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Abstract
Let up(r,t) = (ajaz...a,)'. We investigate the problem of determining the maxi-
mum possible integer n(r, t) for which there exist 2t—1 permutations 7y, ma, . .., T2;—1
of 1,2,...,n(r,t) such that the concatenated sequence w17y ... m2;—1 has no subse-
quence isomorphic to up(r, t). This quantity has been used to obtain an upper bound
on the maximum number of edges in k-quasiplanar graphs. It was proved by Gene-
son, Prasad, and Tidor that n(r,t) < (r—1)22t_2. We prove that n(r,t) = @(r(%;l)),
where the constant in the bound depends only on t. Using our upper bound
in the case t = 2, we also sharpen an upper bound of Klazar, who proved that
Ex(up(r,2),n) < (2n+1)L where L = Ex(up(r,2), K —1)+1, K = (r—1)*+1, and
Ex(u, n) denotes the extremal function for forbidden generalized Davenport-Schinzel
sequences. We prove that K = (r — 1)* + 1 in Klazar’s bound can be replaced with
K= (r-— 1)(;) + 1. We also prove a conjecture from Geneson, Prasad, and Tidor
by showing for ¢ > 1 that Ex(abc(ach)tabe, n) = n2#em £0m)™) Iy addition,

we prove that Ex(abcacb(abc)tach,n) = n2 ey () O

1. Introduction

We say that a sequence v contains a sequence u if v has some subsequence v’
(not necessarily contiguous) that is isomorphic to u (v’ can be changed into u by
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a one-to-one renaming of its letters). Otherwise v avoids u. We call a sequence
r-sparse if every r consecutive letters are distinct. Davenport-Schinzel sequences
of order s avoid alternations of length s + 2 and have no adjacent same letters [5].
Generalized Davenport-Schinzel sequences avoid a forbidden sequence u (or a family
of sequences) and are r-sparse, where 7 is the number of distinct letters in u.

For any sequence u, define Ex(u,n) to be the maximum possible length of an
r-sparse sequence with n distinct letters that avoids u, where r is the number of
distinct letters in u. Furthermore, define Ex(u,n,m) to be the maximum possible
length of a sequence with n distinct letters that avoids w and can be partitioned
into m contiguous blocks of distinct letters. Applications of Ex(u,n) include upper
bounds on the complexity of lower envelopes of sets of polynomials of bounded
degree [5], the complexity of faces in arrangements of arcs with bounded pairwise
crossings [24], and the maximum number of edges in k-quasiplanar graphs [6]. The
function Ex(u,n, m) has been used to find bounds on Ex(u,n).

Bounds on Ex(u,n) are known for several families of sequences such as alter-
nations [1, 21, 22] and more generally the sequences up(r,t) = (a1az...a,)" [12].
Let as denote the alternation of length s. It is known that that Ex(as,n) = n,
Ex(as,n) = 2n—1, Ex(as,n) = 2na(n) +0O(n), Ex(ag, n) = O(n2%™), Ex(ay,n) =
O(na(n)2°), and Ex(as,2,n) = 2= EO@M) ™) for all s > 6, where t = | 552
[5, 1, 21, 22].

Relatively little about Ex(u,n) is known for arbitrary forbidden sequences wu.

However, one way to find upper bounds on Ex(u,n) for any sequence u is to use
(r, s)-formations, which are concatenations of s permutations of r distinct letters.
We define F, s to be the family of all (r, s)-formations. We define the function
F, s(n) to be the maximum possible length of an r-sparse sequence with n distinct
letters that avoids all (r,s)-formations, and we define the function F, s(n,m) to
be the maximum possible length of a sequence with n distinct letters that avoids
all (r, s)-formations and can be partitioned into m blocks of distinct letters. Like
Ex(u,n,m) and Ex(u,n), the function F, ;(n, m) has been used to find bounds on
F, s(n).

Let the formation width fw(u) denote the minimum s for which there exists r such
that every (r, s)-formation contains u, and let the formation length fl(u) denote the
minimum value of r for which every (r, fw(u))-formation contains u. These param-
eters were defined in [12], where it was observed that Ex(u,n) = O(Fg(y) fw(w) (7))
This uses the fact that increasing the sparsity in the definition of Ex(u,n) only
changes the value by at most a constant factor, which was proved by Klazar in [17].
Using the upper bound with fw(u) and known bounds on F, s(n), it is possible to
find sharp bounds on Ex(u,n) for many sequences u.

In [12], Geneson, Prasad, and Tidor proved that fw(up(r,t)) = 2t — 1 and
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fiup(r,t)) < (r—1) + 1. This implies

Ex(up(r, £),n) — n2 @) 40000 W

for every r > 2 and t > 3, where the constants in the bounds depend on r. They
used this to sharpen the upper bound from [6] on the maximum number of edges
in k-quasiplanar graphs where no pair of edges intersect in more than O(1) points.

They also proved that fw(u) = 4 and Ex(u,n) = O(na(n)) for any sequence u of
the form avav’a such that a is a letter, v is a nonempty sequence of distinct letters
excluding a, and v’ is obtained from v by only shifting the first letter of v. Based
on computing fw(abc(ach)tabc) for small values of ¢, they conjectured in [12] that
fw(abe(ach)tabc) = 2t + 3 for all ¢ > 0 and that

Ex(abc(ach)'abe,n) = p2ira(n) £0(a(n) 1) 2)

for t > 1. We affirm this conjecture, and we also prove that fw(abcacb(abc)tach) =
2t + 5 and ) . .
Ex(abcach(abc)tach, n) = n2@m () £0(@m)) (3)

for ¢ > 1. In addition, we improve an upper bound of Klazar [16], who proved that
Ex(up(r,2),n) < (2n+1)L, with L = Ex(up(r,2),K —1)+1and K = (r — 1)* + 1.
Here we prove that K = (r — 1)* + 1 in Klazar’s bound can be replaced with
K=(r-1)()+1.

We obtain this bound by proving that every ((r—1) (g) +1, 3)-formation contains
up(r, 2), using a result about strongly unimodal sequences. On the other hand, we
also prove that this result is sharp up to a constant factor. Specifically, we prove
that there exist (m, 3)-formations with m = Q(r®) which avoid up(r, 2). As a result,
we have fl(up(r,2)) = O(r®). A similar result was also proved in [2], but our result
is better by a constant factor. See Section 3.

