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Abstract
In 1915, Theisinger proved that all harmonic numbers are not integers except for the
first one. In 1862, Wolstenholme proved that the numerator of the reduced form of
the harmonic number H,,_; is divisible by p? and the numerator of the reduced form
of the generalized harmonic number H152—)1 is divisible by p for all primes p > 5. In
this note, we define harmonic type matrices and our goal is to extend Theisinger’s
and Wolstenholme’s results to harmonic type matrices.

1. Introduction

The n-th harmonic number, denoted by H,, is defined as the partial sum of the
harmonic series

—1+1+1+ +1
m 2 3 n’

The integrality and divisibility properties of these numbers have been studied widely.
For instance, in 1915 Theisinger [9] proved that all harmonic numbers H,, except
for H; are not integers. In 1918, Kiirschék [5] showed that the difference H,, — H,,
between two distinct harmonic numbers is never an integer. In 1819, Babbage [1]
proved that if p is an odd prime, then the numerator of the reduced form of H,_;
is divisible by p. Furthermore, in 1862, Wolstenholme [10] showed that if p > 5,
then p? divides the numerator of the reduced form of H,_1. The n-th generalized
harmonic number of order r, denoted by H,(f), is defined by
H,(;”>:1+2—1T+3—1T+-~+%.

Note that H,(LU = H, for all n € Z*. For r > 1, the generalized harmonic number
Hr(f) is indeed the partial sum of a convergent series. For that reason, it is not in-
teresting whether the generalized harmonic numbers are integers or not. However,
their divisibility properties are still quite striking. For instance, in 1862, Wolsten-
holme [10] showed that if p > 5, then the numerator of the reduced form of H;(i)l
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is divisible by p. Furthermore, if p > 5 with p — 1 { r, then the numerator of the

reduced form of H;ET_)1

In this note, we define harmonic type matrices and generalize the integrality

is divisible by p; see [4].

and divisibility results of harmonic numbers and generalized harmonic numbers to
harmonic type matrices. First, we give the definition of harmonic type matrices.
Unless otherwise stated, if A is a matrix with non-zero entries, then % denotes the

matrix whose entries are the multiplicative inverses of the entries of the matrix A.

Definition 1. The n-th harmonic matriz of size m, denoted by h%mxm), is defined

as )
plmxm) —

where A runs over all m X m matrices whose entries are integers between 1 and n.

Recall that a complex square matrix A is called non-singular if det(A) is non-
Z€ro.

Definition 2. The n-th non-singular harmonic matriz of size m, denoted by Hﬁmem)’

is defined by
1
H(mxm) _ —
e

where the sum ranges over all m xm non-singular matrices whose entries are integers
between 1 and n.

Observe that if m = 1, then we have that hi " = H{™Y = H,.

2. Divisibility Properties of Harmonic Type Matrices

In this section, we analyze the divisibility properties of the harmonic type matrices
R ™) and H™ ™. We will show that if p is a prime number greater than or
equal to 5, then the numerators of all entries of the (p — 1)-th harmonic matrix
hl(fixln) of size n is divisible by p? for all positive integers n. This result generalizes
Wolstenholme’s theorem [10]. Unlike this, we will give a counterexample that (see
Example 4) the numerators of all entries of the fourth non-singular harmonic ma-
trix H izxz) of size 2 are not divisible by 5. In addition, we prove an analogue of
Wolstenholme’s theorem for the special subsets G n, Tp.n and G, of the matrix
ring M,,(Z) defined as follows:

Gp,n = {A = (aij) S Mn(Z) | 1 < (%%] < p— 17 pTdet(A)}v
Tp,n = {A == (aij) S MW(Z) ‘ 1 S Qi S p— 15 prI‘(A)},
Gpnr = {A = (aij) € Mn(Z) | aij €{1,2",...,(p=1)"}, ptdet(A)},
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where n and 7 are positive integers and p is a prime number. Since we have that

1
Z Z = Hp—17

AeGp
>
— — p—1,
A€Ty 1 4
1 (r)
Z A~ Hpy 2y,
AeGp1,r

the numerators of all entries of the first two 1 x 1 matrices above are divisible by
p? for all p > 5, while the numerators of all entries of the last 1 x 1 matrix are
divisible by p for all p > 5 with p — 1t r. From now on, for any r € {1,...,p — 1},
let G}, ,, denote the subset of G}, such that the determinants of matrices in G}, ,
are congruent to r modulo p, that is,

G ={A€ G, | det(A) = r (mod p)}.

