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Abstract

We define a class of hypergeometric Bernoulli polynomials that generalize previous
results recently presented in the literature. We study their connections to the
corresponding r-associated Stirling numbers of the second kind and define fractional
values for these units. Finally, we make a conjecture about some special values of
a generalized hypergeometric form of the Riemann zeta function.

1. Introduction

As D. E. Smith noted [23], in the field of polynomial functions there are few math-

ematical entities as important as Bernoulli polynomials, which intervene in very

different areas, from series expansions to the Riemann zeta function to the last the-

orem of Fermat. The literature on this subject is very extensive, as one can read in

[7].

Numerous extensions of these mathematical entities have been proposed in the

literature. See the articles [2, 4, 8, 18, 19, 20, 21], where the most important gen-

eralizations are recalled. Among these, the articles by F. T. Howard [12], B. Kurt

[14, 15], and M. Miloud and M. Tiachachat [16, 17], the latter with respect to the

r-associated Stirling numbers [3, 6, 22], have received special attention. All these

expansions are obtained by replacing the denominator ex − 1 by ex − Tr(x), where

Tr(x) (a polynomial of degree r− 1) is the partial sum of order r of the MacLaurin

expansion of the exponential.
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Moreover, A. Hassen and H. D. Nguyen [11] extended the definition of generalized

Bernoulli polynomials to non-integer values of the parameter r (see also [1, 10, 13]).

A connection of these new entities with a fractional hypergeometric version of the

Riemann zeta function was made in [9].

More general extensions can be considered by raising the denominator ex−Tr(x)

to the integer power k, thus defining a set of polynomials, denoted B
[r−1, k]
n (t),

and numbers that are their values at the origin. These polynomials are naturally

associated with the r-associated Stirling numbers of the second kind S(n, k; r), so

that the possibility of using the B
[r−1, k]
n (t) polynomials also for non-integer values

of r can be extended to this set of Stirling numbers.

This topic is explored in this article, along with its connection to a more general

extension of the Riemann zeta function. A conjecture in this framework will be

made in Section 4. Some tables of introduced numbers for rational values of r,

derived by the second author using the computer algebra program Mathematica©,

can be found in the appendix at the end of this article.

2. Basic Definitions

When dealing with hypergeometric functions in the following, for typographical

convenience we use the Pochhammer symbol for the increasing factorial according

to the notation:

(x)n =

 x(x+ 1) · · · (x+ n− 1) =
Γ(x+ n)

Γ(x)
, n ≥ 1 ,

1 , n = 0 .
(1)

Since we never use the falling factorial in this article, this will not be misleading.

Stirling numbers of the second kind are defined by

S(n, k) =
1

k!

k∑
m=0

(−1)k−m
(
k

m

)
mn . (2)

For brevity, we write:

Tr(x) :=

r−1∑
`=0

x`

`!
, (3)

i.e., the r-th partial sum of the exponential series, which is a polynomial of degree

r − 1. Then the r-associated Stirling numbers of the second kind S(n, k; r) are

defined by ( ∞∑
`=r

x`

`!

)k
= (ex − Tr(x))

k
= k!

∞∑
n=rk

S(n, k; r)
xn

n!
. (4)
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Of course, S(n, k; 1) = S(n, k). Note that

ex − Tr(x) =
xr

r!
1F1(1, r + 1, x) =

∞∑
n=0

1

(r + 1)n
xn . (5)

2.1. Hypergeometric Bernoulli Polynomials of Order k

We introduce the hypergeometric Bernoulli polynomials of order k starting from

the equation(
xr

r!

)k

etx

[ex − Tr(x)]k
=

etx

[1F1(1, r + 1, x)]k
=

∞∑
n=0

B[r−1, k]
n (t)

xn

n!
. (6)

Remark 1. Note that if the polynomials introduced in [18] are denoted by B[r−1]n (t),

(in our notation the variables x and t are interchanged), they are related to those

in Equation (6) by means of the equation

r!B[r−1, 1]
n (t) = B[r−1]n (t)

and similarly for the generalized Bernoulli polynomials considered in [14], denoted

here by B[r−1, k]n (t), the following relation holds:

(r!)k B[r−1, k]
n (t) = B[r−1, k]n (t) .

