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Abstract
When are all positions of a game numbers? We show that two properties are
necessary and sufficient. These properties are consequences of the fact that, in a
number, it is not an advantage to be the first player. One of these properties implies
the other. However, checking for one or the other, rather than just one, can often
be accomplished by only looking at the positions on the ‘board’. If the stronger
property holds for all positions, then the values are integers.

1. Introduction

When analyzing games, an early question is: is it possible that all the positions are
numbers? If that is true, then it is easy to determine the outcome of a disjunctive
sum of positions; just add up the numbers. It is also easy to find the best move; just
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play the summand with the largest denominator. The problem is how to recognize
when all the positions are numbers.

Siegel [8, Exercise 3.15] states “If every incentive of G is negative, then G is a
number”. This does not provide much insight or intuition. In fact, in most non-all-
small-games, there are non-zero positions, some of which are numbers and others
not. Let S be a set of positions of a ruleset. It is called a hereditarily closed set of
positions of a ruleset (HCR) if it is closed under taking options. These HCR sets
are the natural objects to consider.

There are two properties either of which, if satisfied for all followers of a posi-
tion, tells us that the position is a number. Both are aspects of the first-move-
disadvantage in numbers. The first is a comparison with one move against two
moves. Consider a pair of moves for both players (G, G¥). The property indicates
that it is not because Right chooses G that Left misses the opportunity to choose
GF. After Right’s move to G, she has an option which is at least as good as G
again. This idea of “no loss” is also present in Definition 1.2.

Definition 1.1 (F1 Property). Let S be a HCR. Given G € S, the pair (GX,G%®)
G* x GR satisfies the F1 property if there is G*L € GB* such that GF > GF or
there is GEE € GIR such that GEE < GE.

The second property involves moves by both players.

Definition 1.2 (F2 Property). Let S be a HCR. Given G € S, (G, GF) € GExGR
satisfies the F2 property if there are GF € GI® and GRLY ¢ GR£ such that
GRL 2 GLR.

In many games, the literal form of positions will tell us whether they satisfy the
F1 property or the F2 property with equality. See Section 2 for examples.

When analyzing a new game, there are several results that can be used to gain
an insight into its structure. The next two should be included in this list. If every
position satisfies either property, then the values are numbers. If every position
satisfies the F2 property, then the result is stronger. These have already been used
in [3] and would have helped when writing [1, 4]—see the examples in Section 2.

Lemma 3.2 Let S be a HCR. If, for any position G € S, all pairs (G¥,GF) €
G* x GR satisfy the F1 property or the F2 property, then all positions G € S are
numbers.

Theorem 3.5 Let S be a HCR. If, for any position G € S, all pairs (G*,GF) €
G* x G satisfy the F2 property, then all positions G' € S are integers.

Lemma 3.3 proves that the F2 property implies the F1 property. In practice,
however, it is often easier to prove that at least one of the two properties hold
rather than trying to prove that just the F1 property holds.
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We recall the results about numbers needed for this paper.
Theorem 1.3 ([1, 2, 8]). Let G be a number whose options are numbers.

1. After removing dominated options, the form of G has at most one Left option
and at most one Right option.

2. For the options that exist, G¥ < G < G,

3. If there is an integer k, GF' < k < G, or if either GF' or GF does not ewist,
then G is an integer.

4. If both G* and G® exist and the previous case does not apply, then G is the
simplest number between G* and GE.

The most important point to remember is item 2, that is, when a player plays
in a number the situation gets worse for them. This has an important consequence
when games are being analyzed.

Theorem 1.4 (Number Avoidance Theorem). ([1, 2, 8]) Suppose that G is a number
and H is not. If Left can win moving first on G + H, then Left can do so with a
move on H.

In many cases, when checking the properties, the Left and Right options will refer
to two specific moves on the ‘game board’, one by Left and one by Right. If this
happens, then the actual positions will automatically give the stronger conditions,
GIR = GRL or GRL = GL. Moreover, no calculations are required. Examples are
given in Section 2.

2. Examples and a Warning

In these examples, we illustrate that, sometimes, only two specific moves on the
‘game board’, one for each player, are sufficient. We will refer to the specific moves
by lower case letters, ¢ for Left and r for Right.