More generally, we prove that fl(up(r,t)) = @(r(%; 1)), where the constants in
the bound depend only on ¢. This improves the upper bound on fl(up(r,t)) from
[12], and we prove a lower bound that matches the upper bound up to a constant
factor that depends only on t. Using Klazar’s sparsity lemma from [17], our upper
bound on fl(up(r,t)) also implies for all n,r,¢ > 1 that

2t—1

Ex(up(r,t),n) < (1 + Ex(up(r,t), (r — 1)( ¢ ))) F n). (4)

)T f120m1
These new results are proved in Section 4.

In addition to using formations to obtain upper bounds on Ex(up(r,t),n), we
also use formations in Section 5 to bound the extremal functions of other forbidden
sequences. We show that

Ex(abc(ach) abe,n) = n2ae(n)£0(a(n) ) (5)
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and
Ex(abcacb(abe)ach,n) = n2 e E0(am)") (6)

using formation width.

In Section 6, we investigate subsequences u of up(r, 2) for which the exact values
of Ex(u,n) and Ex(u,n,m) were not previously known. We find the exact values
of Ex(up(r, 1)a,,n) and Ex(up(r,1)a,,n,m) for x € {1,...,r}. We also determine
the exact values of F, o(n), Fr3(n), Fr2(n,m), and F,3(n,m). In Section 7, we
extend the exact results about formations in sequences from Section 6 to exact
results about formations in d-dimensional 0-1 matrices.

2. Definitions

A restricted up(r,2) is an up(r, 2) completely contained within any two permutations
among {m, T, w3} in a formation [my, s, m3]. For example, [12345, 15432, 32514]
has a restricted up(2,2) of (24)* in [ry, 3] and a (non-restricted) up(3,2) of (514)2.
Generalizing the definition of a restricted up(r, 2), a restricted up(r,t) is an up(r, t)
completely contained within any ¢ permutations among {1, 72, ..., To;—1} in a for-
mation [my, 72, ..., m2:—1]. We denote a restricted up(r,t) as Up(r,t). Whether a
formation contains up(r,t) may depend on the order of the permutations of the
formation, but whether a formation contains Up(r,t) is invariant under reordering
the permutations.

A permutation of a set A is said to have length |A|, i.e., the length of a permu-
tation is the number of characters in the permutation. Similarly, the length of a
subsequence of a permutation is the number of characters in the subsequence. Let
LCS(m;, ;) be the length of the longest common subsequence of m; and 7;. Note
that LCS(m;, ;) is the maximum m such that a restricted up(m,2) configuration
is present in 7; and 7; within the formation |71, 7o, m3).

Let m be a permutation of a totally ordered set S and ¢ a permutation of a totally
ordered set T'. We define a permutation m ® o of the Cartesian product S x T with
the lexicographic ordering by 7 ® o(z,y) = (w(x),0(y)). A subsequence a1, as, ...a;
of a permutation 7 is called strongly unimodal if it is increasing or decreasing, or
for some k € {2,...,t — 1},

a1 < az <...<ag > Q41 > ... > Q.

If a,b are nonnegative integers, let a @ b be their nim-sum,i.e., the integer whose
binary expansion is the bitwise-XOR of the binary expansions of a and b. So
4®6 = 2. Suppose n = 2F and 0 < m < n. Letting S{0,1,2....n—1} denote the
symmetric group on the set {0,1,2...,n — 1}, define 7, to be the involution in
S{0,1,2....n—1} 80 Trm(a) = m @ a. For example, if n = 8 then 74 = 7100, = [45670123]
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in table form and 76 = [67452301]. These can be used to construct formations with
no Up(r,t).

3. Bounds for up(r, 2)

In this section, we show that fl(up(r, 2)) = O(r?). Klazar’s proof that Ex(up(r,2),n) <
(2n+1)L, where L = Ex(up(r,2), K —1)+1 and K = (r — 1)* + 1, uses the Erd6s-
Szekeres theorem to find the copy of up(r, 2) [16]. We sharpen the upper bound on
Ex(up(r,2),n) by proving that every ((r —1)(3) + 1, 3)-formation contains up(r, 2).
We also show that this containment result is best poss1ble up to a constant factor
by proving that there exist (m, 3)-formations with m = Q(r3) which avoid up(r, 2).
The following result is mentioned in [3] as an unpublished result of Steele and
Chvétal. The proof is not explicitly given in [3] so we supply one here.

Theorem 3.1 ([3]). Any permutation of length (;) +1 contains a strongly unimodal
sequence of length t.

Proof. For any index i, let 2(7) be the length of the longest increasing subsequence
ending in position . Let y(i) be the length of the longest decreasing subsequence
starting in position i. There is a strongly unimodal sequence of length max; (i) +
y(i)—1, and the map i — (x(), y(4)) is injective. There are only (}) possible images
withz +y—1<t. O

Theorem 3.1 is sharp. There are permutations of {1,2, ..., (;)} with no unimodal
sequence of length t. See below for a general formula and Figure 1 for an example
with ¢ = 4.

B G2 G @) () () e oo

Theorem 3.2. Ifn = (})(r—1)+1, then any (n, 3)-formation contains an up(r,2).

Proof. Let the formation be [m1, 7o, m3]. Without loss of generality, let m1 = e,
where e denotes the identity permutation. By the Erdds-Szekeres theorem, mo
either contains an increasing subsequence of length r or a decreasing subsequence
of length (3) + 1. In the first case, [y, T3] contains an up(r,2) on the symbols of
the increasing subsequence. In the second case, consider the (;) + 1 symbols of the
decreasing subsequence in 7w3. By Theorem 3.1, this permutation contained in w3
has a strongly unimodal subsequence of length r, in positions a; < as < ... < a,
with m3(a1) < ... < m3(ax) > m3(agt1) > ... > m3(a,). Then the values m3(ar) <
m3(ag) < ... < m3(ag) in m; and the values m3(ags1) > ... > m3(a,) in m form a
pattern in [m1, o] repeated in 73, hence |71, 7o, 73] contains an up(r, 2). O
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Figure 1: A geometric representation of the permutation 645123, which is a permu-
tation of length (;) with no strongly unimodal sequence of length ¢ for ¢t = 4.

Corollary 3.3. For all r, we have fi(up(r,2)) < (5)(r — 1) + 1.

