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Abstract

We consider the abstract structure of the monoid M of misere impartial game
values. Several new results are presented, including a proof that the group of
fractions of M is almost torsion-free; a method of calculating the number of distinct
games born by day 7; and some new results on the structure of prime games. Also
included are proofs of a few older results due to Conway, such as the Cancellation
Theorem, that are essential to the analysis but whose proofs are not readily available
in the literature.

— Dedicated to the memory of John Conway and Dan Hoey,
with whom much of the material in this paper was joint work.

1. Misére Impartial Games

The study of impartial combinatorial games has a long history, beginning with
Bouton’s 1901 solution to Nim [2] in both normal and misére play. While the
normal-play theory made steady progress in the decades after Bouton, an under-
standing of misere play took far longer to come together. The challenges, as we
now know, are due primarily to the intrinsic and often counterintuitive complexity
of misere combinatorics.

Grundy and Smith were the first to appreciate the full scope of the difficulties.
With evident frustration they wrote, in a seminal 1956 paper [6],

Various authors have discussed the “disjunctive compound” of games
with the last player winning (Grundy [5]; Guy and Smith [7]; Smith [11]).
We attempt here to analyse the disjunctive compound with the last
player losing, though unfortunately with less complete success . ...

They understood the proviso and its role in misére simplification (cf. Section 2.3
below), and they held out hope that new techniques might be discovered that would
lead to additional simplification rules. Those hopes were dashed by Conway, who
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proved in the early 1970s that if a game G cannot be simplified via the Grundy—
Smith rule, then in fact G is in simplest form. This makes application of the
canonical misere theory essentially intractable in the general case, and subsequent
analyses of misére games have focused on alternative reductions, such as the quotient
construction due to Plambeck [8] and Plambeck and Siegel [9].

Nonetheless, the canonical misere theory—despite its limited practical utility—
gives rise to a fascinating structure theory. Define misere game values in the usual
manner [10, Chapter V.1]:

G=H if oo(G+X)=0 (H+X) for all misere impartial games X,

where 0™ (G) denotes the misére outcome of G. The set of misére game values forms
a commutative monoid M, and it is an alluring problem to study the structure of
this monoid for its own sake. Conway proved in the 1970s that M is cancellative;
hence it embeds in its group of differences D, and we have a rather curious Abelian
group that arises cleanly “in nature.”

Several results on the structure of M (and D) are stated in ONaG without proof.
The aim of this paper is twofold: first, to gather together what is known about the
structure of M, including proofs of previously known results, into a single narrative;
and second, to extend somewhat the frontier of knowledge in this area.

In the former category, we include in particular a proof of the Cancellation The-
orem; a derivation of the exact count of |Mg| (the number of distinct games born
by day 6); and a proof that every game G can be partitioned, nonuniquely, into
just finitely many prime parts (a definition is given below in Section 7). All three
results are due to Conway [3], although the count of |Mg| was stated inaccurately
in ONaG and later corrected by Chris Thompson [12].

We also offer a smattering of new results:

e In Section 3, we show that Conway’s mate construction is not invariant under
equality. In retrospect this should perhaps not be shocking, but it came as a
surprise when it was discovered.

e In Section 4 (with additional details given in Appendix A), we show how to
compute |My7|, the exact number of games born by day 7. (The output of
this calculation, though it fits comfortably in computer memory, is too large
to include in its entirety in a journal article.)

e In Section 6, we show that D is “almost” torsion-free (in precise terms, it is
torsion-free modulo association, as defined in Section 6). The proof is not
especially difficult, but it is non-obvious; Conway previously gave thought to
this question, writing in ONaG: “Further properties of the additive semigroup
of games seem quite hard to establish—if G + G = H + H is G necessarily
equal to H or H + 17”7 (Theorem 29 implies an affirmative answer.)
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e In Sections 6 and 7, we extend and elaborate on Conway’s theory of prime
partitions. As one application of this work, we show that all games born by
day 6 have the Unique Partition Property.

The first and last results were joint work with John Conway and Dan Hoey, con-
ducted in Princeton during the 200607 academic year. In addition, a computational
engine for misére games, written by Hoey as an extension to cgsuite, has proved
invaluable in assisting the work in this paper.

2. Prerequisites

We briefly review the notation and foundational material for misere games. Re-
sults in this section are stated without proof and are originally due to Grundy and
Smith [7] and Conway [3]. A full exposition, including proofs for all results stated
here, can be found in [10, Sections V.1-V.3].

Formally, an impartial game is identified with the set of its options, so that
G’ € G means “G’ is an option of G”. We write G = H to mean that G and H are
identical as sets; thus it is possible that G = H but G % H.

It is customary to define

0 = {

x = {0}

x2 = {0, }

xsm = {0, x, 2, ..., *(m—1)}

Since only impartial games are under consideration in this paper, we will follow
Conway’s convention and drop the asterisks, writing

0, 1,2 ..., my ...

in place of
0, *, %2, ..., *m, ...

Thus 2 4 2 is not the integer 4; it is the game obtained by playing two copies of *2
side-by-side.

The following conventions will also be used freely. Options of G may be written
by concatenation, rather than using set notation; for example, 632 is the game
{*6, %3, %2}, not the integer six hundred thirty-two. Subscripts denote sums of
games: 4o is 4+ *2 and 6429 is x6+ x4+ x2+ 2. Finally, we write G (pronounced
“G sharp”) for the singleton {G}. Sometimes we will employ a chain of sharps and
subscripts, which should be read left-to-right; for example:

2pans = 24 +4)pp.
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We write M for the commutative monoid of all (finite) misére impartial game
values. This monoid can be stratified according to the usual hierarchy:

Definition 1. The formal birthday B(G) of a game G is defined by:
b(0) = 0; MG)znmx@XGq+1:G’eG}.
The birthday b(G) is given by
b(G) = min{b(H) : H = G}.

It is clear from this definition that b(G) depends only on the value of G, so that
we may write for n > 0

M, ={G e M :b(G) <n},
the set of game values born by day n, and

M= M,.