We first sketch a proof to show that the values of POLYCHROMATIC CHOMP (see
Appendix 1 for the ruleset), BLUE-RED-HACKENBUSH strings [2, 9] are numbers,
and that CUTCAKE [2] positions are integers. We then give the properties that
the following games satisfy: DOMINO SHAVE [4], SHOVE [1], PUSH [1], LENRES [7],
DIVISORS, and PARTIZAN TURNING TURTLES (called FLIPPING COINS in [3]) (see
Appendix 1 for the last two rulesets). The two games, PARTIZAN EUCLID [5] and
PARTIZAN SUBTRACTION [6] are examples where many positions satisfy one or both
properties. However, since there are positions which satisfy neither, then only a few
positions are numbers.
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Example 2.1. Let G be a POLYCHROMATIC CHOMP position. Let ¢ and r be
black and gray squares respectively. If neither G¢ nor G” eliminates the other, then
playing both moves, in either order, results in the same position Q, i.e., G =2 G™*.
Suppose G* eliminates G”, as illustrated in Figure 1. In this case, Left can play her
move before or after Right’s move, i.e., G = G"*.

_ L4
- l—A

Figure 1: F1 argument in POLYCHROMATIC CHOMP.

Hence, all (GE, GF) satisfy one or both of the properties. Therefore, by Lemma
3.2, all POLYCHROMATIC CHOMP positions are numbers.

Example 2.2. Let G be a BLUE-RED-HACKENBUSH string and let £ and r be the
edges played by Left and Right, respectively. If r is higher up the string than ¢
then playing ¢ eliminates r. Thus, G and G are identical. Otherwise, playing
eliminates £, and G*" = G".

Hence, by Lemma 3.2, all BLUE-RED-HACKENBUSH strings are numbers.

Example 2.3. Consider a mxn CUTCAKE position. The moves are not independent
but almost so. For given ¢ and r, consider the pair of options, GI' = mx (n—£)+mx/
and GF = (m —r) x n+r x n, and their options

G = mx(n—0+(m—7r)xLl4+rxd,
GRL = (m—r)xn+rx(n—~0+rxdl
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The moves cannot be interchanged and get the same board position. However,
we know that if ¢ > j then k x i > k X j (intuitively, there are more moves for Left
in k x ¢ than in k x j ) and similarly 4 x k < j x k. The terms of GI* and GT*F
pair off: r x £ is in both; (m —r) x £ < (m—r)xn;mx (n—~0) <rx(n—2~1).
Therefore GI® < GFE and, so, (GL, GE) satisfies the F2 property. Therefore, by
Theorem 3.5, G is an integer.

Example 2.4. 1. Given a SHOVE position G, if any token is pushed off the end
of the strip then (G*, G™) satisfies the F1 property; if not, (G*, G") satisfies
the F2 property.

2. Given a PUSH position G, if any token pushes the other then (G*, G") satisfies
the F1 property; if not, (G¢, G") satisfies the F2 property.

3. Given a LENRES position G, if any digit in the move replaces the other then
(G, G") satisfies the F1 property; if not, (G, G™) satisfies the F2 property.

4. Given a DOMINO SHAVE position G, (G*,G®) € G* x GR satisfies the F1
property.

5. Given a DIVISORS position G = (I,r) and a pair of options, (GL,GF) =
((¢,r), (,7")), if ¢ =7 or £ =1’ then (GL, G) satisfies the F1 property; if
not, (G, GR) satisfies the F2 property.

6. Given a PARTIZAN TURNING TURTLES position G, if G¥ and G conflict then
(GF, GR) satisfies the F1 property; if G* and G do not conflict then (GF, GF)
satisfies the F2 property.

Even more can be said about BLUE-RED-CHERRIES [1] and EROSION [1]. These
games all satisfy the F2 property and thus, by Theorem 3.5, they are integers.

Example 2.5. 1. Given a BLUE-RED-CHERRIES position G, all (G, GF) € G- x
G™ satisfy the F2 property. If Left removes a cherry from one end (£) and
Right removes a cherry from the other end (r), then G = G™*.

2. Given an EROSION position G, all (GF, GT) € G x G satisfy the F2 property.
This is vacuously true since, by the rules, it is impossible for both players to
have options at the same time.

