence identities for N% (n) and N (n) over the set A.

Theorem 5. Let n be a positive integer and let A be a set of positive integers. For
s € A, we have

Nj(n) = Nj(n—s) = pa(n —s) + Nj, (5 (n) (37)
with pa(0) = 1.

Proof. By Theorem 1,

n=1 acA beA

This gives
= 14 n S 1 ‘rb
S ONRmat | 1-a2t) = ][] — Zl—xb
n=1 acA\{s} beA
1 z® b
_( H 1—zo o Z 1—zb
acA\{s} beA\{s}

1 1 b
=’ 1_xa+ H 1 — ga Z 1fxb

a€A acA\{s} t beA\{s}

Now writing the products in the right side as infinite sums in accordance with (1)
and (a) of Theorem 1, and equating the coefficients of ™ on both sides gives the
expected end. O

Theorem 6. Let n be a positive integer and let A be a set of positive integers. Let
s € A. We have

Ni(n)=Ni(n—s)+Ni(n—=2s)+--- = N}, 1 (") +da\ (s} (n—5) =g (s} (n—25)+---
(39)

Proof. By Theorem 1,
b

1 oo
1+IS;Ng(n)m”: T a+a9 3 ﬁ

acA\{s} beA\{s}

75

1 a

. s
acA\{s}
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Now writing the products in the right side as infinite sums in accordance with (2)
and (c) of Theorem 1, and equating the coefficients of ™ on both sides gives the
expected end. O

2.6. Interplay with Carlitz Compositions

In this subsection we find some connections between the number of Carlitz’s compo-
sitions, 2-adic valuation and the number of parts in the distinct partitions in terms
of finite discrete convolutions.

Theorem 7. Let cla(m) be the number of Carlitz compositions of m. We have

(a)

n—1

cla(n) = Z cda(k)ri(n—k), (40)

k=0

(b)

n n—1

chA(k)qA(n—k:) - ZCZA(t)NZ(n—t) =qa(n) (41)

k=0 =0
with cl4(0) = 1.

Proof. Heubach and Mansour [7] derived the following generating function for the
number of Carlitz compositions of n with parts from the set A:

0
1
ca(n)a" = —=——7—, (42)
nz:;) 1- ZaeA 14z

which can be written as

(i clA(n)x"> (1 -> 11;) =1

n=0 acA

The coefficient of ™ on the left side term is

n—1

cla(n) — Z ca(k)ri(n —k).

k=0

Since the coefficient of ™ on the right side is zero, we have (a).

Multiplying both sides of (42) by I
a€

1 .
w glves

oo n 1 _ 1
(ano cla(n)z ) (HaeA(Hr“)) T Moca (o) —(Tlaea (1+e)) (Soen o)
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This can be arranged as

(S |(Toe)- (o) (£55)

Then in view of (¢) of Theorem 1 and (2) we can write

(Z clA(n)x"> [Z qga(l)z Z Ng(m)xm] = Z qa(k)z".
=0 k=0

l_
n=0 = m=1

= [[@+2z%.

a€A

Now equating the coefficients of like powers of x on both sides gives (b). O

Corollary 10. let cly(m) be the number of Carlitz-binary compositions of m. We
have

(a)

n—1

cy(n) =Y ely(k)(1 = da(n — k), (43)
k=0

(b)

i cy(k) (1 =h(n—k)) =1 (44)
k=0
with h(0) = 0.

Proof. Let A = {1,2,22,---}. Then in view of basis representation theorem we
have ga(m) = 1 and N%(m) = h(m) for every positive integer m. Moreover, we
have 75 (m) = 1 — J2(m). The result is immediate while we substitute these values
in Theorem 7. O

3. Asymptotic Estimate of N%(n) when A is a Finite Set

Throughout this section we assume A = {aj,as, -+ ,ar}, a finite set of positive
integers with gcd(A) = 1. Based on this assumption we find an asymptotic estimate
for N’ (n). To that end, we take cue from an earlier paper of the author [3], where
the function pa(n) was considered. It was shown there that pa(ajas---agl + r)
is a polynomial in [ of degree k for each r € {0,1,2,--- ,a1a2---ay — 1} with the
identical leading coefficient % This fact was used in [3] to arrive at the
estimate of Netto [11]:

nk—l

(arag -+ ag)(k — 1)

