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Abstract
We define a class of hypergeometric Bernoulli polynomials that generalize previous
results recently presented in the literature. We study their connections to the
corresponding r-associated Stirling numbers of the second kind and define fractional
values for these units. Finally, we make a conjecture about some special values of
a generalized hypergeometric form of the Riemann zeta function.

1. Introduction

As D. E. Smith noted [23], in the field of polynomial functions there are few math-
ematical entities as important as Bernoulli polynomials, which intervene in very
different areas, from series expansions to the Riemann zeta function to the last the-
orem of Fermat. The literature on this subject is very extensive, as one can read in
[7].

Numerous extensions of these mathematical entities have been proposed in the
literature. See the articles [2, 4, 8, 18, 19, 20, 21], where the most important gen-
eralizations are recalled. Among these, the articles by F. T. Howard [12], B. Kurt
[14, 15], and M. Miloud and M. Tiachachat [16, 17], the latter with respect to the
r-associated Stirling numbers [3, 6, 22], have received special attention. All these
expansions are obtained by replacing the denominator e* — 1 by €* — T,.(z), where
T.(z) (a polynomial of degree r — 1) is the partial sum of order r of the MacLaurin
expansion of the exponential.
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Moreover, A. Hassen and H. D. Nguyen [11] extended the definition of generalized
Bernoulli polynomials to non-integer values of the parameter r (see also [1, 10, 13]).
A connection of these new entities with a fractional hypergeometric version of the
Riemann zeta function was made in [9].

More general extensions can be considered by raising the denominator e” —T,.(x)
to the integer power k, thus defining a set of polynomials, denoted BLT ~LK] (1),
and numbers that are their values at the origin. These polynomials are naturally
associated with the r-associated Stirling numbers of the second kind S(n, k;r), so
that the possibility of using the BIr—1:H4 (t) polynomials also for non-integer values
of r can be extended to this set of Stirling numbers.

This topic is explored in this article, along with its connection to a more general
extension of the Riemann zeta function. A conjecture in this framework will be
made in Section 4. Some tables of introduced numbers for rational values of 7,
derived by the second author using the computer algebra program Mathematica®©,
can be found in the appendix at the end of this article.

2. Basic Definitions

When dealing with hypergeometric functions in the following, for typographical
convenience we use the Pochhammer symbol for the increasing factorial according
to the notation:

a:(x+1)~--(x+n_1):w7

1, n=20.

n>1,

(x)n = (1)

Since we never use the falling factorial in this article, this will not be misleading.
Stirling numbers of the second kind are defined by

k
S(n, k) = % S (-1 (Z)w @)
" m=0

For brevity, we write:

r—1 m@
TT(.’L‘) = ﬁ ; (3)

~
I
o

i.e., the r-th partial sum of the exponential series, which is a polynomial of degree
r — 1. Then the r-associated Stirling numbers of the second kind S(n,k;r) are
defined by

(Z ﬂ> =(e" = To(x)* =k Y S(n,k;r) - (4)

n=rk
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Of course, S(n, k;1) = S(n, k). Note that

x Z‘T > 1 n
e’ =T (x) = 1 1Fi(l,r+1,z)= E N z". (5)
’ n=0 n

2.1. Hypergeometric Bernoulli Polynomials of Order k

We introduce the hypergeometric Bernoulli polynomials of order k starting from
the equation

k
xT
(7"') ¢ et S 1,k z"
4 =B L (6)

- n!

T(x)]k [1F1(177A""_171’)]]~C

n=0

Remark 1. Note that if the polynomials introduced in [18] are denoted by Bl (t),
(in our notation the variables x and ¢ are interchanged), they are related to those
in Equation (6) by means of the equation

rl BIr=b ¢y = Blr=1(z)

and similarly for the generalized Bernoulli polynomials considered in [14], denoted
here by B ¥ (t), the following relation holds:

(r)* BY 1M () = B H(1).

From the fact that

n

[11:‘1(1’7n"~_17x)]]~C :7;) Z (r+Dp,(r+Dpy - (r+ p, ’ (7)

0<h;<n
hitha+-t+hr=n

we have the following theorem.