For a set X we shall write | X| for the cardinality of X, so that |M,]| is the
number of distinct games born by day n.
2.1. Misere Simplification

The starting point for the canonical misere theory is the Grundy—Smith simplifica-
tion rule.

Definition 2. Let G = {G1,...,G}}. Let H be a game whose options include
those of G:
H={Gy,....Gy, Hy, ... H}.

We say that H simplifies to G provided that:

(i) G € Hj for each Hj (i.e., each new option H; contains a reverting move back
to G itself); and

(ii) if G 20, then o(H) = A".
Clause (ii) is known as the proviso.
Theorem 3. If H simplifies to G, then G = H.

A simple but useful application of this theorem:
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Theorem 4 (Misére Mex Rule). Let aj,as,...,ar € N, and suppose that
G {al,ag, .. .,ak}.

Then G = m, where m = mex{ay,as,...,ar}, provided that at least one a; is 0
or 1.

(Here as always, mex(X) denotes the minimal excluded value of X: the least
m >0 with m & X.)

2.2. The Mate of G
Definition 5. The mate of G, denoted by G, is defined by
_ 1 if G =0;
G~ = .
{(G")” : G' € G} otherwise.
Proposition 6. For every game G, the sum G + G~ is a (misére) P -position.
Proposition 6 has the following useful corollary.

Proposition 7. For every game G, we have G # G + 1.

2.3. The Simplest Form Theorem

Now suppose G has an option G’, which in turn has an option G” = G. We say that
G’ is reversible through G”. The Simplest Form Theorem can be stated as follows.

Theorem 8 (Simplest Form Theorem). Suppose that neither G nor H has any
reversible options, and assume that G = H. Then G = H.

If G has no reversible options, then we say that G is in canonical form (or simplest
form). Tt is a remarkable fact that reversible moves can only arise in the context of
Grundy—Smith simplification.

Theorem 9. Suppose that every option of H is in canonical form and that some
option of H 1is reversible through G. Then H simplifies to G.

As in the partizan theory, a constructive test for equality is an essential ingredient
in the proof of the Simplest Form Theorem. The details of this constructive test
will be independently important, so we review them here as well.

Definition 10. We say G is linked to H (by T ), and we write G <t H, if
o G+T)=0H+T)=2

for some T.
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Lemma 11. Let G and H be games. G is linked to H if and only if G = no H’
and no G' = H.

Theorem 12. Let G and H be games. G = H if and only if the following four
conditions hold:

(i) G is linked to no H';

(ii) No G' is linked to H;
(ii) If G 20, then H is an A -position;
(iv) If H =0, then G is an A -position.

Clauses (iii) and (iv) are, of course, a restatement of the proviso.

3. Concubines

Conway introduced the mate G~ as a stepping stone to the Simplest Form Theorem.
The terminology perhaps suggests invariance of form, and one might be tempted to
suppose that G = H implies G- = H—, that G™~ = G, and so forth; but in this
section we show that essentially all such assertions are false. These are not especially
deep observations, but they do not appear to have been pointed out before.

As an example, let G = (2421)z. G is easily seen to be in simplest form.
However, G~ = (2440)%; and since this is an .4 "-position, the proviso is satisfied
and the unique option 2440 reverses through 0. Therefore G= = 0. Likewise, if
H = (2440)4, then we have H =0, but H™ = (241)4 # 1.

Definition 13. Suppose that G and H are in simplest form. We say that H is a
concubine of G if H- = G, but G~ # H.

Proposition 14. Every game has a concubine.

Proof. For G in simplest form, we define a game ¢(G) recursively by

e @ess G=0
©) {{C(G’)} otherwise

Since the mate of (2441)# is equal to 0, it is immediately clear that ¢(G)~ = G. It
remains to be shown that ¢(G) is in simplest form. Suppose (for contradiction) some
¢(@G) is not, and choose G to be a minimal counterexample. Then ¢(G) simplifies
to some game H.

If ¢(G') = ¢(G") in all cases, then G is obtained from G” by adding reversible
options, contradicting the assumption that G is in canonical form. (The proviso is
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clearly satisfied, since it is easily seen that o(G) = o(c¢(G)).) Otherwise, we must
have some G’ = 0, and H = ¢(G’")" = 2441. But this means ¢(G) must have 1 as
an option. Since every option of ¢(G) has the form ¢(G’), and since each ¢(G’) is
canonical (by minimality of G), this gives the desired contradiction. O

So, for example, (2441)4 itself has a concubine, namely

(240 a2 1) )

and indeed there are arbitrarily long chains G, G, G~—, G~~—, ... of distinct
games (where it is understood that at each iteration we pass to the canonical form).

4. Games Born By Day n

A central goal in the structure theory of (any particular class of) combinatorial
games is to count the number of game values born by day n. In the most familiar
case—normal-play partizan games—and many others, obtaining exact counts is a
tedious combinatorial problem, with the only known techniques requiring an ex-
haustive enumeration of the values being counted. In the impartial misere theory,
by contrast, the simplification rule is surprisingly rigid, and we can write down a
recurrence relation for |[M,,| that depends only on an enumeration of M,,_.

The values | M| through |[M;s| were first calculated by Grundy and Smith in
1956 [7], although |M35| = 4171780 was not proven correct until Conway, armed
with the Simplest Form Theorem, came along 20 years later. These initial values
are summarized in Figure 1. Conway added |Mg| to the list, although the figure
initially given in ONaG [3] contained errors; the corrected count, also shown in
Figure 1, was first reported by Chris Thompson in 1999 [12]. In this section, we

IMo| = 1
|M1| = 2
Ma| = 3
| M| )
My| = 22
[Ms| = 4171780

Q4171780 _ 92096640 _ 92005104 _ 92094593 _ 52094080 _ 92091523 _ 52091522
‘MG‘ = _ 92088960 _ 52088705 _ 52088448 _ 92088103 _ 52086912 _ 52086657
_ 92086401 _ 92086145 _ 2085888 _ 92079234 | 91960962 | 9

Figure 1: The first few values of |M,,].