Notice that we may identify the matrices in G, ,, with the elements of the general
linear group GL,(F,) with non-zero entries. In fact, if » = 1, then the matrices in
G}, can be considered as the elements of the special linear group SLy(F,) with
non-zero entries. In this section, we prove the following results which generalize
Wolstenholme’s theorem. Also, our theorems extend Babbage’s result from F to

the multi-dimensional structures G L, (F,’) and SL,(FF,). Here is our first result.

Theorem 1. If n > 1 and p > 5, then the numerators of all entries of the matriz

1

b
are divisible by p?.

Proof. Note that for any r € {1,...,p — 1}, we have G}, ; = {r}. Hence, we deduce
that

and p? does not divide the numerator of 1 /r. Now, assume that n > 1 and p >
5. Let P;’ denote the subset of G, , consisting of matrices whose ij-th entry is

k, where k = 1,2,...p — 1, that is, P,/ = {(ai;) € G}, | aij = k}. Note that
{P,ij | k=1,2,...,p— 1} is a partition of G? ., namely, we have that

p,n?

p—1
ro_ ij
Gpo.=|]|P

k=1
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First, we show that the sets in the partition have the same cardinality. For a matrix
A = (a;;) € M,(Z), we denote by (A), the matrix whose entries are the remainders
of the entries of A divided by p and (a;), denotes the ij-th entry of the matrix
(A),. We define a function ¢ : PJ’ — P,ij as ¢(A) = (BA)p, where B = (b;;) is
a diagonal matrix such that if 7 is not 1, then b;; = k, b;; = k¥’ and if ¢ = 1 then
bi; = k, by, = k', where k' denotes the multiplicative inverse of k¥ modulo p, and
the other entries equal 1:

Y k

k,/

When A € P}, we have that the entries of (BA), are integers between 1 and p — 1
and ((BA);j)p = k. Recall from linear algebra that, we have

det(BA) = det(B)det(A),

det((BA),) = det(BA) (mod p).

From these fundamental observations, we obtain that
det((BA),) = r (mod p)

which implies that ¢(A) € P,ij when A € Pfj. In order to show that ¢ is an
injection, suppose that A = (a;;) € P{?, C = (¢;;) € P and ¢(A) = ¢(C). We
will show that A = C'. Since the rows of the matrices A and C, except for the first
and ¢-th rows, remain stable under the map ¢, it suffices to show that their entries
in the first and i-th rows are equal. The entries of the images ¢(A) and ¢(C) in
the first row are of the form (k’a1g), and (k'cig)p, where f = 1,...,n. Since all
the entries of the matrices A and C are integers between 1 and p — 1, we have that
(K'a1g)p = (K'c1p)p implies (a15), = (c18)p, which in turn yields a13 = ci1g where
8 =1,...,n. Similarly, we also have a;3 = c;g, where 3 =1,...,n. Thus, we obtain
A = C, that is, ¢ is an injection. Conversely, we define an injection, 9 : P,ij — Pfj,
in a similar way by ¥(M) = (NM),, where N = (n;;) is a diagonal matrix such
that if 7 is not 1, then n1; = k, n;; = k' and if ¢ = 1, then n;; = k' and n,,,, = k
and the other entries equal 1:
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One can similarly check that ¢ is an injection. Thus, we deduce that Plij and P]ij
have the same cardinality. Therefore, all sets in the partition

(P |k=1,2,...,p—1}
have the same cardinality. As we have that

-1
1 X 1
> 4 2| X g
AeGr k=1 \ Acpii

we will show that the numerators of all entries on the right-hand side are divisible
by p%. Now,

p—1 1 Lo : [ s oo
Z - D =l ) R N % e ‘pz'ﬂ‘é % e %
k=1 \Aep) . : oo S : : :
* * * * * * * *
* * * *
ey * \P;£1|p%l *
* * * *
However, P;” and P,” have the same cardinality for any integers k, ¢ =1,2,...,p—1.
Therefore, we obtain that
* * * *
l —|* ‘Plij‘prl *
A * *
AeGy , )
* * * *

By Wolstenholme’s theorem [10], we know that the numerator of the reduced form
of H,_1 is divisible by p?. Thus, the numerator of the i-th row and the j-th column

of the matrix 1
> g
Aear

is divisible by p?. Since i and j are arbitrary, we conclude that the numerators of
all entries of the matrix )
> 4

A€Gy

are divisible by p?. The proof is now completed. O
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Corollary 1. If p > 5, then the numerators of all entries of the matriz
3 1
AeGpn A
are divisible by p.