From the fact that

[1F1(1, r + 1, x)]k =

∞∑
n=0

∑
0≤hi≤n

h1+h2+···+hk=n

xn

(r + 1)h1(r + 1)h2 · · · (r + 1)hk

, (7)

we have the following theorem.

Theorem 1. The exponential generating function of the hypergeometric Bernoulli

polynomials B
[r−1, k]
n (t) is given by

etx

∞∑
n=0

∑
0≤hi≤n

h1+h2+···+hk=n

xn

(r + 1)h1(r + 1)h2 · · · (r + 1)hk

=

∞∑
n=0

B[r−1, k]
n (t)

xn

n!
. (8)
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Introducing the hypergeometric Bernoulli numbers B
[r−1, k]
n := B

[r−1, k]
n (0), we

find the relevant generating function [24].

1
∞∑

n=0

∑
0≤hi≤n

h1+h2+···+hk=n

[Γ(r + 1)]k

Γ(r + h1 + 1)Γ(r + h2 + 1) · · ·Γ(r + hk + 1)
xn

=

∞∑
n=0

B[r−1, k]
n

xn

n!
.

(9)

Then we can prove the following result.

Theorem 2. A representation formula for the hypergeometic r-associated Stirling

numbers of the second kind S(n+ kr, k; r) is expressed by

S(n + kr, k; r)

=
Γ(n + kr + 1)

k!

∑
0≤hi≤n

h1+h2+...+hk=n

1

Γ(r + h1 + 1)Γ(r + h2 + 1) · · ·Γ(r + hk + 1)
. (10)

Proof. The exponential generating function considered in [21], according to our

notation, becomes

G[r−1,k](x) =
1

k! (r!)k
∞∑

n=0

n!

(n + kr)!
S(n + kr, k; r)

xn

n!

=

∞∑
n=0

B[r−1,k]
n

xn

n!
.

(11)

Comparing Equations (9) and (11), we find the equation

1

k! (r!)k
∞∑

n=0

n!

(n+ kr)!
S(n+ kr, k; r)

xn

n!

=
1∑

0≤hi≤n

h1+h2+···+hk=n

[Γ(r + 1)]k

Γ(r + h1 + 1)Γ(r + h2 + 1) · · ·Γ(r + hk + 1)
xn

,

(12)

that is,

k!

Γ(n + kr + 1)
S(n + kr, k; r) =

∑
0≤hi≤n

h1+h2+···+hk=n

1

Γ(r + h1 + 1)Γ(r + h2 + 1) · · ·Γ(r + hk + 1)
.

Then we find, in particular, the following theorem.
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Theorem 3. The Stirling numbers of the second kind S(n+ k, k) can be computed

by means of the equation

S(n + k, k) =
(n + k)!

k!

∑
0≤hi≤n

h1+h2+···+hk=n

1

(h1 + 1)!(h2 + 1)! · · · (hk + 1)!
.

(13)

Proof. Putting r = 1 in Equation (10), we find

S(n + k, k; 1) = S(n + k, k)

=
Γ(n + k + 1)

k!

∑
0≤hi≤n

h1+h2+···+hk=n

1

Γ(h1 + 2)Γ(h2 + 2) · · ·Γ(hk + 2)
, (14)

that is, Equation (13).

3. The Particular Case k = 2

In the particular case k = 2, putting(
xr

r!

)2

etx

[ex − Tr(x)]2
=

etx

[1F1(1, r + 1, x)]2
=

∞∑
n=0

B[r−1, 2]
n (t)

xn

n!
, (15)

and recalling the equation

1F1(a, b, x) 1F1(α, β, x) =

∞∑
n=0

n∑
h=0

(
n

k

)
(a)h(α)n−h
(b)h(β)n−h

xn

n!
, (16)

we find

[1F1(1, r + 1, x)]2 =

∞∑
n=0

n∑
h=0

(
n

h

)
(1)h(1)n−h

(r + 1)h(r + 1)n−h

xn

n!