INTEGERS: 21B (2021) 8

give ad hoc derivations of each of these numbers, then extend the list one step
further to compute the exact value of |My7|.

4.1. Games Born By Day 4

The earliest games can be enumerated by inspection. The only games born by day
2 are 0, 1, 2, and 14, but 1, = 0 by the Mex Rule, giving |[Mz| = 3. On day 3, we
have additionally 3, 20, 21, and 24, but 20 and 21 are reducible (also by the Mex
Rule), so there are just two new games, giving |[M3| = 5.

On day 4, consider the 2° subsets of M3. 2% of them contain only nimbers; the
remaining 2% have 24 as an option. For the subsets containing only nimbers, the
canonical games are

0, 1, 2, 3, 4, 24, 34, and 32.

(All other combinations of nimbers contain either 0 or 1, and therefore reduce to a
nimber by the Mex Rule).

Now suppose 24 € G and G is reducible. G must simplify to 2, since 2 is the only
option of 2,; therefore 0 € G and 1 € G, and all other options of G must contain 2.
The only possibilities are 2,10 and 2,310. So of the 2* subsets containing 24, two
are reducible, and the other fourteen are not. Therefore

My =8 414 = 22.

4.2. Games Born By Day 5

There are 222 subsets of My4. To compute |[Ms|, we subtract from this total the
number of reducible subsets of My. Now if H C My is reducible, then it must
simplify to some other game G 2 H. If we take G to be in simplest form, then by
the Simplest Form Theorem it is uniquely determined. Moreover, there must be at
least one H' € H with G € H', so that necessarily G € M3.

This shows that every reducible H C My is obtained from a unique G € M3z by
adding reversible moves, so that H has the form

H~GU{H{,...,H.},

with G € each Hj.
The calculation is summarized in Figure 2. For each G € M3, let

S ={HeM,:GeH}.

When G 2 0, then the added reversible moves {Hj,..., H;} can be any nonempty
subset of S{, so exactly 2lsil — 1 games simplify to G.

When G 22 0, then the proviso requires additionally that o(H) = .4, so that at
least one of H{, ..., H; must be a Z-position. So if H7,..., H}, are all .4 "-positions
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G |S4G | | Adjustment
24 14 —2M 41
3 10 —210 41
2 12 —212 41
1 9 2941
0 10 —210 41
(Proviso) +29 —1

922 _9old _9l0 _9ol2 99 _9l0 4 99 L 4 — 4171780

Figure 2: The number of games born by day 5.

with 0 € H], then in fact H is canonical. We must therefore add back such subsets
into the count. This gives rise to the additional “proviso” term in Figure 2; the
exponent is the count of .4 -positions in My that contain 0 as an option.

4.3. Games Born By Day 6

The calculation of | M| proceeds similarly and is shown in Figure 3. Just as before,
we subtract from 24171780 the number of reducible subsets of Mj5. Each reducible
subset H C M5 is obtained from a unique G € My by adding reversible moves,
and for G % 0 there are exactly 21551 — 1 such possibilities for H, where

S¢ ={HeMs5:GeH}.

As before, the case G = 0 entails an additional “proviso term,” representing those
subsets of S that are not reducible to 0 because they are Z-positions.

The calculation of the critical exponents |S&| is by recursive application of the
same principle. For a given G € My, there are exactly 22! subsets of My contain-
ing G, so we subtract from 22! the number of reducible such subsets.

Figure 3 breaks down the calculation of |S§| for each G. For H C M, with
G € H, there are two distinct ways that H might be reducible:

(i) H simplifies to some G’ € G, so that G itself is reversible (together with
various other options of H); or

(ii) H simplifies to some other K € M3, with G € K (so that G is not reversible,
but remains as an option of the simplified game K).

Case (i) yields one term for each G’ € G, and since G’ € M3, there are at most
five such terms (the maximum is achieved for G = 2,3210). Case (ii) requires that
G € My; hence it is only relevant for G = 0, 1, 2, explaining the special structure
of those three rows in Figure 3.
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T+ z6cr6020— 66 — 110 120 (43
T+ 09688026~ ¢16 — 120 ##2
T+ yo28802C— G e16 — 120 072
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T+ 2169802~ 116 ~ ¢16 ~ 120 (d
T+ 9599802~ G 116 ~ e16 ~ 12C 027
T+ 9e998026— QG 116 — ¢16 — 170 12%¢
T+ 00v9802C— 36 — gG 116 — ¢1¢ — 126 | 012%C
T+ gppg02C— 60 — e16 — 126 7T
T+ 26188020~ N4 66 — e16 — 120 0£*C
T+ 26188020~ 36 — 6C — ¢16 — 126 1€%¢
T+ 00v98026— 66 — 116 — ¢16 — 120 ce*e
T+ yp19802C— G 66 — 116 — ¢16 — 126 | 02E*C
T+ yp19802C— 90 — 6@ — 116 — ¢1C — 126 | T12E€*C
T+ g88¢802C0— 96 — g% — G — 110 — ¢16 — 126 | 012E*C
yueur)snpy _ %ﬁ 15
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The precise details of how the terms in Figure 3 are calculated are fairly subtle.
In order not to distract from the flow of this paper, and since the calculation of
|Me| is only slightly easier than the general case, those details are deferred until
Appendix A.

4.4. Games Born By Day 7

The preceding arguments can be abstracted out into a set of recurrence relations
for | M,,| that work for all n. These relations (and a proof that they work) are given
below in Appendix A. They show in particular that |M7| has the form

2lMsl _gar _ ... 9ak 4 9b 4 4171779,

in which all the exponents a1, ..., ax,b are close to 2417177 with b (the “proviso
term”) somewhat smaller than the others. In the initial calculation, there are
precisely 4171780 terms —2%  and by combining like terms we can reduce this
number to 758660. The resulting expression is obviously too large to publish in a
journal article, but it is small enough to fit comfortably in computer memory, and
is therefore easily computable. A partial expansion is given in Figure 4.

