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Abstract

Let p(n) denote the number of overpartitions of n, and cr(n) be the number of
representations of n as a sum of r squares where representations with different
orders and different signs are counted as distinct. Then we prove that

p(n) =

n∑
r=0

(−1)n+r

(
n+ 1

r + 1

)
cr(n).

1. Main Result

An overpartition of n is a non-increasing sequence of natural numbers whose sum

is n in which the first occurrence of a number may be overlined. Let p(n) denote

the number of overpartitions of an integer n. For convenience, we let p(0) = 1. For

example, p(3) = 8 because there are 8 possible overpartitions of 3:

3, 3, 2 + 1, 2 + 1, 2 + 1, 2 + 1, 1 + 1 + 1, 1 + 1 + 1.

Definition 1. [3, formula 7.324] Let θ(q) be the following infinite product:

θ(q) :=

∞∏
j=1

1− qj

1 + qj
=

∞∑
n=−∞

(−1)nqn
2

,

where |q| < 1.

From [1], we have that the generating function of p(n) is

1

θ(q)
=

∞∑
n=0

p(n)qn.
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Definition 2. For any positive integer r define cr(n) by θ(q)r =
∑∞

n=0 cr(n) (−1)n qn

where cr(n) is the number of representations of n as a sum of r squares where rep-

resentations with different orders and different signs are counted as distinct. For

convenience, we let cr(0) = 1.

Our aim is to derive the following identity.

Theorem 1. For all non-negative integers n we have

p(n) =

n∑
r=0

(−1)n+r

(
n+ 1

r + 1

)
cr(n). (1)

We require the following two lemmas for our proof.

Lemma 1. For all positive integers n we have

p(n) =
1

n!

n∑
k=0

(−1)k k!Bn,k

(
θ̃′(0), θ̃′′(0), . . . , θ̃(n−k+1)(0)

)
(2)

where θ̃(q) = θ(q) − 1 and Bn,k ≡ Bn,k(x1, x2, . . . , xn−k+1) are the partial Bell

polynomials defined by [2, p. 134]

Bn,k(x1, x2, . . . , xn−k+1) =
∑

1≤i≤n,`i∈N∑n
i=1 i`i=n∑n
i=1 `i=k

n!∏n−k+1
i=1 `i!

n−k+1∏
i=1

(xi
i!

)`i
.

Proof. Let f(q) = 1/(1 + q). Using Faà di Bruno’s formula [2, p. 137] we have

f
(
θ̃(q)

)
=

∞∑
n=0

hn
qn

n!
(3)

where h0 = 1 and

hn =

n∑
k=1

fk(0)Bn,k

(
θ̃′(0), θ̃′′(0), . . . , θ̃(n−k+1)(0)

)
(n ≥ 1).

Since
dn

dqn
f
(
θ̃(q)

)
=

dn

dqn
1

θ(q)
=

dn

dqn

∞∑
n=0

p(n)qn ,

we have

n! p(n) =

n∑
k=1

fk(0)Bn,k

(
θ̃′(0), θ̃′′(0), . . . , θ̃(n−k+1)(0)

)
=

n∑
k=1

(−1)k k!Bn,k

(
θ̃′(0), θ̃′′(0), . . . , θ̃(n−k+1)(0)

)
.
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Lemma 2. We have, for positive integers n, k,

Bn,k

(
θ̃′(0), θ̃′′(0), . . . , θ̃(n−k+1)(0)

)
= (−1)n

n!

k!

k∑
r=1

(−1)k−r
(
k

r

)
cr(n). (4)

Proof. We start with the generating function for the partial Bell polynomials [2,

Equation (3a’) on p. 133] as follows to conclude (4):

∞∑
n=k

Bn,k

(
θ̃′(0), θ̃′′(0), . . . , θ̃(n−k+1)(0)

) qn
n!

=
1

k!

 ∞∑
j=1

θ̃(j)(0)
qj

j!

k

=
1

k!
(θ(q)− 1)k

=
1

k!

k∑
r=0

(−1)k−r
(
k

r

)
θ(q)r

=
1

k!

k∑
r=0

(−1)k−r
(
k

r

) ∞∑
n=0

(−1)ncr(n)qn.

Proof of Theorem 1. Combining (2) and (4) we have

p(n) = (−1)n
n∑

k=0

k∑
r=0

(−1)r
(
k

r

)
cr(n) = (−1)n

n∑
r=0

(−1)rcr(n)

n∑
k=r

(
k

r

)

= (−1)n
n∑

r=0

(−1)r
(
n+ 1

r + 1

)
cr(n).

Now we can conclude our main result.

Remark 1. Similar methods have been employed by the author in [4] and [5].
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