Theorem 1. The exponential generating function of the hypergeometric Bernoulli
polynomials B,[Z"_l’k] (t) is given by

et _ io: B[r—l,k] (t) ﬂ (8)
> ¥ i =
n=0 0<h:<n (7“+1)h1(7’+ 1)h2 .'.(r—’_]‘)hk

Shys

hitho+--+hp=n
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Introducing the hypergeometric Bernoulli numbers pir—tH - plr=1.4 (0), we
find the relevant generating function [24].
1

= [C(r +1)]* n
n;) > Tr+ i+ OD(r +ha+ 1) T(r + hp +1)

0<h;<n
hi+ho+-+hp=n (9)

oo
— Y BH z
n n' :
n=0 :

Then we can prove the following result.

Theorem 2. A representation formula for the hypergeometic r-associated Stirling
numbers of the second kind S(n + kr,k;r) is expressed by

S(n+ kr,k;r)

k! S Tir+hi+1)0(r+he+1)---T(r+hg+1)°
hi+hot..thy=n

Proof. The exponential generating function considered in [21], according to our
notation, becomes

Gl () = N 1 . ti[f*l’k] %T (11)
n. x — .
ALY CFol S+ kr kir) — "o
n=0
O
Comparing Equations (9) and (11), we find the equation
1
= n! "
k . -
k() Z% CENE S(n+kr,k;r) —
1 (12)

3 C(r+1]* o
0<h <n Fir+h+1)T(r+ha+1)---T(r+hg+1)
h1+h2:i--?-7+hk:n

that is,

k! 1
———— S(n+kr,k;r) = .
L(n+kr+1) ( ) O<;<n T(r+h1+0)T(r+he+1)---T'(r+hg + 1)
h1+h27+'1"7+hk:”

Then we find, in particular, the following theorem.
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Theorem 3. The Stirling numbers of the second kind S(n + k,k) can be computed
by means of the equation

(n+ k)! 1
Stk k) =—4 > (hi + D(ha + D (kg + 1)1 (13)

0<h;<n
hi+ho+-Fhp=n

Proof. Putting r = 1 in Equation (10), we find
S(n+k,k;1) = S(n + k, k)

M(n+k+1) > 1 (14)
k! T(h1 +2)T(he +2)---T(hg +2)’

0<h;<n
hit+ho+--+hp=n

that is, Equation (13). O

3. The Particular Case k = 2

In the particular case k = 2, putting

2
T tx

(7,|> € el e [ 2 T

. _ — B’r‘fl, 1) — 1
e —T,(x)2  [LF(1r+1,2)7 n;) n (t) ol (15)

and recalling the equation

i (0,b,2) 1 o ZZ( )i £, (16)

n=0 h= h
we find
© n 1) _h x"
e (Dn(1)y -
LF1(1,7 +1,2)] ,;th_o( > r+Dn(r+1)p—n n!
(17)
o n
s h:O T+1 )nfh
so that
etw o) - "
e Y R o

NE
M:
=
_l’_
=
|8
_l’_
=
3
%

3
Il
=]
i
o
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Introducing the hypergeometric Bernoulli numbers pir=t2 .= plr=1.2 (0), we
find the exponential generating function:
: —ZB“*-M, 9)
>3 =
== (r+ Dplr+1),—

which, recalling Equation (1), gives the generating function of the hypergeometric
Bernoulli numbers By, r=1.2,

o0

= ! }: B2 (20)

>y Lot Uf =
T( +h+1 Trtn—hs) ©
n=0 h=0 T

4. Connection with Generalization of the Riemann Zeta Function

Many extensions of the Riemann zeta function have been considered in the past,

o0
most notably in the form {(z) = Z %7;)7 where f(n) is a function of n, in connec-
n=1
tion with certain versions of the Riemann hypothesis. The number of these general-
izations was so large that Atle Selberg, the 1950 Fields Medalist, jokingly proposed
a “nonproliferation pact of (-functions” in the second half of the last century.

An interesting extension was recently introduced by A. Hassen and H. D. Nguyen
[10], who replace e” — 1 in the denominator of the integral representation by e* —
T, (x), where T,.(z) is the partial sum of order r of the Maclaurin expansion of the
exponential. H. L. Geleta and A. Hassen [9] studied a continuous version of the
hypergeometric zeta function depending on a positive rational number a, including
the value a = r as a special case. The corresponding analytic continuation and the
connection with the hypergeometric Bernoulli polynomials were also studied.