The same method works in theory to compute | Mg| (and higher), but the expres-
sion for |Mg| would have a number of terms on the order of |[Mg|. In some sense,
the chained powers of two in the expression for | M,,| encode the entire structure of

_ 22088960 _ 22088705 _ 22088448 _ 22088193 _ 22086912 _ 22086657

24171780 _ 22096640 _ 22095104 _ 22094593 _ 22094080 _ 22091523 _ 22091522
2 _ 22086401 _ 22086145 _ 22085888 _ 22079234 + 21960962 + 21

( 24171779 _ 22085887 )

( 24171779 _ 22086143 +1 )

( 24171779 _ 22085143 _ 22085887 + 1 )

(758656 additional terms)

94171779 _ 52006640 _ 92094502 _ 52094080 _ 92091522 _ 52001521 _ 52088448
_ 2< _ 92088193 _ 92086400 _ 92086145 _ 52085888 _ 92079233 | 91960961 | 10)

24171779 _ 23926530 _ 22094592 _ 22094080 _ 22088704 _ 22088192
+ 2 _ 22086656 _ 22086400 _ 22086144 _ 22085888 _ 22079234 4+ 9

+ 4171779

Figure 4: Partial expansion of the expression for |Mzy|.
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M, o, and so we have reached the practical limit of this calculation. We now turn
our attention to the abstract structure of M itself.

5. The Cancellation Theorem

The next order of business is to prove that M is cancellative:
Theorem 15 (Cancellation Theorem [3]). If G+ T =H + T, then G = H.

The Cancellation Theorem was discovered by Conway in the 1970s, and it is
stated without proof in ONaG. A proof has been published once before, in Dean
Allemang’s 1984 thesis [1]. Since the proof is fairly tricky and is essential to the
succeeding analysis, we give a full exposition here.

Definition 16. We say that H is a part of G if G = H + X for some X. In this
case we say that H + X is a partition of G and X is the counterpart of H in G.

Lemma 17 (Conway [4]). 0 and 1 are the only parts of 0.

Proof. Let X +Y = 0 be any partition of 0, and assume X and Y to be in simplest
form. Now for every option X’ € X, we have X’ +Y 14 0. It cannot be the case
that X” +Y = 0, since this would imply

X=X+X"4Y)=X"+(X+Y)=X",

contradicting the assumption that X is in simplest form. Therefore X' + Y’ = 0
for some Y’ € Y, and in particular X’ is a part of 0.

By induction, we may assume that X’ = 0 or 1, so that the only options of X are
0 and 1. This implies X = 0, 1, or 2. But by an identical argument, we also have
that Y =0, 1, or 2. Since none of 2+ 0, 2+ 1, or 2 4+ 2 is equal to 0, we conclude
that X =0 or 1, and likewise for Y. O

Definition 18 (Conway [4]). We say that T is cancellable if, for all G and H,
(i) G4+ T = H + T implies G = H; and
(ii) G H implies G+ T =< H + T.

Lemma 19 (Conway [4]). If T is cancellable, then so is any part of T.

Proof. If T = X+Y, then G+X = H+X implies G+T = H+T, and G+T < H+T
implies G+ X ><x H + X. O

Lemma 20 (Conway [3]). For all T,

(a) T is cancellable; and
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(b) T has only finitely many parts.

Proof. The proof is by induction on T. For T" = 0, (a) is trivial and (b) follows
from Lemma 17, so assume 7" 2¢ 0. Since the assertions are independent of the form

of T', we can furthermore assume that 7" is given in simplest form. We will prove
(b) first, then (a).

(b) Assume (for contradiction) that T" has infinitely many distinct parts X, Xo, .. .,
and write
T'=Xi+"1=Xo+Yy="---.

Since T 2 0, there necessarily exists an option 77 € T. For each ¢ we have T’ 14
X, +Y;, soeither 7" = X; +Y;,or T/ = X/ +Y;, or else TV = X, +Y/. The first
possibility cannot occur, since it contradicts the assumption that 7' is in simplest
form. Furthermore, 7' has only finitely many parts, so 7" = X; + Y/ for at most
finitely many . Thus for infinitely many values of i, we have 77 = X/ + Y;. It
follows that there are m < n with Y, =Y,,. But T” is cancellable, so by Lemma 19
so is Y,,. Since X,, +Y,, = X,, + Y, this implies X,, = X,,, contradicting the
assumption that all X; are distinct.

(a) The proof is by induction on G and H. First suppose G <1 H. To show that
G+ T H +T, it suffices to show that (G+T) #H+T and G+T # (H+T)'.
Now since G 1 H, we have G’ # H and G # H’, so by induction G' +T # H +T
and G+ T # H' +T. Furthermore, by induction on T we have G + T <1 H + T",
and this implies G+T'#H+T and G+T £ H+T'.

Next suppose G+T =H+T. Then G'+ T¥ H+T and G+ Tk H + T, so
by induction G’ t4 H and G % H'. To complete the proof that G = H, we must
verify the proviso. By symmetry, it suffices to assume G = 0 and show that H =0
as well.

Since G =0, we have T'= H +T. If T = 0, then the conclusion is immediate;
otherwise, there exists an option 77 € T, and we have T" 4 H +T. There are three
cases.

Case 1: T"=H+T. Then T" =T,s0 T" = H+T", and H = 0 by induction.
Case 2: 17" = H'+T. Then T is a part of 7’. By induction, 7" is cancellable, so
by Lemma 19 so is 7.

Case 3: 7" = H + T, where T is an option of T (possibly distinct from 7"). By
repeated application of the identity T'= H + T', we have

T=H+T=H+H+T=H+H+H+T=---.

Since T has finitely many parts, we must have m - H = n - H for some m < n. But
T’ is cancellable and H is a part of 77, so by Lemma 19, H is cancellable. Therefore
(n—m)-H = 0. By Lemma 17, we have H = 0 or 1. But Proposition 7 gives
H #1. O



INTEGERS: 21B (2021) 14

A simple corollary of the Cancellation Theorem will prove to be useful.