For the values all to be numbers, the properties must always be true. It is not
sufficient for most of the positions to satisfy them. Two games that have N -positions
but where many of the positions naturally satisfy one or the other property are the
following.

1. F1: In PARTIZAN EUCLID [5] with G = (p,q) and p > 2q then GEF = G or
GRL = GL.
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2. F2 : In the PARTIZAN SUBTRACTION subset of SPLITTLES [6], let a be the
largest that can be taken. Suppose the heap size is n, and n > 2a then Left
taking ¢ and Right taking r results in a heap of size n — £ — r regardless of the
order. Thus G/ = G,

3. Proofs

Theorem 3.1 is the central theoretical result: All the positions in a HCR set are
numbers, if and only if there is no position and no number such that the sum is an
N -position. This is all that is required to prove Lemma 3.2. Lemma 3.3 shows that
the F2 property implies the F1 property, with strict inequality. In fact, Lemma 3.2
may be written as a necessary and sufficient condition. This is Theorem 3.4 which
only uses the F1 property. Theorem 3.5 shows that if every position satisfies the
F2 property, then the numbers will be integers.

Theorem 3.1. (Outcomes and numbers) Let S be a HCR. All positions G € S are
numbers if and only if there is no G € S and a number x such that G +x € N.

Proof.

(=) If all positions G € S are numbers then, regardless of what the numbers x
are, all G + x are numbers. Hence, there is no G € S and a number x such that
G+zeN.

(<) Let G € S. If GX = () or G® = () then G is an integer. Suppose that G* # ()
and G® # (). By induction, since S is hereditarily closed, all G¥ € G* and G* € GR
are numbers. Hence, after removing dominated options, there are 3 possible cases:

1) G={a|a} = a+ *, where a is a number;

2) G={a|b} = ‘%b + “;b, where a and b are numbers and a > b;

3) G = {a|b}, where a and b are numbers and a < b.

If 1) or 2) then, G —a € N or G — %ft € N, contradicting the assumptions.
Therefore, we must have 3). Now G is the simplest number strictly between a and
b.

In all cases G is a number and the theorem follows. O

Now, a natural question arises: Is it easy, in practice, to know if a HCR does
not have positions such that G + x € N? In other words, is Theorem 3.1 useful?
Lemma 3.2 answers that question.

Lemma 3.2. Let S be a HCR. If, for any position G € S, all pairs (G*,G?) ¢
G* x G® satisfy the F1 property or the F2 property, then all positions G € S are
numbers.
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Proof. By Theorem 3.1, it is enough to prove that if all pairs (G*,G®) € G*¥ x GR
satisfy the F1 property or the F2 property then there is no G € S and a number x
such that G +x € N.

For the contrapositive, suppose that there is a position G € S and a number x
such that G + x € N. Assume that the birthday of G in such conditions is the
smallest possible.

Since G+x € N, there are GE+2 > 0 and G®+42 < 0 (Theorem 1.4). Due to the
hypothesis, the pair (G, G?) satisfies the F1 property or the F2 property. If the
pair satisfies the F1 property, there is G*F such that GBL > G or there is G such
that GI® < GR. If the first happens, then GEF > G implies Gl +2 > Gl42 > 0.
That is incompatible with G + 2 < 0. If the second happens, then GI® < GE
implies G'® + 2 < G® + z < 0. That is incompatible with G* + z > 0. In either
case we have a contradiction; the pair (G¥, G®) cannot satisfy the F1 property.

Hence, the pair (G¥, GF) satisfies the F2 property, and there are GIF € S and
GPL ¢ S such that GE* < GEE. Since GY + x > 0, we have GFE 4+ 2 £ 0. Also,
since G 4+ z < 0, we have GFL + & # 0. The second inequality allows to conclude
that GET 4+ o % 0 because GLT* < GRL. However, GEE + 2 £ 0 and GER + 2 £ 0,
implies that GE® + 2 € A/, contradicting the smallest rank assumption. Therefore,
the pair (G, G®) cannot satisfy the F2 property.