Besides the use of Theorem 3.2, the proof of the next theorem is the same as the
proof of Klazar’s bound in [16].

Theorem 3.4. If K = (r —1)(}) + 1 and L = Ex(up(r,2),K — 1) + 1, then
Ex(up(r,2),n) < (2n +1)L.

Proof. Let u be an r-sparse sequence with at most n distinct letters. Suppose that
u has length at least (2n+ 1)L. Split w into 2n + 1 disjoint intervals, each of length
at least L. At least one interval I contains no first or last occurrence of any letter in
w. If I has fewer than K distinct letters, then I contains up(r,2) by the definition
of I and L. If I has at least K distinct letters, then all of these letters occur before
I, in I, and after I. Thus u contains an ((r — 1)(}) + 1, 3)-formation. By Theorem
3.2, u contains up(r,2), completing the proof. O

In the remainder of this section, we prove that the bound in Corollary 3.3 is
sharp up to a constant factor independent of 7. In order to prove this, we first show
that any up(r,2) in an (n, 3)-formation must contain a restricted up([r/3],2).

Lemma 3.5. Any (n,3)-formation containing an up(r,2) contains a restricted
up([r/3],2).

Proof. The up(r,2) can be factored into six possibly empty words wjwawswiwews
so that m; contains wiws, mo contains wswi, and w3 contains wows. The longest
of wy,ws, and w3 contains the repeated sequence of a restricted up([r/3],2), e.g.,
if wy is the longest, then there is a restricted up(|wsz|,2) contained in [y, 73] and
|wa| > [r/3]. O
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Next, we prove a lemma about the longest common subsequences of permutations
of Cartesian products, which we will use with a product construction to prove the
lower bound on fl(up(r, 2)).

Lemma 3.6. Let w1 and w5 be permutations of the same size and o1 and oo be per-
mutations of the same size. Then LCS(m ® 01, T ®09) = LCS(71, m2) LCS(071, 09).

Proof. Let n = LCS(my,m2) and m = LCS(o1,02). Given a common subsequence
ay,as,...,a, of my and 7y, and a common subsequence by, bo, ..., b, of o1 and o9,
then a common subsequence of m ® o7 and 7y ® o9 is

(al,bl), (al,bg), ey (al,bm), (ag,bl) Ce (ag,bm), e (an,bm).

Suppose we have a common subsequence of length mn + 1, say

(Clvdl)a (027d2)a ceey (Cmn+17dmn+1)~

Suppose for h = 1, 2, the locations of the sequence are
(s kni) < (Uhoykn2) < .oo < (Chomns1s Knomnt1)

in T, ® op, 80 T ® Uh(gh,i; khﬂ') = (Ci, dz)

By the lexicographic ordering, 1 < lp2 < ... < € mn+1. Since for all h and ¢,
mh(Uhi) = ¢, repetitions of first coordinates of values occur precisely when the first
coordinates of locations are repeated: ¢}, ; = €}, ; if and only if ¢; = ¢;. Since the first
coordinates of locations are weakly increasing, repetitions are adjacent, so repeated
values in the sequence (¢;) are adjacent. The distinct elements of the sequences
(£1,;) and (f2;) are the locations of a common subsequence of m; and my. Since
LCS(my,m2) = n, there can be at most n distinct elements among these mn + 1. By
the pigeonhole principle, the sequence c;,ca, ..., cmn4+1 contains at least m + 1 rep-
etitions of some value, which must be adjacent, say ¢; = ... = ¢t4y. Then the com-
mon subsequence contains (¢, dz), (¢, dit1), -« (Cty digm). Then dy,diiq, ... digm
is a common subsequence of o1 and oy of length m+1, contradicting the assumption
that LCS(o1,02) = m. O

We provide a product construction in the next lemma, which we will use to prove
the claimed lower bound of fl(up(r,2)) = Q(r®).

Lemma 3.7. If we have permutations w1, 72, 73 € S so LCS(m;,mj) < r for each
(1,7) € {(1,2),(1,3),(2,3)}, then the (kt,3)-formation [x{*, 75" 75" contains no
restricted up(rt + 1, 2), hence no up(3rt +1,2).

Proof. The longest common subsequences of ﬂ?t and W?t have length at most r* so
there is no restricted up(r! 4+ 1,2) in any pair, hence not in the (k!,3)-formation.
An up(3rt + 1,2) would imply there is a restricted up(r® + 1,2), so there are no
up(3rt +1,2)s. O
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Finally, we are ready to show that the construction in the last lemma gives the
desired lower bound on fl(up(r, 2)).

Theorem 3.8. There are (2(r?), 3)-formations with no up(r,2).

Proof. Let m = e, mo = 43218765, and 73 = 65872143. Then for each (i,5) €
{(1,2),(1,3),(2,3)}, LCS(m;, m;) = 2. By Lemma 3.7, for each ¢, there are (8, 3)-
formations with no restricted up(2* + 1,2) hence no up(3 - 2! + 1, 2).

We can use these constructions for powers of two to build examples of cubic size
when r is not a power of 2. For any r > 4, there is a power of two 2! in ((r —
1)/6, (r —1)/3]. Then there is a (23, 3)-formation with no restricted up(2’ + 1,2)

hence no up(3 - 2! + 1,2). Since 3-2" +1 < r and f%l < 23t there is an

(((Tzzgs],?))-formation with no up(r, 2). .

Corollary 3.9. For positive integers v, we have fl(up(r,2)) = ©(r3).

4. Bounds for up(r,t)

In this section, we show that for any fixed ¢, fl(up(r,t)) is 0(r9), where g = (*';"),
extending the result for t = 2. We start by proving an upper bound on fl(up(r,t)).
Since any formation which contains Up(r,t) must also contain up(r,t), we focus on
Up(r,t) instead of up(r,t) for the upper bound.

2t—1

Theorem 4.1. In any ((r — 1)9 + 1,2t — 1)-formation, where g = (*;

an Up(r,t).

), there is

For i,j € {0,...,t} let g¢(i,7) = (Qtt_f;J) This counts the number of lattice paths
from (i,7) to (¢,t) or the number of ways a best-of-(2¢ — 1) match can end starting

from a score of (4, 7). If max(i,j) < t then ¢;(¢,7) = g:(¢ + 1,7) + g¢ (4,5 + 1).