Corollary 21. Suppose G + X =Y, with G in simplest form. For every option
G €@, eitherG+X' =Y orG'+ X =Y.

Proof. By Theorem 12, G’ + X 164 Y. By Lemma 11, either G’ + X =Y, or
G'+X'=Y,orelse G+ X =Y’ Butin the first case we have G’ + X = G+ X,
so by cancellation G’/ = G, contradicting the assumption that G is canonical. [

6. Parts and Differences

We write X = G — H to mean G = H + X. By Cancellation, there is at most one
such X (up to equality), so this notation is reasonable.

When we proved the Cancellation Theorem, we showed that every game has just
finitely many parts. In particular, this implies that for a fixed G, there are only
finitely many H such that G — H exists.

Lemma 22 (Difference Lemma). If G and H are in simplest form and G — H
exists, then either:

(a) G—H =G'— H' for some G' and H'; or else
(b) Every G' — H and G — H' exists, and G — H={G'— H,G — H'}.

Proof. Suppose G — H exists, say G = H + X, but it is not equal to any G’ — H'.
Now by Corollary 21, for every G’ we have either G’ = H' + X or G' = H + X'.
But G’ = H' + X would imply G’ — H' = X = G — H, which we assumed is not
the case. Therefore G’ = H + X', so that G’ — H exists and is an option of X. An
identical argument shows that every G — H' exists and is also an option of X.
Finally, for every X’ we have either G' = H + X’ or G = H' + X', so either
X' =G -Ho X'=G-H'. O

Definition 23. Let X be a part of G. We say that X is novel if every G — X’ and
every G’ — X exists. Otherwise we say that X is derived. We say that a partition
G = X +Y is novel if either X or Y is novel; derived if both parts are derived.

Lemma 24. If G = X +Y is derived, then there exist G' and X' such that G =
X' +Y.

Proof. By Corollary 21, for every G’ we have either G’ = X' +Y or G’ = X +Y".
Likewise, for every X’ we have either G’ = X' +Y or G = X' +Y’. Thus if the
conclusion fails, then X is novel, whence X + Y is novel. O
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The preceding analysis gives a constructive way to compute all partitions of a
given G (and, therefore, a constructive calculation, or proof of nonexistence, for
G — H as well). In particular, for any partition G = X +Y, at least one of X or Y’
must be a part of some G’ € G; thus we can recursively compute the parts of each
G’ to build a set of candidates for the parts of G.

If a partition X + Y is novel, say with X novel, then necessarily X is a part of
every G’ and Y ={G - X',G' — X}. If X +Y is derived, then X = some G' — Y’
and Y = some G’ — X', so we can find both X and Y among the parts of various G'.

Through a more careful analysis, we can make this test fairly efficient and avoid
computing unnecessary sums. A complete algorithm, due jointly to Dan Hoey and
the author, is given below in Appendix B.

6.1. Parity

Definition 25. We say that U is a unit if it has an inverse. If G = H 4+ U for some
unit U, then we say that G and H are associates and write G ~ H.

By Lemma 17, the only units are 0 and 1. Thus by Proposition 7, every game G
has exactly two associates, G and G + 1, and this induces a natural pairing among
games. We now introduce a convenient way to distinguish between the elements of
each pair.

Definition 26. If (the simplest form of) G is an option of (the simplest form of)
G + 1, then we say that G is even and G + 1 is odd.

Proposition 27 (Conway [3]). Every game G is either even or odd, but not both.

Proof. Assume G is in simplest form. If G is not even, then G must be a reversible
option of G + 1, so that G +1 = G’. Therefore G is odd.

Moreover, if G is even, then it is a canonical option of G + 1, and hence not
reversible. Therefore G + 1 # G’ for every G'. So G cannot be both even and
odd. O

Proposition 28 (Conway [3]).

(a) If G and H are both even or both odd, then G + H is even.

(b) If G is even and H is odd, then G + H is odd.

Proof. Suppose G and H are both even, and assume (for contradiction) that G+ H
is reversible in G + H + 1. Without loss of generality, G’ + H = G+ H + 1. By
Cancellation, G’ = G + 1, contradicting the assumption that G is even.

The remaining cases follow immediately, substituting X + 1 for X whenever X
is odd. O



INTEGERS: 21B (2021) 16

6.2. The Group of Differences of M

Let D be the Abelian group obtained by adjoining formal inverses for all games
in M. That is,
D={G-H:G,He M},

with Gy — Hy = Go — Hs iff G1 + Hy = Go + Hy. D is an Abelian group, and since
M is cancellative it embeds in D.

We have seen that 141 = 0; we will now show that 1 is the only torsion element
of D, so that D is torsion-free modulo association.

Theorem 29. Ifn-G=n-H and G and H are both even, then G = H.

Proof. Suppose n - G = n - H, written as X in simplest form. If X = 0, then by
Lemma 17 we have G = H = 0. Otherwise, there is some option X’ € X, and we
have

X' =n-1)-G+G =n-1)-H+H' (1)

for some G’ € G and H' € H. Multiplying by n gives
n-n—1)-G+n-G' =n-(n—1)-H+n-H.
Nown-G=n-H,son-(n—1)-G=n-(n—1)- H, so by Cancellation
n-G'=n-H'.

Now G’ and H' have the same parity, by (). So by induction on G and H, we may
assume that G’ = H'. But now Cancellation on () gives

(n—-1)-G=(n—-1)-H,
and the conclusion follows by induction on n. O
Corollary 30. 1 is the only torsion element of D.

Proof. Let G—H € D and suppose n- (G — H) = 0 for some n, so that n-G =n-H.
Theorem 29 implies G =~ H, so that G — H =0 or 1. O

In particular D/ = is a torsion-free Abelian group, but the following major
question remains open.