A quasi-polynomial representation of p 4 (n) found in [3] is recalled in the following
lemma.

pa(n) ~



INTEGERS: 21 (2021) 16

Lemma 1. Let I be a non-negative integer and let A = {ay,a2, - ,ar} be a set
of positive integers such that gcd(A) = 1. For each r € {0,1,--- ,a1as - ap — 1},
the term pa(aias - --agl + 1) is a polynomial in 1 of degree k — 1 with the leading

k—2
coefficient %

The main result of this section is given below.

Theorem 8. Let A = {aj,a2, - ,ap} be a set of positive integers such that
ged(A) = 1. Then we have

1 1 1

1 =+=+--+L1
NP(n) ~ =01 a2 Gk, 45
a(n) M g a " (45)

Proof. The crux of this proof is to show that N%(ajas - --axl + ) is a polynomial
in [ of degree k with the leading coeflicient

k k—2 k—1
Zi:l <ai [T jzi a; >

0<j<k
k!
for each r € {0,1,--- ,ajas---ax — 1}. Once this is established, then we will have
1 1 1

lim Nilarag---apl+7r) 1o +a+ -+

=00 (arag---agl + 1)k k! ai1as - ag
foreachr € {0,1,--- ,ajas - - - ap—1}, which is equivalent to the asymptotic estimate
(45).

We will establish this main claim using induction over |A| = k. Since the term
a®=? is involved in the leading coefficient, we take k = 3 as the initial case for
induction. Nevertheless the cases kK = 1,2 are needed to realise the case k = 3.

When |A| = 1 the only way out is a; = 1. In this case we have N%(n) = n, and

the targeted estimate follows. To proceed further, we need the following observation:

2o ifa|mn
NP n) = a )
{a}( ) {0 otherwise.

Assume |A| = 2. That is, A = {a1, az} with ged(a1,a2) = 1. Fix r € {1,2,--- ,a1}.
Applying Theorem 5 a; times, we get

ay
Ni(arasl + 1) — N (aras(l —1) +r) = Z palaiasl +r —mas)
m=1

alfl

+ Z Nfal}(alagl +r —tas).
t=0
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Since ged(ag,az) = 1, the congruence equation ast = r (mod a1) has a unique
solution modulo ay, say t*. This gives

a1—1

ZO Nfal}(alazl +7r—tag) =
t=

arazl +1r —tas
a
r—ta
=agl 4 —2
ai
= CLQZ + kl

for each r € {0,1,--- ;a1 — 1}, where k; is an integer constant.

Next, we analyze the sum > ' pa(aiasl +r —mas). Let m € {1,2,--- ,a1}.
Case i. Assume r — mas < 0. In this case, consider the term pa(ajasl + r — mas),
which can be written as pa(aiaz(l — 1) + ajas + r — mag). Here we note that
0 <aijas+1r—mas < ajas — 1. Now, in view of Lemma 1, we have

palaras(l — 1) + ajas + 1 —maz) = (I — 1) + ¢y,

where ¢, is an integer constant.
Case ii. Assume r — mas > 0. Then by Lemma 1, we have pa(ajasl + 1 — mag) =
l + d,,, where d,;, is an integer constant.

In both the cases, pa(ajasl+r —mag) = I+ b, for some constant b,,. This gives

al ai
Z palarasl + 1 — mag) = Z (I +bm)
m=1 m=1
= all + k‘g,
where ko = > "

m=1
Consequently,

b, is an integer constant.

Ni(arasl + 1) — N (aras(l — 1) +r) = (a1 + a2)l + ¢,

where ¢ = k1 + ko is an integer constant.
This gives

1?2 +1

Ni(aragl + 1) = (a1 + a2) ( ) +cl + N4 (r).