Theorem 4.2. Let i,j € {0,....,t}. In any ((r — 1)9:9) 4 1,2t — 1)-formation
starting with © identity permutations and j copies of w = [n (n—1) ... 2 1], there is
an Up(r,t).

Proof. Induct backwards on i+j. The base case is when max(i, j) = ¢, s0 g;(¢,5) = 1
and the statement is trivially true here.

Suppose it is true for larger values of i+ j. Consider a ((r —1)9:Gd) 41,2 — 1)—
formation starting with e*w?. The size of each permutation is pg + 1 where p =
(r — 1)9:0FL9) and g = (r — 1)9(53+1) . Apply the Erdds-Szekeres theorem to the
next permutation after e’w’. In a permutation of size pg 4+ 1 = (r — 1)9:(9) 41,
there is either an increasing subsequence of length p +1 = (r — l)gt(i*‘l’j) +1 or
a decreasing subsequence of length ¢ 4+ 1 = (r — 1)9:(:3+1) 4 1. Restricting to the
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symbols of this monotone subsequence gives us one more identity or w permutation.
By the inductive hypothesis, there must be an Up(r, ¢) using just those symbols. [

Proof of Theorem 4.1. Theorem 4.2 with i = 0, j = 0 says that an unrestricted ((r—
1)(2;) +1,2t—1)-formation has an Up(r,t) whose pattern is increasing or decreasing.
However, if we don’t restrict the pattern to be monotone, we can relabel the symbols
so that the first permutation is the identity. So, any ((r — 1)9:(L0) 11, 2 — 1) =

2t—1

((r - 1)( o)+ 1,2t — 1)—f0rmation contains an Up(r, t). O

2t—1

Corollary 4.3. For all r,t > 1, we have fl(up(r,t)) < (r — 1)( )4

By the sparsity lemma of Klazar in [17], we obtain the following upper bound on
Ex(up(r,t),n).

Theorem 4.4. Let n,r,t > 1 and g = (Ztt_l). We have

Ex(up(r,t),n) < (1 + Ex(up(r,t), (r = 1)9)) Fr_1y911,2e-1(n).

In the remainder of this section, we prove that the bound in Corollary 4.3 is
sharp up to a constant factor. In order to prove this, we first generalize the result
in Lemma 3.5.

Theorem 4.5. If there is an up(r,t) in an (n,2t — 1)-formation, then there is an
UP([ﬁLt) in the formation.

Proof. For each symbol in the up(r,t), there is a subset of size ¢ of the 2t — 1
indices of the permutations containing the corresponding symbols in the up(r,¢). In
particular, we let s; be the t-element subset of {1, 2, ...,2t—1} that records the index
of each of the ¢ instances of a; relative to its respective size-r permutation. Consider
the lattice of t-element subsets of {1,2,...,2t — 1} with grading given by sums of
elements of subsets. We can identify a longest chain in the lattice with ¢(t — 1) + 1
elements: the bottom element of the chain corresponds to s; = {1,2,...,¢t} and the
top element of the chain corresponds to s, = {t,t+1,...,2¢ — 1}. By the pigeonhole
principle, at least one of the t-element subsets is repeated at least times,
which means there is an Up([m] ,t).

__r_
t(t—1)+1

Let p, ¢ be nonnegative integers. We will think of them in base 2. Suppose that
the value a appears in 7, and 7, and suppose that the value b appears in 7, and
Tq, with @ < b. Also, let ¢ be the leftmost (most significant) index of a binary digit
where a and b disagree in binary.

Theorem 4.6. If a appears before b in both 7, and 74, or if b appears before a in
both 7, and 7, then p and q agree in binary position 1.
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Proof. We prove the contrapositive: if p and ¢ disagree in binary position 4, then a
and b appear in different orders in 7, and 7,. Since a < b, and a and b first differ
in binary position ¢, a has a 0 in that position while b has a 1 there. Without loss
of generality, suppose p has a 0 in the ith position while ¢ has a 1 there. Then
p®a < p®dbwhile g®a > q®b. Hence, a and b occur in different orders in 7, and
Tq- O

Next we show that the length of the longest common subsequence of {7, , ..., 7, }
can be determined from the number of bits where the binary expansions of p1, ..., pg
all agree.

Theorem 4.7. If s is the number of bits where the binary expansions of p1, ..., Pk
all agree, then the longest common subsequence of {7y, , ..., Tp, } has length 2°.

Proof. This follows from the pigeonhole principle. More than 2° elements of a
subsequence would mean some pair a and b would have to agree in all s bits where
p1, ..., Dk agree, so the highest bit where a and b disagree would have to be one where
P1, ..., Pk are not unanimous. By Theorem 4.6, a and b would appear in a different
order in some p; from some p;, so they could not be in a common subsequence. [

For example, T9110,, 70011, Too10, Share a common subsequence of length 22 =4
since 0110, 0011, and 0010 agree in two positions 0 * Lx:

To110, =6745230114151213101189
Too11, =32107654111098 151413 12

Too10, =23016745101189 14 15 12 13.

Common subsequences of length 4 include 6 4 10 8 and 7 5 11 8.

Theorem 4.8. Let (1, ...,m,) be a formation containing an Up(r,t) but no Up(r+
1,t). Similarly, let (o1, ...,04) be a formation containing an Up(s,t) but no Up(s+
1,t). Then (m ® 01, ...,Ty @ 0y) contains an Up(rs,t) but no Up(rs + 1,1)).

Proof. Tt suffices to consider u = t. The proof is analogous to that of Lemma 3.6,
which considers the case t = 2. O

The construction in the following result is suboptimal but potentially still of
interest.

Theorem 4.9. There are (Q(r"),7)-formations hence also (Q(r7),5)-formations
with no up(r, 3).
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Proof. The lines of a Fano plane have the property that any 3 either intersect in a
point and cover all points, or they all miss a single point. Thus, 7110100055 70110100,
700110102, 7000110155 7100011055 70100011, T1010001, have the property that any triple
has longest common subsequence 2! = 2. By Theorem 4.8, there is a (128%,7)-
formation with no Up(2* + 1, 3). O

The bound in the next theorem is sharp and better than the Fano construction
since it, for example, yields a (210, 5)-formation with no Up(3, 3).

2t—1

Theorem 4.10. For all fired t > 1, there are (2( ¢ ),Qt — 1) -formations with no
Up(3,1).