Question. What is the isomoprhism type of D?
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7. Primes

Definition 31. A part H of G is said to be proper if H % 0 or G.

Definition 32. We say that G is prime if G is not a unit and G has no proper
parts.

Theorem 33. Every game G can be partitioned into primes.

Proof. By Lemma 20, every game has just finitely many parts. We can therefore
prove the theorem by induction on the number of proper parts of G.

If G itself is prime, then there is nothing to prove. Otherwise, we can write
G = X +Y, where X and Y are proper parts of G. Now every proper part of X
is a proper part of G, but X is not a proper part of X. Therefore X has strictly
fewer proper parts than G. By induction, X has a prime partition. By the same
argument, so does Y, and we are done. O

It is important to note that a partition of G into primes need not be unique. For
example, one can show that

(442)2 =2+ P=4+Q,

where P and @ are distinct primes. (This example is originally due to Conway and
Norton.) The behavior of primes can often be quite subtle. It is possible for G to
have several prime partitions of different lengths:

where P;, P, and @ are all distinct primes. Furthermore, G + G might have a
prime part that is not a part of G. For example, if G = (4 4+ 24)4%, then there
exists a partition of G + G into exactly three primes.

While these examples advise caution, we can nonetheless discern some useful
structure among primes. In the following propositions we assume G to be given in
simplest form.

Proposition 34 (Conway [3]). If G has 0 or 1 as an option, then G is prime.

Proof. Let G’ € G with G’ = 0 or 1, and suppose that G = X +Y. By Corollary 21,
we have G’ = X’ +Y, without loss of generality. But G’ ~ 0, so by Lemma 17,
Y = 0, and hence X ~ G. Thus 0 and G are the only even parts of G. O

Proposition 35. If G has a prime option, then G has at most two even prime
parts.
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Proof. Fix a prime option G’. First suppose G = X +Y + Z for any three games
X,Y,and Z. By Corollary 21, we have G' = X' +Y + Z, without loss of generality.
Since G’ is prime, one of Y or Z must be a unit. This shows that every partition
of G involves at most two primes.

Now suppose we write G = P, + P, = Q1 + Q2. Without loss of generality,

G' =P+ P =Q, +Q,.

Since G’ is prime, P; and @} must be units, so P» &~ ()3 are equal up to a unit. By
Cancellation, P; ~ P, as well. O

Corollary 36. If G has at least three prime options, distinct modulo associatation,
then G is prime.

Proof. Suppose G has a prime option but is not itself prime. By Proposition 35, G
has a unique prime partition G = P+ Q. Therefore every G’ = P'+Q or P+Q’. In
particular, if G’ is prime, then G’ & P or Q. So G has at most two prime options,
up to association. L]

In a related vein, we have the following proposition.

Proposition 37 (Conway [3]). If every option of G is prime, then so is G, unless
G = 0, 2#7 3#, or 32.

Proof. Suppose every option of G is prime, but G is not. By Lemma 35, if G # 0
then we can write G = P + @ for suitable primes P and ), and furthermore P and
@ are unique (up to association). Assume each of G, P, and @ is given in simplest
form.

Now G cannot be odd, since then G + 1 would be a prime option of G. So G
is even, and we may therefore assume that P and ) are both even. Now for every
option P’, we have either G’ = P'+Q or G = P'+Q'. If G’ = P'+(Q, then since G’
is prime we must have G’ =~ @, so P’ is a unit. Suppose instead that G = P’ + Q’.
We cannot have P’ ~ P, since P is even. Furthermore, we cannot have P’ ~ Q:
since the partition of G into P + @ is unique, this would imply Q' ~ P, so that
P"” =~ P, contradicting the assumption that P is in simplest form. Therefore either
P’ is a unit and Q' =~ G, or else Q' is a unit and P’ ~ G.

We have therefore shown that every option of P is either 0, 1, G, or G + 1. By
symmetry, the same is true for Q). But for every option G’, we have G’ = P/ + Q
or G’ = P+ @Q’. Since G’ is prime, this implies G’ ~ P or Q. Therefore G cannot
be an option of both P and @Q: this would imply that P (or Q) is associated to one
of its followers. Therefore one of P or () has only 0 and 1 as options. Without loss
of generality, assume it is P. Since P is prime, we must have P = 2.

If also @ = 2, then G = 2 4+ 2 = 32 and we are done. Otherwise, @ has G as
a follower. But this means no follower of G can be associated to ). Thus every
option of G is associated to P = 2, and this completes the proof. O
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% = 242 2,2 = 24 20240(242)(242)1
2 = 242,212 2,32 = 2+ 2,322,2(2432)(2,432)
3 = 2+ 3434132 208 = 2424 9+ (244244124 _2)0

Figure 5: The six composite even games born by day 4.

G ‘ Primes G ‘ Primes G ‘ Primes
2up 3 204 3 24124 3
B 3 240 3 24424 3
2p1% 3 p 4 2424124 3

Figure 6: The nine highly composite even games born by day 5, listed with number
of prime parts.

The above propositions suggest that composite games are relatively rare. This
can be made precise by considering the number of composite games born by day n.
It suffices to consider only even composites, since the number of odd composites
born by day n is precisely equal to the number of even composites born by day n—1.

There are six even composites born by day 4. These and their unique partitions
are summarized in Figure 5. A computer search revealed exactly 490 even compos-
ites born by day 5. Of these, 481 have exactly two even prime parts. Figure 6 lists
the nine examples with more than two parts.

7.1. Unique Partitions

Definition 38. We say that G has the unique partition property (UPP) if G has
exactly one prime partition (up to association).

We have already noted that (4 + 2)x does not have the UPP. In this section we
will prove that every game born by day 6 has the UPP. Since (4 + 2)4 is born on
day 7, it is therefore a minimal example.

Definition 39. We say G is a biprime if G has exactly two even prime parts.