Subsequently, we have

. Ni(arasl +7) ;114'%
Imoe (ajasl +7)2  2ajaz)’

Since this is true for each r € {0,1,--- ,ajas — 1}, the targeted estimate follows for
the case k = 2.
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Now we have the initial case of the induction, that is, ¥ = 3. Assume A =
{al, as, CL3} with ng(CLl, as, (13) =1 Fixre {O, 1, cr,a10203 — 1}
Let d = ged(ay, az). Applying Theorem 5 ajas times, we get

Nt (ayazasl +r) — NY(a1azas(l — 1) + 1)

aiaz aijaz—1
= Z pa(arazasl +r —tas) + Z Nz\{a3}(a1a2agl +r —mas)
t=1 m=0

o= aiazaszl ' —ma
=Y palmasagl+r—taz)+ Y Np, . ( : ; =+ y 3)

t=1 0<m<ajaz—1
dlr—mag
o= a1 as asd® . T —mas
_ D 1 -
= palarasagl + 1 — tas) + E N{L1 ay | = — + .
d>d dd d d
t=1 0<m<aiaz—1
d|lr—mas

(46)

If r—tas < 0, then by Lemma 1, pa(ajazas(l—1)+ajasas+r—tas) is a polynomial
in [ —1 of degree 2 with the leading coefficient “*53%*. If r — tag > 0, then again by
Lemma 1, pa(ajagasl + r — tas) is a polynomial in [ of degree 2 with the leading
coefficient “252%%. We observe that, in both the cases, pa(aiazasl + r — tasz) is
a polynomial in I of degree 2 with the leading coefficient “53*2. This in turn
gives > 119 pa(arazasl + r — tas) is a polynomial in [ of degree 2 with the leading

2!

Since ged(d, az) = 1, the congruence equation agm = r (mod d) has a unique
solution modulo d. Consequently, there exists a unique integer m; € {id + 0,:d +
1,---,id + (d — 1)} such that azm; = r (mod d) for each 0 < i < “32 — 1. Based
on these observations, we can write

coefficient

» Eaia3d2 r —mas
> N{‘y,?}(dd 't )

0<m<ajaz—1
d|lr—mas

ajag
T 1

NP <a1agagd21+7’mia3>

2o N \dd d d
e
_ P a1 a2 . )
= v N{%7%}(d d (a3dl+(h)+7ﬁ ’

where ¢; and r; were uniquely determined (in view of division algorithm) satisfying

the relation: 7% = & %2g; 4 r;. Since ged(%, %) = 1, from the case |A| = 2, we
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have that
NP

{72}

(%%2 (agdl + ¢;) + m)

n.‘,_‘?
N+
R‘S

is a polynomial in agdl + ¢; of degree 2 with the leading coefficient -45-4-. This in
turn gives that

P e , 4
N{%v% (d d (a3dl+Qz)+Tz>

is a polynomial in [ of degree 2 with the leading coefficient

ay az
d+d

2 72
o azd”.
Consequently,
al:2 1
P @ 32 , )
; Niep o (g (andl +0) 5

is a polynomial in [ of degree 2 with the leading coefficient

aia9 % + %
d 2!

2, 2 2.2
ajasaz + aijasaz

a3d® = o1

Now in view of Equation (46), we have that: N%(a1azasl +r) — N4 (arazas(l —
1) + 7) is a polynomial in [ of degree 2 with the leading coefficient

a%a%ag + a%agag + ala%ag
2! '

From this we infer that N% (ajasasl +r) is a polynomial in [ of degree 3. Now if
one assumes c3 to be the leading coefficient of N f,(al agasl + ), then in accordance
with the previous observations, we have

ajadas + aazal + a1a3a3

303 = o

This gives
a%a%ag + a%agag + ala%ag
3! ’

C3 —

Hence, the assertion is true for k = 3.

Assume that the assertion is true up to some k — 1 > 3. Now we shall prove the
assertion for k.