Proof. Let S be the set of subsets of {1,2,...,2t — 1} of size t, so |S| = (¥} 7).
Define sets S1, S5, ..., S2;_1 so that S; contains the subsets containing 7. Then any
t sets Sy, ,...S;, will only agree on one element of S, the set {i1,...,i;}. Identify the
(Zt_l) subsets with the numbers {0, 1, ..., (Qtt_l) — 1} Let n; be 3 cq, 27, Then

t
-1

[Tryseoes Tnoy_,] 1S @ (2(2tt ),Qt - 1)—formation with no Up(3,t) by Theorem 4.7. O

The lower bound and upper bound meet, so these are the best possible for some
particular values of r. For example, let g = (Qtt_l). We constructed a (29,2t — 1)-
formation with no Up(3,¢) but every (29 + 1,2t — 1)-formation contains an Up(3, ).

2t—1

Theorem 4.11. For all fixred t > 1, there are (Q(r( ¢ )), 2t — 1>—f0rmati0ns with
no up(r, t).

Proof. By applying Theorem 4.8 to the construction of Theorem 4.10, there are
2t—1
(2( ¢ )k, 2t — 1)—f0rmati0ns with no Up(2* + 1,¢). To avoid an up(r,t), let 2% be

—1

the greatest power of 2 up to [ =57 | — 1. There is a (2(2tt )’ﬂ o — 1)—formation
with no Up(2¥ + 1,¢), hence no up((2* + 1)(t?> — t + 1),t), hence no up(r, t). For a
fixed ¢, (2%) (7)) s Q (r(”f 1)) . O

2t—1

Corollary 4.12. For all fized t > 1, we have fl(up(r,t)) = @(r( g )), where the
constants in the bound depend only on t.

5. Sharp Bounds Using Formation Width

The next theorem confirms a conjecture from [12] that fw(abc(acb)tabe) = 2t + 3
for all t > 0, where fw(u) denotes the minimum s for which there exists r such that
every (r, s)-formation contains u. This implies an upper bound of

Ex(abc(ach) abe, n) = O(Faabe(ach)tabe),2t+3(n)) < noma(m) +0(a(n) ) (7)
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for t > 1 [12, 21]. The sequence abc(ach)tabe contains (ab)'*2, so there is also a
lower bound of

Ex(abc(ach)tabe, n) = Q(Ex((ab)*2 n)) > n2re(m) =0(a(m) ™) (8)

for t > 1, where we are using Klazar’s sparsity result [17] in the first inequality.
The next result uses the fact proved in [12] that fw(u) is the minimum s for which
every binary (r, s)-formation contains u, where r is the number of distinct letters
in w. Asin [12], an (r, s)-formation is called binary if there exists a permutation
p on 1 letters so that every permutation in the formation is p or the reverse of p.
Also in the next two results, we use the terminology u has v to mean that some
subsequence of u is an exact copy of v, so u has v is stronger than u contains v.

Theorem 5.1. For all t > 0, fw(abc(ach)tabe) = 2t + 3.

Proof. The proof is trivial for ¢ = 0, so suppose ¢t > 0. It suffices by [12] to show
that every binary (3,2t 4+ 3)-formation contains u. Consider any binary (3,2t + 3)-
formation f with permutations xyz and zyx, abbreviated v and § respectively.
Without loss of generality suppose permutations 3 through 2t + 1 of f have (v)*.
Then f has zzy(y)'zzy unless the first six letters of f are §v or the last six letters
of f are 7.

We split into cases depending on whether the first six letters of f are d+ or the
last six letters of f are §v. If the first six letters of f are &+, then f has §(zzy)ts.
So for the remaining cases, we assume that the last six letters of f are v and we
consider all possibilities for the first six letters. Now if the first six letters of f are
dv or 66, then f has §(zzy)'d. Otherwise if the first six letters of f are 7y or ~4,
then first note that f has zzy(y)'zzy if the 3"¢ through (2t + 1)*! permutations of
f have (7)!*1. Otherwise the 3"¢ through (2t + 1)* permutations of f have ()71,
in which case f has y(zzy)ty. O

Corollary 5.2. Fort > 1, we have
Ex(abc(ach) abe,n) = 2w £0(a(m) ) (9)

Next we prove that fw(abcacb(abc)tach) = 2t + 5, which implies as a corollary
that ) . )
Ex(abcach(abe)tach, n) = n2@m ) £0(@m)?) (10)

for t > 1.
Lemma 5.3. For all t > 0, fw(abcacb(abc)tach) = 2t + 5.

Proof. First note that abcacb(abc)ach has an alternation of length 2t+6, so we have
fw(abcacb(abe)tach) > 2t+5. To check the upper bound it suffices to show that every
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binary (3, 2t + 5)-formation contains abcacb(abc)tach [12]. We will denote an arbi-
trary binary (3, 2t 4+ 5)-formation with permutations xyz or zyz by pips2 ... p2tts.
Without loss of generality, assume that pspg . ..par+3 has (zy2)t. If pspe . .. parts
has (zyz)*! and p; = zyx, then p; has zx, ps has y, p3ps has zy, Pspe . . . Pas 13 has
zy(zxy)tz, and poryaporss has yr. Thus we have zzyzyx(zxy)tzyz. If pspe - - . parts
has (zyz)'™! and p; = 2yz then note that we can choose xzy from papsps, (zyz) zy2
from pspe . .. pat+3, and y from payi 4.

Now suppose that pspe...pair3 has both (zyz)! and (zyz) If p1papsps
has zyzxzy and posiapasis has xzy, then pips...poys has xyzazy(axyz)lazy. It
can be easily checked that pipspsps does not have xyzzzy or paiiapoits does not
have zzy exactly when poiiaporis = zyzazyz or pipapsps € (zyx)(zyz)(zyz)(2yz),
(zyx)(zyx)(zy2)(2yz), (2yz)(zyz)(zy2)(zyz), or (2yz)(zyx)(2yz)(zy2).

Suppose povsaparss = 2yrayz but pipopaps € ((zyw)(2y2))?, (2y2)(wy2) (2y2),
(zyx)%(zy2)?, (zyx)3(2yz). We cover when p3 = zyx in three cases: the first case
covers when pyps # xyzzyx, and there are two cases with py1ps = xyzzyx which
depend on whether or not py = zyz. Then we cover when ps = zyz in three
cases: the first case covers when pips # zyxrxyz, and there are two cases with
p1p2 = zyxzryz which depend on whether or not py = zyz.

t—1

If p3 = zyxz and p1ps # xyzzyx, then p1po has zxy, ps has zyz, ps has the letter
2,D5D6 - - - Doty 3 has xy(zay)t ™1z, and posiaparss = zyrayz. Thus, we have the
subsequence zxyzyz(zzy)tzyw.