Proposition 40. Suppose that G has a biprime option, say G' = R+ S, with R
and S prime. Then either:

(a) G is itself a prime or a biprime; or

(b) There is a prime P such that G = P+ R+ S, and this is the unique prime
partition of G; or

(c) There are primes P and Q such that G = P+ R = Q+ S, and these are the
only two prime partitions of G.
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Proof. If G is prime, then we are in case (a), so assume that it is not.

Case 1: First suppose G has a prime partition
G=P + - +D
with £ > 3. Without loss of generality,
G =P +Py+ -+ Py

Since G’ is a biprime, it must be the case that k = 3 and P/ is a unit, and without
loss of generality P, ~ R and P3 ~ S. We claim that this is the unique prime
partition of G. For suppose

G=Q1+ -+
is any prime partition. By an identical argument we have [ < 3 and
G'=Q1+Qx+ +Qu

Certainly [ # 1, since G is composite. Moreover, since Qs is a prime part of G', we
have Q2 =~ R without loss of generality. Therefore [ # 2: by Cancellation, [ = 2
would imply @1 = P; + R, contradicting the fact that @ is prime. So [ = 3, and
hence Q2 ~ R, Q3 ~ S, and by Cancellation ()1 ~ P;. This shows that P, + P>+ P3
is unique, establishing case (b).

Case 2: Next suppose that every prime partition of G has exactly two primes.
Consider any such partition
G=P + Ps.

Without loss of generality,
G =P+ Ps.

But by the assumptions on G’, this implies P>, = R or S, and by Cancellation, P; is
uniquely determined by P». This shows that there are at most two such partitions,
so either G is a biprime, or else it has exactly two prime partitions into exactly two
parts, as in (c). O

Corollary 41. Suppose G is a game born by day 6 without the UPP. Assume that
at least one option of G is a biprime. Then in fact,

G=2+P=0Q1+Q2,
for distinct primes P, Q1, and Q2, none of which equal 2.

Proof. This is just Proposition 40, together with the (computationally verifiable)
fact that 2 is a part of every composite game born by day 5. O
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Lemma 42. Suppose G is a game born by day 6 without the UPP. Suppose G has
a biprime option 2+ R. If some other option G’ does not have R as a part, then
G =R+ S, for some part S of G'.

Proof. By Corollary 41, we have G = 2+ P = Q1 + @2, where @1, Q2 # 2. Without
loss of generality, 24+ R = Q1 + Q%. Since Q1 # 2, we must have Q1 = R.

Now we cannot have G' = @Q; + @), since @; = R is not a part of G’. So
G' = Q) + @2, whence Q- is a part of G. O

Theorem 43. Every game born by day 6 has the UPP.

Proof. Let G be a game born by day 6. If G has any prime options, then G is
a biprime, so it has the UPP. Likewise, if G is odd, then G + 1 is an even game
born by day 5, with the same parts as G. We know that every game born by day 5
has the UPP, so such G must also have the UPP. Thus we need only consider even
games whose options are all composite.
Now let
C ={G € M5 : G has at least 3 prime parts}.

We noted previously that |C| = 10. Thus there are 219 subsets of C, and a computer
search can rapidly verify that all of them have the UPP.

This leaves only those games with at least one biprime option. We can now apply
the following trick. Let

A ={H : H is an even prime part of some composite game born by day 5}.

Let A + A be the set of all pairwise sums of elements of A. If G has at least one
biprime option, then by Lemma 42, either:

(i) Ge A+ A; or
(ii) All options of G share a common part R # 2.

It therefore suffices to exhaust all possibilities for (i) and (ii). For (i), we have
|A| < 500, so |A+ A| < 25000. It is therefore easy to compute the set A+ A, and
a simple computation shows that for most G € A+ A, we have b(G) > 6. We can
then show directly that the remaining few have the UPP.

To complete the proof, we describe how to exhaust case (ii). For each R € A, let

Cr={G €C: R is apart of G}.

Now X g|Cgr| is small, since the elements of C collectively have a small number of
parts. But to address case (ii), we need only consider those games whose options
are subsets of {2 + R} UCg, for some R # 2: these are exactly the games whose
options share the common factor R. We can therefore iterate over all R and all
subsets of {2 + R} UCg, checking that each possibility has the UPP.
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All of the necessary computations to complete the proof have been implemented
and verified in cgsuite. O
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A. Recurrence Relations for |M,,|

This Appendix gives a set of recurrence relations that can be used to compute the
exact value of |M,,|, expressed in terms of chained powers of 2. (As discussed in
Section 4, the calculation can feasibly be carried out only for n < 7, but the relations
continue to hold for larger n.)

For n > 0 and G, K € M, define:

RS = {H C M,_;: H simplifies to G}
SEK = {HeM,:KeH}

REK = [HC M,_;: H simplifies to G and K € H}
N, = {HeM,:Hisan .4 -position}

NP {H € M,, : H is an 4 -position and 0 € H}
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Here RS K is defined only when G € K.

Theorem 44. For all n > 2, we have the following recurrences:

Mp| = 2l N R
GEMy_2

RG| 2187l g if G20

Ral = 9IS 1l _ 9lNR ] if G0

SE| = 2o SR - YR

GeK Ggsy{i2
REK| = Z‘Sifll_l . if G20 or K is a &-position
" ISwal=1 _ 9lNn s ]-1 if G20 and K is an A -position

(|RG K| is defined only when G € K)

No| = olMun—1| _ 9lNn-al 4 1 _ Z |Rf|
GG/\/’nfz

AR = 2ot gl R TR
GeN?_,

Proof. We discuss each equation in turn.

|M,,|. There are 2IM»-1l subsets of M,,_;. For each subset H C M,_,, either H
is canonical, or else H simplifies to G for a unique G € M,, .

|RE|. In order for H C M,,_; to simplify to G, it must have the exact form
H={G,...,Gp, Hy,..., H},

where G = {G4,...,Gi} and G € each H;. Now Gy,...,G}, are fixed, so games
with this form correspond one-to-one with subsets {Hj,..., H;} of S¢ ;. There
are in total 2!57-11 such subsets, but we must subtract 1 to exclude the empty set,
which corresponds to G itself.