Let A = {ay,as2, -+ ,a;} be aset of positive integers such that ged(ay, az, - -, ax)
= 1. Let d = ged(ay,ag, - ,ax—1). Fixr € {0,1,--- ;a1az---a; — 1}. Repeated
application of Theorem 5 ajas - --ax—1 times gives
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Ni(araz---apl + 1) — Ni(aras - -ap(l — 1) +7)

araz-ak_1
= Z palaias -+ apl + r —iay)
i=1
+ Z NZ\{ak}(alaguﬂkl—i—r—mak)

0<m<aiaz---ap—1—1
d|lr—may

a1a2--ap—1

= Z palaras - - apl + r —iay)
i=1

aias---apl T —may
NP a
P N ( i "4 )

0<m<aiaz---ap—1—1
d|lr—may

aia2 - Gg—1

= Z palaras - apl + r —iay)
i=1

ai as ap—1 d*tarl o —mag
NP . 72, )
+ 2 (2,2 0 ey ( idd " Td 4 4 )

4
0<m<aiaz---ap—1—1
d|lr—may

(47)

By Lemma 1, pa(ajas---agl + r — iag) is a polynomial in [ or [ — 1 (depending
respectively on the bounds: r —iay > 0 or r — iay < 0) of degree k — 1 with the

k—
leading coefficient % In both the cases, pa(aias---arl + 1 —iag) is a
polynomial in [ of degree & — 1 with the leading coefficient % Conse-
quently, S92 pa(ajag - - - agl + 7 — iay) is a polynomial in [ of degree k — 1
b k—1_k—2
with the leading coefficient (ajas - -~ak—1)(a1a(2k.j§!) - =l ((11];:11))1 “
Since ged(d,ar) = 1, the equation agym = 7 (mod d) has a unique solution

modulo d. Consequently, there exists a unique integer m; € {td+0,td+1,...,td+
(d — 1)} such that apym; = r (mod d) for each t € {0,1,...,a1a2---ar—1 —1}. In
view of division algorithm, one can find a unique pair of integers (g, r¢) such that

Il — A828hlg, 4+ r,. Based on these observations, we can write
Z NP ay as ap—1 d¥lail . r—may
o oy [ 222
{F+. 2=\ d d d d d
OSmSalazu-ak_lfl a4 d K
d|lr—may

a a Qg _
oy (iﬁ%(dk 2akl+qt)+7“t)-
T g
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Since ged (%1, ..., a’“fd‘l) = 1, by induction assumption, we have that
ay G2 Ak—1 / jk—2
NP W (—— e d" “agl T )
(o ey (g mg (@ ad +a) +re

is a polynomial in d*~2ayl + ¢, of degree k — 1 with the leading coefficient

SELE) T e ()
0<j<k—-1
(k—1)!

Consequently, NV

{adl T (4% ... 22l (@R 20,0 + q;) + 1) is a polynomial
in [ of degree k — 1 Wlth the leading coefficient

k-3 k—2
a; it A
(akdk72)k71 Zs 1 H ;é;_l J

dk—3g(k—2)(k—2) (k — 1)_

This gives that

ajag-ap_q
s

; (e oy (g g ekl @)+

is a polynomial in [ of degree k — 1 with the leading coefficient

k—1 k—3 k—2 k 1 k—2 k—1
Yo I s ag YAl s )

araz--ap—1 _(apd" )P 0<j<k—1 _ 0<j<k—1
d dF—34(k=2)(F—2) (k—1)! - (k—1)!
k=1 k-2 k—1
>ooias TID j#s aj
_ 0<j<k
- (k—1)!

Now in view of (47), we get N4 (ajas---ail + 1) — Ni(araz---ax(l— 1) +r) as a
polynomial in [ of degree k — 1 with the leading coefficient

o k k—2 . k-1
oy af H”é“(’ aJ ar?(ajag - ap_1)F 1 it Hogékaj

(k—l). + k= 1) = =)

Let ¢x be the leading coefficient of N%(ajas---agl + 7). Then from the above
observations, we have

k k 2 k—1
Dm0 [T a;

0<5<k

kck =
(k—1)! ’
which gives
ko k-2 k—1
iz @i II j#i aj;

0<j<k

C =

k!
Hence, the main assertion is true for k. Then the targeted estimate follows imme-
diately while adhering to the discussion at the starting part of this proof. O
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