If p3 = zyx, p1p2 = xyzzyz, and py = xyz, then p1popspy has (zyz)(zzy)(zyz),
D5D6 - - - D2t+3 has (:Eyz)t_lx, and poyyapoi+s = zyxxyz. Thus, we have the subse-
quence zyzrzy(ryz)tzzy.

If p3 = zyx, pip2 = xyzzyzr, and py = zyx, then pipapsps has (xzy)(zyz)z,
P5D6 - - - P2r+3 has zy(z2zy) 2z, and posiaparss = zyzryz. Thus, we have the sub-
sequence rzyryz(xzy)iryz.

If p3 = xyz and p1ps # zyxayz, then pips has xzy, ps has xyz, py has the letter
T, P56 - - - Datgs has zy(xzy)t—?
subsequence xzyryz(zzy)lryz.

If p3 = 2yz, p1p2 = zyrryz, and py = zyz, then pipapsps has (zyx)(zwy)(2y),
PsD6 - - - P2r+s has (zyz)'™! and poyyaporis = zyrayz. Thus, we have the subse-
quence zyzzry(zyz)tzay.

If ps = ayz, pip2 = zyzayz, and py = xyz, then pipopsps has (zay)(zyw)z,
P56 - - - Par+s has zy(zay)t =1z, and payraparss = zyzwyz. Thus, we have the sub-
sequence zzyzyr(zry)tzyz.

Next, suppose that pipapsps € ((2yz)(zyz))?, (2yx)?(zyz)(2yx), (2yz)*(vy2)?,
(zyx)3(zyz). We first cover the cases when pypapspy is (zyz)?(zyz) or ((zyx)(zyz))?.
For pipep3ps = (zyx)?(xyz)(zyx), we split into two cases depending on whether
or not paotiqapot+s = xyzzyx. Finally for pipepsps = (zya?)Q(acyz)27 we split into
four cases: there are two cases with ps = xyz which depend on whether or not

xz, and posyapor+s = zyxrxyz. Thus, we have the
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Dot+aP2t+s = xyzzyx, and there are two cases with ps = zyz which depend on
whether or not posyapor+s = zyxzyz.

If p1papsps = (zyx)(zyx)(zyx)(xyz) or pipepsps = (2yx)(zyz)(zyz)(zyz), then
p1p2p3ps has (zxy)(zyx)z, pspe - - - Parts has zy(zzy)' ™'z, and paiapaess has ya.
Thus, in this case we have the subsequence zzyzyx(zzy)zyz.

If pipapsps = (2yx)(2yx)(vyz)(2yr) and papyaparys # vyzzyx, then pipapsps
has (z2yx)(z2y)(2y2), pspe - - - p2e+3 has (zyz)' ™1, and payyapairs has zzy. Thus, in
this case we have the subsequence zyzzzy(zyx)izzy.

If p1papsps = (zym)(zym)(myz)(zyq;) and patyap2tts = Tyzzyz, then pipapapy
has zaxyzyx, pspe - . . P2¢+3 has (z:ry)tflz, and poyyapor4+5 has zyzyx. Thus, in this
case we have the subsequence zxyzyz(zzy)tzyz.

If pipapsps = (zyx)(2yx)(zyz)(xyz), ps = xyz, and paryapesis 7# Tyzzyz, then
p1p2pspaps has (zyz)(zxy)(zyx), pepr ... pats has (zyz)'™', and pasiaparts has
zxy. Thus, in this case we have the subsequence zymzxy(zym)tzxy.

If p1papsps = (zyz)(zyx)(zyz)(zyz), ps = xyz, and popyaporrs = xyzzyx, then
P1p2p3paps has (zzy)(2yz)z, pepr . . . par+s has (zyz)'™!, and paiaparss has zyzyz.
Thus, in this case we have the subsequence zzyzyz(zzy)tzyz.

If pipapsps = (zyx)(zyz)(vyz)(2y2), ps = zyx, and parraparys # 2yrryz, then
P1P2p3paps has xyzarzy, pepr - . - parts has (zyz)’, and pariapasys has zzy. Thus, in
this case we have the subsequence ryzzzy(zyz)izzy.

If pipopaps = (2yx)(2yx)(wyz)(wyz), ps = 2yx, and pagyaparys = zyrayz, then
P1papspaps has (zzy)(xyz)(zzy)z, pepr ... pass has zy(rzy)' 3z, and paiapaess
has zyzyz. Thus, in this case we have the subsequence zzyzyz(zzy)tzyz. O

Corollary 5.4. Fort > 1, we have

Ex(abcacb(abe)tach,n) = n2 (O (11)

6. Exact Values

Klazar [17], Nivasch [21], and Pettie [22] showed that F,.2(n) < rn, F,. 3(n) < 2rn,
Fr2(n,m) < nt(r—1)m, and F, 3(n, m) < 2n+(r—1)m. In this section, we provide
several elementary proofs to obtain exact values for all of the extremal functions in
the previous sentence. In particular, we show that F, o(n,m) =n+ (r —1)(m —1),
F,3(n,m) = 2n+ (r — 1)(m — 2), F,2(n) = (n —r)r +2r — 1, and F, 3(n) =
2(n —r)r+ 3r — 1. We assume that n > r for all of the results in this section.

Theorem 6.1. For all integers m > 1,n > r we have
1. Fra(n,m)=n—+ (r—1)(m—1);

2. Fr3(n,m) =2n+ (r —1)(m — 2);
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3. Fron)=m—r)r+2r—1;
4. Frs(n)=2(n—r)r+3r—1.

Proof. We prove a matching upper bound and lower bound for each part.

1. Suppose that u is a sequence on m blocks with n distinct letters that avoids
Fr2. Delete the first occurrence of every letter in . This empties the first block,
leaving a sequence with at most m — 1 nonempty blocks that must have at most
r — 1 letters per block, or else u would have contained a pattern of F,. 5. Thus u has
length at most n + (r — 1)(m — 1), giving the upper bound. For the lower bound,
consider the sequence obtained from concatenating up(n,1) with up(r — 1,m — 1).
This sequence has n distinct letters, m blocks, and clearly avoids F; ».