If G 22 0, then we are done. If G = 0, then we must apply the proviso as well: in
order for H to be reducible, it must also satisfy o(H) = .4, in addition to having
the proscribed form. So we must subtract off a count of H with o(H) = &. Now
o(H) = & if and only if every H; is an .4 -position and there is at least one H;.
There are |N?_,| such .4 -positions (since we also know that 0 € each H;), yielding
a total of 2Wa-1l — 1 possibilities for H. Subtracting this from the overall count of
9ISl 1 yields the total stated in the theorem.
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|SK|. There are 21Mn»-11=1 subsets H C M,,_; with K € H. There are two ways
that such an H might be reducible: either H simplifies to some G € K (so that K
reverses through G), or else H simplifies to some other G € M,,_» with K € G (so
that K is already present in the simplified form G). These are mutually exclusive,
since in the first case K ¢ G, but in the second K € G.

|RG K|, There are 2Mn-11=1 subsets H ¢ M,,_; with K € H. To be reducible, H
must have the exact form

H={Gy,...,Gy,Hy,...,H;, K}

with G being a member of each H;. (The assumption G € K implies that K is not
among the options Gy, ..., Gy of G.) The rest of the argument proceeds just as for
|RE|, with two modifications: (i) j = 0 is no longer a special case; since K € H, it
will never be true that H = G. (ii) If G =2 0 but o(K) = £, then the proviso does
not apply, since the presence of K ensures o(H) = 4.

IN;.|. There are 2lMn-1l subsets H € M,,_;. There are just two ways that H might
fail to be a canonical .4 -position. Either H is a nonempty set of .4 -positions,
in which case it’s a Z?-position; or else H simplifies to some other .4 -position
G € N, _2. These are mutually exclusive, since no Z-position can simplify to an
A -position.

IN?|. This one is similar to the preceding argument, with one small twist. There
are 2Mn—11=1 subsets H C M,,_; with 0 € H. There are two ways that H might
fail to be a canonical .4 -position. Either H is a set of .4 -positions with 0 € H
(which must always be nonempty); or else H simplifies to some other .4 -position
G € N,,_». But if H simplifies to some other G, then it must be the case that
0 € G as well (since 0 can never be reversible). So these two conditions are both
mutually exclusive and entirely contained within the 2/Mn»-11=1 subsets originally
counted. O

B. An Algorithm for Computing Parts

Algorithm 1, due jointly to Dan Hoey and the author, shows how to compute
the parts of an arbitrary game G efficiently. The algorithm is structured so that
whenever a part X is detected, then so is its counterpart G — X. A record of
these part-counterpart relationships can be kept throughout the execution of the
algorithm, so that differences of the form G — X can be efficiently resolved.

Theorem 45. Algorithm 1 correctly computes Parts(G).

Proof. We can assume that Parts(G’) is correctly computed for all G’ € G. Now it
is easy to see that every game that is put into X is indeed a part of G: if a partition
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1:
2:
3:
4:
5:

10:
11:
12:
13:
14:
15:
16:
17:

18:

19:
20:
21:
22:
23:
24:
25:
26:
27:

X0
for all G’ € G do
Recursively compute Parts(G’)
end for
for all X such that X € Parts(G’) for some G’ € G do

if X is in every Parts(G’) and every X’ € X then
Y« {G-X,G - X}
X« XU{X,Y} > X +7Y is novel
else
if X ¢ Parts(G’) for some G’ then
Fix any such G’
YV« {G - X': X' e Parts(G')}
else
Fix any X' € X
Y+ {G - X': X €Parts(G')}
end if
for allY € Y do
VG' € G, either @ =Y =X or G’ — X =Y/;
if < and VX' € X, either G' =Y = X' or (X', Y’) € X; ; then
and VY’ € Y, either G = X =Y or (X', Y') e X
X+« XU{X,Y} > X +7Y is derived
end if
end for
end if
end for

if X has changed then
Return to Step 5

end if

Parts(G) < X

Algorithm 1: Computing the parts of G.
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X +Y is added in Step 8, then X + Y is novel; if it’s added in Step 19, then the
condition of Step 18 directly witnesses the identity G = X + Y.

To complete the proof, we must show that every part of G is eventually placed
in X. Suppose not, and let X + Y be a partition of G that the algorithm fails to
find. Assume that X + Y is minimal in the sense of b(X) + b(Y). In particular,
at some stage of the algorithm we have X', Y’ € X for every partition of the form
G=X'+Y"

Suppose X +Y is derived. By Lemma 24, there is some GT such that GT = X +Y".
Therefore X € Parts(G'), so X will be encountered in the main loop of Algorithm 1.
Since X is derived, either some G — X’ or some G’ — X must fail to exist. If G — X’
does not exist, then since G = X + Y, we must have G’ = X' +Y for some G’.
Therefore Y = G/ — X’. If G’ — X does not exist, then G’ = X’ +Y for some X',
so again Y = G’ — X’. In either case Y € ) (as defined in Algorithm 1). Thus
it suffices to verify that G, X, and Y jointly satisfy the condition of Step 18. But
by the inductive hypothesis, we have X' )Y’ € X whenever G = X’ +Y’, so the
condition asserts precisely that G = X + Y, which is true. Therefore X and Y are
put into X in Step 19, a contradiction.

Finally, suppose X + Y is novel, and assume without loss of generality that X
is novel. Then every G — X’ and G’ — X exists, and it is easily checked that
Y = {G - X',G' — X}. Since the algorithm fails to detect X + Y at Step 8, it
must be the case that X’ ¢ X for some X’. Now b(X’) < b(X), so by the inductive
hypothesis, this implies b(G — X’) > b(Y"). Therefore G — X’ must be a reversible
option of Y = {G — X',G' — X}, so either G — X" =Y or G — X' =Y. The
former is obviously false (by Cancellation), so we must have Y = G’ — X’. But then
the partition X + Y will be detected in Step 19, by the same argument used in the
previous paragraph. O