Here we set up the equation

1 ee] r4+n—2
[r] —
¢"n) = I‘(r—i—n—l)/o e* —T.(x) du

. T(r+1) /°° "2 i
S T(r+n-1) ), Fi(l,r+1,z) ’

which for r = 1, according to Equation (3), returns the classical Riemann formula:

1 oo gn—l

(21)
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A connection between the Bernoulli numbers and the Riemann zeta function,
which was conjectured by Euler in 1750, was proved by Riemann as

an (27T)2n

Clam) = (-1 25 (22)

Since the Bernoulli numbers Bs,, change their signs, the above equation writes

22n—171.2n ‘B2n|

2n) = 23
clom) = s (23)
A possible extension of Equation (21) could be to introduce the function:
1 o) ka+n_2
[kl () = d
0= ey |, T
(24)
1 /OO xnfl d
= xT s
Fir+n-1)J, LLFAQ,r+1,2)k
so that, for r = k = 1, the Riemann zeta function (22) is recovered.

We would like to conclude this article with the following conjecture.
Conjecture. The generalized Bernoulli polynomials Br[f ~LH are related to the
generalized zeta function ¢["¥(n) by the equation

] 22n—1 2n B["*Lk]
C[7,k] (2n) _ m | 2n | (25)

(2n)! ’

which is an extension of Equation (23).

5. Conclusion

Based on some recent generalizations of the Bernoulli polynomials, we have intro-
duced generalized hypergeometric versions of these polynomials and the correspond-
ing r-associated Stirling numbers.

It is possible to define the values of these mathematical units also for non-integers
r, thus extending the original definitions. In this way, the combinatorial meaning
is lost [5], but as in the case of the gamma function, a significant extension to
the complex case is achieved. The tables in the appendix show the initial values
of the generalized hypergeometric Bernoulli polynomials and the corresponding -
associated Stirling numbers for rational 7. The not-so-simple proof of the conjecture
proposed in Section 4 could be the subject of further investigation.
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Appendix

Examples of fractional r-associated Stirling numbers of the second kind are reported
in the following tables.

k=1 k=2 k=3 k=4

=0
' § l’l;l)zl s(122]=2 s[2.34)=1 s[2,41)= 2
) 2) x 272 )7, 575,

=1
’ s(313)-1 s(2.20 =20 s[231)=2 s(3,41)=32
2 2 2) 3 272) x 2)73

=2
n s(f,l;ljzl 5(372,1): 176 5(173,%:& 5(4’4;): 8962
i 2) 157z 2°72) 3x 2) 15z

=3
n S(z,l;l)=l S(4,2,lj=£ S[2,3;l)=§ S(5,4;lj:5478421
2 2 2) 2z 2°72) 3x 2) 1897

=4
7 S(g,l;l)ﬂ S(s,z;l): 15616 S(l_l’3;lj= 1001 S(6,4;l): 1235456
2 2 2) 3157 2°72) 5x 2) 9457

n=>5
s{ilalley | slegl|2t0le | (Lo} 3997 | ol LT 1975950
2 2 2) 34657 2°72) 15z 2 )" 297,

k=1 k=2 k=3 k=4
=0
"= (22 §(aze =28 S s[6.42]=2%
22 2) 3 272) 3 2) 2ix
=1
22 2) T5x 272)" @ 2)" 2
=2
=2 (73| s[523)- B2 | (B ,3) 1716 of 5,2 - 1015808
22 2) 10z 272) 5 2)” 35z
=3
=3 g9 3 s[6.2:3)_40% | 15 . 3)_ 19448 of0,4,2 |- 2229056
272 2) " a5x 272) 1 2)” 675x
=4
n S(E,l;ijzl S(m;g):éélsm S(£73;gj:157131 S(10,4;§)=11518738t3z
22 2) 3a65r | "\2°72) T35m 2)” 51975z
n=>5
B3 o1 | sfs22) 1769184 [ (19 3 517103 | () 3)_ 9250537472
22 2) " 450457 272)" 352 2)” 8775z

Table 2: S(n+ 3%,k 3), k=1,2,3,4, n=0,1,2,3,4,5.
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k=1 k=2 k=3 k=4