2. Suppose that u is a sequence on m blocks with n distinct letters that avoids
Fr,3. Delete the first occurrence of every letter in u, as well as the last occurrence.
This empties the first and last blocks, leaving a sequence with at most m — 2
nonempty blocks that must have at most r — 1 letters per block, or else u would
have contained a pattern of F, 3. Thus u has length at most 2n + (r — 1)(m — 2),
giving the upper bound. For the lower bound, consider the sequence obtained from
concatenating up(n, 1), up(r — 1,m — 2), and up(n, 1) again. This sequence has n
distinct letters, m blocks, and clearly avoids . 3.

3. Suppose that u is an r-sparse sequence with n distinct letters that avoids ;. 2.
Partition u into blocks of size r, except for the last block which may have size at
most 7. Every block of length r must have the first occurrence of some letter (or
else u would contain a pattern in F,.2), and the first block has r first occurrences.
This gives the upper bound. For the lower bound, consider the sequence obtained by
starting with up(r—1, 1) and concatenating a,, up(r—1, 1) to theend forx = r,... , n.
This sequence has length (n — r)r + 2r — 1, it is r-sparse, and clearly avoids F, o.

4. Suppose that u is an r-sparse sequence with n distinct letters that avoids
Fr,3. Partition u into blocks of size r, except for some block besides the first or last
which may have size at most r. Every block of length r must have the first or last
occurrence of some letter (or else u would contain a pattern in 7. 3), the first block
has r first occurrences, and the last block has r last occurrences. This gives the
upper bound. For the lower bound, consider the sequence obtained by starting with
up(r — 1,1) and concatenating a, up(r — 1,1) to the end for x = r,... ,n,r, ..., n.
This sequence has length 2(n—r)r+3r—1, it is r-sparse, and clearly avoids F, 3. O

Next we find the exact value of Ex(up(r,1)a,,n,m) and Ex(up(r,1)a;,n) for
ze{l,...,r}

Theorem 6.2. For all integers m > 1,n > r, we have the following statements.
1. Ifx e {1,...,r}, then Ex(up(r, Dag,n,m)=n+ (r —1)(m —1).

2. Ifx € {1,...,r}, then Ex(up(r,1)ay,n) =n+z — 1.
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Proof. As in the last result, we prove a matching upper bound and lower bound for
each part.

1. The upper bound follows since every (r, 2)-formation contains up(r, 1)a,. For
the lower bound, consider the sequence u obtained from concatenating up(r—1,m—
1) with up(n,1). For any copy of up(r,1) in u, any letter occurring after the copy
must be making its first occurrence in u. Thus u avoids up(r, 1)a,, and it has n
distinct letters and m blocks.

2. For the upper bound, let u = ujus ... be an r-sparse sequence with n distinct
letters that avoids up(r, 1)a,. Note that all of the letters u; for ¢ > x cannot occur
later in u, or else u would contain up(r, 1)a,. This implies the upper bound. For
the lower bound, consider the sequence obtained by concatenating up(n,1) with
up(z—1,1). Any letter that occurs twice in this sequence must have all occurrences
among the first £ — 1 and last « — 1 letters in the sequence. Thus this sequence
avoids up(r, 1)a,, it has length n + = — 1, and it is r-sparse for n > r. O

7. Hypermatrices and Generalized Formations

In this section, we extend some of the exact results we proved for (r, s)-formations in
Section 6 from sequences to d-dimensional 0-1 matrices. Before proving the results,
we discuss some additional terminology.

For any family of d-dimensional 0-1 matrices Q, define ex(n, Q,d) to be the
maximum number of ones in a d-dimensional matrix of sidelength n that has no
submatrix which can be changed to an exact copy of an element of @ by changing
any number of ones to zeroes. When Q has only one element @), we also write
ex(n, Q,d) as ex(n, Q,d). Most research on ex(n, Q,d) has been on the case d = 2,
but several results for d = 2 have been generalized to higher values of d. For
example, Marcus and Tardos proved that ex(n, P,2) = O(n) for every permutation
matrix P [20], and this was later generalized by Klazar and Marcus [18], who proved
that ex(n, P,d) = O(n%1) for every d-dimensional permutation matrix P. Another
example is the upper bound ex(n, P,2) = O(n) for double permutation matrices
P from [10], which was generalized to an O(n?~!) upper bound for d-dimensional
double permutation matrices in [13].

Define the projection P of the d-dimensional 0-1 matrix P to be the (d — 1)-
dimensional 0-1 matrix with P(xq,...,24_1) = 1 if and only if there exists y such
that P(y,x1,...,24-1) = 1. An i-row of a d-dimensional 0-1 matrix is a maximal
set of entries that have all coordinates the same except for the the i*" coordinate.
An i-cross section of a d-dimensional 0—-1 matrix is a maximal set of entries that

th coordinate.

have the same ¢
Given a d-dimensional 0-1 matrix P with 7 ones, a (P, s)-formation is a (d + 1)-

dimensional 0—1 matrix M with sr ones that can be partitioned into s disjoint
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(d+1)-dimensional 0-1 matrices G, ..., G, each with r ones so that any two G;, G,
have ones in the same sets of 1-rows of M, the greatest first coordinate of any one in
G, is less than the least first coordinate of any one in G; for i < j, and P = M. For
each d-dimensional 0——1 matrix P, define Fp 5 to be the set of all (P, s)-formations.
Geneson [11] proved that ex(n, Fps,d + 1) < 3(ex(n, P,d)n + n) for all positive
integers n and d-dimensional 0-1 matrices P. Here we prove that ex(n, Fp3,d+1) =
2n? + ex(n, P,d)(n — 2) and ex(n, Fpa,d + 1) = n + ex(n, P,d)(n — 1) for any d-
dimensional 0—1 matrix P. By using a generalization of the Kévari-Sés-Turdn upper
bound, we also generalize a result from [9] by proving that ex(n, Fps,d+ 1) =
Q(ndt1=°MW) if and only if s = s(n) = Q(n*~°M)). Our first result in this section is

an analogue of Theorem 6.1.1 for d-dimensional 0-1 matrices.

Theorem 7.1. If P is a d-dimensional 0—1 matriz, then ex(n, Fpa,d+1) = n +
ex(n, P,d)(n — 1).