=

∞∑
n=0

n∑
h=0

xn

(r + 1)h(r + 1)n−h
,

(17)

so that

etx

∞∑
n=0

n∑
h=0

xn

(r + 1)h(r + 1)n−h

=

∞∑
n=0

B[r−1, 2]
n (t)

xn

n!
. (18)
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Introducing the hypergeometric Bernoulli numbers B
[r−1, 2]
n := B

[r−1, 2]
n (0), we

find the exponential generating function:

1
∞∑

n=0

n∑
h=0

xn

(r + 1)h(r + 1)n−h

=

∞∑
n=0

B[r−1, 2]
n

xn

n!
, (19)

which, recalling Equation (1), gives the generating function of the hypergeometric

Bernoulli numbers B
[r−1, 2]
n :

1
∞∑

n=0

n∑
h=0

[Γ(r + 1)]2

Γ(r + h+ 1)Γ(r + n− h+ 1)
xn

=

∞∑
n=0

B[r−1, 2]
n

xn

n!
. (20)

4. Connection with Generalization of the Riemann Zeta Function

Many extensions of the Riemann zeta function have been considered in the past,

most notably in the form ζ(z) =

∞∑
n=1

f(n)

nz
, where f(n) is a function of n, in connec-

tion with certain versions of the Riemann hypothesis. The number of these general-

izations was so large that Atle Selberg, the 1950 Fields Medalist, jokingly proposed

a “nonproliferation pact of ζ-functions” in the second half of the last century.

An interesting extension was recently introduced by A. Hassen and H. D. Nguyen

[10], who replace ex − 1 in the denominator of the integral representation by ex −
Tr(x), where Tr(x) is the partial sum of order r of the Maclaurin expansion of the

exponential. H. L. Geleta and A. Hassen [9] studied a continuous version of the

hypergeometric zeta function depending on a positive rational number a, including

the value a = r as a special case. The corresponding analytic continuation and the

connection with the hypergeometric Bernoulli polynomials were also studied.

Here we set up the equation

ζ [r](n) =
1

Γ(r + n− 1)

∫ ∞
0

xr+n−2

ex − Tr(x)
dx

=
Γ(r + 1)

Γ(r + n− 1)

∫ ∞
0

xn−2

1F1(1, r + 1, x)
dx ,

(21)

which for r = 1, according to Equation (3), returns the classical Riemann formula:

ζ(n) =
1

Γ(n)

∫ ∞
0

xn−1

ex − 1
dx .
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A connection between the Bernoulli numbers and the Riemann zeta function,

which was conjectured by Euler in 1750, was proved by Riemann as

ζ(2n) = (−1)n+1B2n (2π)2n

2 (2n)!
. (22)

Since the Bernoulli numbers B2n change their signs, the above equation writes

ζ(2n) =
22n−1π2n |B2n|

(2n)!
. (23)

A possible extension of Equation (21) could be to introduce the function:

ζ [r,k](n) =
1

Γ(r + n− 1)

∫ ∞
0

xkr+n−2

(r!)k [ex − Tr(x)]k
dx

=
1

Γ(r + n− 1)

∫ ∞
0

xn−1

[1F1(1, r + 1, x)]k
dx ,

(24)

so that, for r = k = 1, the Riemann zeta function (22) is recovered.

We would like to conclude this article with the following conjecture.

Conjecture. The generalized Bernoulli polynomials B
[r−1,k]
n are related to the

generalized zeta function ζ [r,k](n) by the equation

ζ [r,k](2n) =
22n−1π2n |B[r−1,k]

2n |
(2n)!

, (25)

which is an extension of Equation (23).

5. Conclusion

Based on some recent generalizations of the Bernoulli polynomials, we have intro-

duced generalized hypergeometric versions of these polynomials and the correspond-

ing r-associated Stirling numbers.

It is possible to define the values of these mathematical units also for non-integers

r, thus extending the original definitions. In this way, the combinatorial meaning

is lost [5], but as in the case of the gamma function, a significant extension to

the complex case is achieved. The tables in the appendix show the initial values

of the generalized hypergeometric Bernoulli polynomials and the corresponding r-

associated Stirling numbers for rational r. The not-so-simple proof of the conjecture

proposed in Section 4 could be the subject of further investigation.
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[8] N. Elezović, Generalized Bernoulli polynomials and numbers, Revisited, Mediterr. J. Math.,
13 (2016), 141–151; doi.org/10.1007/s00009-014-0498-7

[9] H. L. Geleta and A. Hassen, Fractional hypergeometric zeta functions, Ramanujan J., 41
(2016), 421–436; doi.org/10.1007/s11139-015-9717-5

[10] A. Hassen and H. D. Nguyen, Bernoulli polynomials and Pascal’s square, Fibonacci Quart.,
1 (2008), 38–47.