The pair (G*, G) does not satisfy the F1 property or the F2 property, and that
contradicts the hypothesis. There is no G € S and number z such that G +z € V.
Therefore, all positions G € S are numbers. O

It is possible to have a pair of options that satisfies the F2 property with-
out satisfying the F1 property; an example of that is a pair like (GL,GE) =
({0, % | «},{%]0,%}). However, the options of * do not satisfy the F2 property.
On the other hand, if all followers also satisfy the F2 property, then the next lemma
shows that all pairs satisfy the F'1 property.

Lemma 3.3. Let S be a HCR such that, given any position G € S, all pairs
(GL,GT) € GF x GR satisfy the F2 property then all pairs satisfy the F1 property.

Proof. Tt is enough to prove that if a pair (GF,G%) € G x GT satisfies the F2
property, it also satisfies the F1 property.

Suppose that a pair (G, GF) satisfies the F2 property. If so, by definition, there
are G and GRL such that GIR < GFL. Since GIF is a right option of G, we
have GL® ¢ GL. On the other hand, by Lemma 3.2, all positions of S are numbers,
so GI cannot be incomparable with G¥. Therefore, we must have GX* > G and
consequently GBF > GLR > GL. Thus (GF, GE) satisfies the F1 property. O

Theorem 3.4. Let S be a HCR. All positions G € S are numbers if and only if,
for any position G € S, all pairs (G*,GR) € G* x G® satisfy the F1 property.
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Proof. The reverse direction is a consequence of Lemma 3.2.

For the forward direction, let G € S and (G*,GF) € G* x G*. Since G is a
number, G¥ < G and thus G¥ —G® < 0. Since Right, playing first, wins G —GE,
either there is a GE® with GEE — GE < 0 or some GPL with GE — GRL 0. Hence,
there is GF® < GB or GF < GPE, and, by definition, (G¥, G®) satisfies the F1
property. O

By Lemma 3.3, if all pairs (GT, GT) satisfy the F1 property or the F2 property,
then all pairs satisfy the F1 property. That means that a pair satisfying the F2
property also satisfies the F1 property. But, observe that the opposite is not true:
it is possible to have a pair satisfying the F1 property without satisfying the F2
property. For example, if G = % = {0|1} (canonical form), then the pair (0,1)
satisfies the F1 property and does not satisfy the F2 property because GX™ = .
The F2 property is a stronger condition and has a surprising consequence.

Theorem 3.5. Let S be a HCR. If, for any position G € S, all pairs (G, GF) ¢
G* x G® satisfy the F2 property, then all positions G € S are integers.

Proof. Let G € S. If G¥ = () or G® = (), then G is an integer and the theorem
holds. Suppose that G* # () and G® # (. By Lemma 3.2, all positions G € S are
numbers and the canonical form is G = {GL | GE}. By induction, G* and GF are
integers. Since (GF,GF) satisfies the F2 property, there is GE® < GEE and, by
induction, both are integers. Let G = k. Therefore, we have that G < k and
GT > k, and, thus G is an integer. O

Observation 3.6. Theorem 3.5 exhibits a sufficient but not necessary condition.
Consider S, a HCR whose game forms are {—2|0}, —2, —1, and 0 (the last three,
canonical forms). Of course, all game values of S are integers. However, regarding
G = {-2|0}, the pair (GL,G®) = (—2,0) does not satisfy the F2 property.
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Appendix: Rulesets
DIVISORS
Position: An ordered pair of positive integers (I,7).

Moves: Left is allowed to replace (I,7) by (I’,r) where I’ < is a divisor of r. Right
is allowed to replace (I,7) by (I,r") where r" < r is a divisor of I.

6,45 2,48 @215 0,1

PARTIZAN TURNING TURTLES
Position: A line of turtles. A turtle may be on its feet or on its back.
Moves: Left is allowed to choose two upside-down turtles and turn them onto its

feet. Right is also allowed to choose a pair of turtles, provided that the leftmost is
on its feet and the other is on its back; his move is turning over both turtles.

ewafepeds P e albs chew e ol

POLYCHROMATIC CHOMP

Position: A grid with one poison square in the lower left corner. Besides the poison
square, each square is either black or gray.

Moves: On her turn, Left chooses a black square and removes it and all other
squares above or to the right of it. On his turn, Right moves analogously, but he
has to choose a gray square.
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