Proof. Suppose that A is a (d 4+ 1)-dimensional 0—-1 matrix of sidelength n that
avoids Fpo. Delete the first one in every l-row. This empties the first 1-cross
section, leaving a (d + 1)-dimensional 0—1 matrix with at most n — 1 nonempty 1-
cross sections that must have at most ex(n, P, d) ones per 1-cross section, or else A
would have contained an element of Fp 5. Thus A has at most n?+ex(n, P,d)(n—1)
ones, giving the upper bound.

For the lower bound, consider the (d + 1)-dimensional 0—1 matrix obtained from
concatenating a d-dimensional all-ones matrix with n—1 copies of a d-dimensional 0
1 matrix with ex(n, P,d) ones that avoids P. This matrix has n?+ex(n, P,d)(n—1)
ones and clearly avoids Fpo. O]

The next equality improves on the bound ex(n, Fp3,d+1) < 3(ex(n, P,d)n+n?)
from [11]. Tt is an analogue of Theorem 6.1.2 for d-dimensional 0-1 matrices.

Theorem 7.2. If P is a d-dimensional 0—1 matriz, then ex(n, Fpz,d+1) = 2n¢ +
ex(n, P,d)(n — 2).

Proof. Suppose that A is a (d 4+ 1)-dimensional 0-1 matrix of sidelength n that
avoids Fp3. Delete the first and last one in every 1-row. This empties the first
and last 1-cross sections, leaving a (d + 1)-dimensional 0-1 matrix with at most
n — 2 nonempty 1-cross sections that must have at most ex(n, P, d) ones per 1-cross
section, or else A would have contained an element of Fp3. Thus A has at most
2n + ex(n, P,d)(n — 2) ones, giving the upper bound.

For the lower bound, consider the (d + 1)-dimensional 0-1 matrix obtained from
concatenating a d-dimensional all-ones matrix, n — 2 copies of a d-dimensional 0-1
matrix with ex(n, P,d) ones that avoids P, and a d-dimensional all-ones matrix
again. This matrix has 2n? + ex(n, P,d)(n — 2) ones and clearly avoids Fp3. [
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Wellman and Pettie asked how large must s = s(n) be so that Ex(as,n,n) =
Q(n?°M) [25]. Geneson proved that Ex(as,n,n) = Q(n>~°M) if and only if
s = s(n) = Q(n'~°M) using the Kévari-Sés-Turdan theorem [9]. We extend this
bifurcation result to formations in d-dimensional 0—1 matrices, but we need to use
an extension of the K6vari-Sés-Turan theorem for d-dimensional 0—-1 matrices. One
such extension was proved in [13], where it was shown that ex(n, RFt»Fi d) =
O(n?=ak1,ka)) where o = W This bound is not sufficient to extend
the bifurcation result, but the same proof that was used in [13] implies the following
stronger result.

Theorem 7.3. For fized integers ki, ...,kq > 1, we have

ex(n, RPFka g4 1) = O(j P 0t T ). (12)

Using Theorem 7.3, we prove the following generalization of the result of Geneson
[9].

Theorem 7.4. If P is a nonempty d-dimensional 0—-1 matriz, then
ex(nv]:P,s,d + ]-) == Q(nd+1io(l)) (13)
if and only if s(n) = Q(n'=°M),

Proof. Suppose that P is a nonempty d-dimensional 0—1 matrix with dimensions
kp X - X kq. If s = Q(n'=°) | then any (d 4 1)-dimensional 0-1 matrix that has
min(s—1,n) 1-cross sections with all entries equal to 1 and n—min(s—1,n) 1-cross
sections with all entries equal to 0 will avoid every (P, s)-formation. Thus in this
case we have ex(n, Fp,d + 1) > n?(s — 1) = Q(ndt1-oM).

If s # Q(n'~°(M), then there exists a constant o < 1 and an infinite sequence of
positive integers i1 < iz < ... such that s(i;) < i¢ for each j > 0. Thus, it suffices
to show that for every 0 < « < 1, there exists a constant 8 < d + 1 such that
ex(n, Fppet,d+1) = O(n?). However this follows immediately from Theorem 7.3,
since every (d + 1)-dimensional 0-1 matrix that contains RI™"1*1:*a must also
contain an element of Fp ,a7. O

8. Conclusion

In this paper, we improved the upper bound on Ex(up(r, 2),n) by showing that every
((r—1)(3) +1,3)-formation contains up(r,2). We proved that this result is sharp up
to a constant factor by showing that there exist (m, 3)-formations with m = Q(r?®)
which avoid up(r, 2). More generally, we showed that fl(up(r,t)) = @(r(ztfl)), where
the constant in the bound depends only on t.
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Since these bounds are sharp but not exact, they leave some natural open prob-
lems. First, what is the exact value for the minimum m = m(r) such that every
(m, 3)-formation must contain up(r,2)? More generally, what is the exact value for
the minimum m = m(r,t) such that every (m, 2t — 1)-formation contains up(r,t)?

It was shown in [12] that fw(u) = 4 and Ex(u,n) = ©(na(n)) for any sequence
u of the form avav’a such that a is a letter, v is a nonempty sequence of distinct
letters excluding a, and v’ is obtained from v by only moving the first letter of v. As
in the last paragraph, there is the problem of determining the minimum m = m(v)
such that every (m,4)-formation contains avav’a.

We determined the exact values of F,5(n), Fr3(n), Fr2(n,m), and F, 3(n, m),
and we also found the exact values of Ex(up(r, 1)a,,n) and Ex(up(r, 1)a,,n, m) for
x € {1,...,r}. A natural remaining problem is to determine the exact value of
Ex(up(r, 1)azay,n) and Ex(up(r, 1)aga,,n,m) for any z,y € {1,...,r}.

We also affirmed a conjecture from [12] that fw(abc(ach)tabe) = 2t + 3 for all
t > 0 and that

Ex(abc(ach)'abe,n) = 2w () £0(a(n) ™) (14)

for t > 1. In order to determine other families of sequences u for which fw(u) gives
sharp upper bounds on Ex(u,n), it would be useful to have a faster algorithm for
computing fw(u). The current fastest algorithms are in [14] and [8]. The latter
algorithm is faster than the former when the number of distinct letters is fixed, as
the length of the sequences goes to infinity. However the former algorithm is faster
than the latter when the number of distinct letters approaches the length of the
sequence.
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