[11] A. Hassen and H. D. Nguyen, Hypergeometric Bernoulli polynomials and Appell sequences,
Int. J. Number Theory, 4(5) (2008), 767–774.

[12] F. T. Howard, Numbers generated by the reciprocal of ex − x − 1, Math. Comp., 31(138)
(1977), 581–598.

[13] S. Hu and M-S. Kim, On hypergeometric Bernoulli numbers and polynomials, Acta Math.
Hungar., 154 (2018), 134–146.

[14] B. Kurt, A further generalization of the Bernoulli polynomials and on the 2D-Bernoulli
polynomials B2

n(x, y), Appl. Math. Sci., 4 (2010), 2315–2322.

[15] B. Kurt, Some relationships between the generalized Apostol-Bernoulli and Apostol-Euler
polynomials, Turkish J. Anal. Number Theory, 1 (2013), 54-58; doi:10.12691/tjant-1-1-11.

[16] M. Miloud and M. Tiachachat, The values of the high order Bernoulli polynomials at integers
and the r-Stirling numbers, (2014); http://arxiv.org/abs/1401.5958.

[17] M. Miloud and M. Tiachachat, A new class of the r-Stirling numbers and the generalized
Bernoulli polynomials, Integers, 20 (2020), 1–8.

[18] P. Natalini and A. Bernardini, A generalization of the Bernoulli polynomials, J. Appl. Math.,
3 (2003), 155–163; doi.org/10.1155/S1110757X03204101

[19] H. M. Srivastava and P. G. Todorov, An explicit formula for the generalized Bernoulli poly-
nomials, J. Math. Anal. Appl., 130 (1988), 509–513.

[20] H. M. Srivastava, M. Garg and S. Choudhary, A new generalization of the Bernoulli and
related polynomials, Russ. J. Math. Phys., 17 (2010), 251–261.

[21] P. E. Ricci, R. Srivastava and P. Natalini, A family of the r-associated Stirling num-
bers of the second kind and generalized Bernoulli polynomials. Axioms, 10 (2021), 219;
doi.org/10.3390/axioms10030219.

[22] J. Riordan, An Introduction to Combinatorial Analysis, J. Wiley & Sons, Chichester, 1958.

[23] D. E. Smith, A Source Book in Mathematics, McGraw-Hill, New York, 1929.

[24] H. M. Srivastava and H. L.; Manocha, A Treatise on Generating Functions, Halsted Press
(Ellis Horwood Limited, Chichester), J. Wiley & Sons, New York, Chichester, Brisbane and
Toronto, 1984.



INTEGERS: 22 (2022) 9

Appendix

Examples of fractional r-associated Stirling numbers of the second kind are reported

in the following tables.

Table 1: S(n+ k
2 , k; 1

2 ), k = 1, 2, 3, 4; n = 0, 1, 2, 3, 4, 5.

Table 2: S(n+ 3k
2 , k; 3

2 ), k = 1, 2, 3, 4; n = 0, 1, 2, 3, 4, 5.
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Table 3: S(n+ 5k
2 , k; 5

2 ), k = 1, 2, 3, 4; n = 0, 1, 2, 3, 4, 5.

Examples of fractional hypergeometric Bernoulli numbers of the second kind are

reported in the following tables.

Table 4: B
[− 1

2 ,k]
n , k = 1, 2, 3; n = 0, 1, 2, . . . , 10.
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Table 5: B
[ 12 ,k]
n , k = 1, 2; n = 0, 1, 2, . . . , 10.

Table 6: B
[ 12 ,k]
n , k = 3; n = 0, 1, 2, . . . , 10.
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Table 7: B
[ 32 ,k]
n , k = 1, 2; n = 0, 1, 2, . . . , 10.

Table 8: B
[ 32 ,k]
n , k = 3; n = 0, 1, 2, . . . , 10.