=0

! S(é,l;éjzl S(s,z;fj:@ s(l—sﬁ;éj:—mm s(10,4;5]:9175?4
) 2) 157 2°72) sr 2) 7527

=1

n 5(151;5):1 5(6,2;):2048 S(g’lg):ms 5(11’4;2):11534336
22 2 357 2 2 5 2 757

=2

n (2131 s(7.2:3) 247104 s(195,5)_ 739024 s(12.4,3) - 1801631104
2779 2) 315z 2°72) 1057 2 15757°

=3

n S(E,l;éjzl 5(8’2;5]:131072 S[Q,S;é):990964 [ ;] 82661343232
2772 2) 385x 2’72 357 2) 1102577

=4

n S(E,l;szl S(9,2;§]:32964608 s(2,3,§]=32442443 [144 j 1358266630144
2772 2) 450457 2772 3157 T 3307577

n=>5

s(§,1;§J=1 S(IO,Z;EJ:68681728 S(g,lg) 22190423 s(1545] 227848585984

2772 2) 450457 2772 637 2 110257°
Table 3: S(n+ 3£, k;3), k=1,2,3,4;, n=0,1,2,3,4,5.

Examples of fractional hypergeometric Bernoulli numbers of the second kind are
reported in the following tables.

k=1 k=2 k=3
n=0 1 1 1
n=1 -2/3 -4/3 -2
n=2 16/45 8/5 56/15
n=3 -32/315 -512/315 - 400/63
n=4 -256/4725 5632/315 14848/1575
n=>5 512/6237 -2048/10395 - 115712/10395
n=6 47104/14189175 - 14495744/14189175 21204992/2837835
n=7 - 94208/868725 753664/552825 827392/135135
n=38 10289152/140970375 13238272/20675655 -906100736/34459425
n=9 12720668672/68746552875 | - 61313908736/13749310575 332049154048/13749310575
n=10 | -846506491904/2268636244875 | 591383232512/174510480375 | 44381353541632/756212081625

Table 4: B,[f 7Kl

, k=1,23;n=0,1,2,...,

10.
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k=1 k=2
n=0 1 1
n=1 -2/5 -4/5
n=2 16/175 88/175
n=3 32/2625 -512/2625
n=4 -12032/1010625 - 512/40425
n=>5 - 91648/13138125 735232/13138125
n==6 6649856/1379503125 2060288/153278125
n=7 17502208/2393015625 - 91783168/1861234375
n=38§ - 334267875328/122534365078125 -370138021888/13614929453125
n=9 -423312621568/36039519140625 9201921818624/122534365078125
n=10 - 463452541288448/1282322130542578125 | 6061106293374976/75430713561328125

K]

1
Table 5: B2" k=12 n=012,..10.

k=3
n=0 1
n=1 -6/5
n=2 216/175
n=3 -176/175
n=4 35328/67375
n=>5 3072/625625
n==6 -109113344/459834375
n=7 5627904/1861234375
n=_§8 839532806144/2722985890625
n=9 143964504064/11139487734375
n=10 - 6002797926416384/8723279799609375

1
Table 6: BZ" k=3 n=0,1,2,...,10.
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3723309056/4841773887951

4910645248/484177887951

4641498791936/3965412814231869

- 1174667395072/233259577307757

10506370678784/86700569061785679

-207875695181824/45900301268004183

k=1 k=2

n=0 1 1
n=1 -2/7 -4/7
n=2 16/441 104/441
n=3 32/3773 -512/11319
n=4 - 7424/9270261 -40448/3090087
n=>5 - 147968/64891827 83968/21630609
n=6 -218281984/254830204629 34697216/5200616421
n=7

n=_8

n=9

=

—_
(=)

- 12538170178011136/18907393330012492305

2425498645823488/677124279036260055

Table 7: B?’k]

. k=1,2n=0,1,2,...,10.

1

-6/7

88/147

- 1136/3773

215552/3090087

80896/3090087

- 387739648/36404314947

- 10268106752/537974876439

-26915504128/120164024673693

332811646271488/15300100422668061

Sl lz|z|z|z|z|z ===
Il
ol lula|u|s|w|v|=|o

Il
—_
o

1190747127453581312/81932037763387466655

Table 8: B2

 k=3n=0,1,2,...,10.