Proof. We have already observed that

AeGp

By Wolstenholme’s theorem [10], the assertion is true for the case n = 1. Now,
suppose that n > 1. Then, we have that

1 = 1
DTN o
A€EG, r=1 \A€Gr,

By Theorem 1, the numerators of all entries of the inner sum are divisible by p?.
This completes the proof. O

Corollary 2. Ifp > 5, then the numerators of all entries of the (p—1)-th harmonic
matric h;ﬁxln) of size n are divisible by p°.

Proof. Suppose that m > 2 and n > 2. Note that for any k,¢ € {1,2,...,n}, the
number of m X m matrices whose entries are integers between 1 and n and the
ij-th entry is k equals to the number of m x m matrices whose entries are integers
between 1 and n and the ¢j-th entry is £. Thus, we have that
X H, --- H,
2
—1 . .
hSmem) _ Z ” —pm : : 7 (1)
A H, --- H,

where A runs over all m X m matrices whose entries are integers between 1 and n.
Now, the result easily follows. O

Theorem 2. Ifp > 5, then the numerators of all entries of the matrix
> 3
AET, » A

are divisible by p>.
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Proof. Assume that P,ij denotes the subset of T}, ,, consisting of matrices such that
the ¢j-th entry is k, where k = 1,2,...p — 1, that is, P,zj = {(aij) € Tpn | asj = k}.
As in Theorem 1, {P,ij | k=1,2,...,p— 1} is a partition of T}, ,, and the sets in
the partition have the same cardinality. The function ¢ : Pfj — P,ij defined as
¢(A) = (BA),, where B = (b;;) is a diagonal matrix such that b;; = k for all ¢, that
is,
k
B = ,
k

is an injection. When A € P, the entries of (BA), are integers between 1 and
p—1and ((BA)i;)p = k. We recall that

Tr(BA) = kTr(A),

Tr((BA),) = Tr(BA) (mod p).
Thus, from these basic results, we have p { Tr((BA);), which implies that ¢(A4) € P,ij
when A € P. If A = (ai;) € P?, C = (¢;5) € P and ¢(4) = ¢(C), then
we have (ka;j)p = (kcij)p. Since a;; and c¢;; are between 1 and p — 1, we obtain
aij = ¢;j and so A = C. Hence, ¢ is an injection. Conversely, we define an injection,
¢ : P? — Py, in a similar way by ¢)(M) = (NM),, where N = (n;;) is a diagonal
matrix such that n;; = &/, where &’ denotes the multiplicative inverse of k& modulo
p, that is,

k/
N =
k/
One can similarly check that v is an injection. Hence, we obtain that Pfj and P,ij
have the same cardinality. Therefore, the sets in the partition

(P7 | k=1,2,...,p—1}

have the same cardinality. Now,

p—1 1 : : : : : : : : 3 : : :
ij ij| 1
S e o PP o« o I P15 e
k=1 ij L . L . . L
AeP; :
£ e ‘sz—liil £ .. %
++ P .
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Thus, we obtain that

Z l: X e ‘Pfj‘prl ke *
AT, A * ... * k eee %
The rest of the proof follows immediately as in Theorem 1. O

Theorem 3. Ifp > 5 and p—11{r, then the numerators of all entries of the matriz
> 3
AEGyon,» 4

are divisible by p.

Proof. We apply the same technique as in the previous theorem. Suppose that
P,ij denotes the subset of Gy, consisting of matrices such that the ij-th entry
is k", where k = 1,2,...p — 1, that is, P, = {(aij) € Gpn, | aij = k"}. Then,
(P7 | k=1,2,...,p— 1} is a partition of G, and the elements of the partition
have the same cardinality. Thus, we have the representation

AeGp n,r k=1 AePji
This yields that
* * * *
L_ |- P, .
A * * * *
AeGpn,r

Since p — 1t 7, by [4] the numerator of the reduced form of H[(,T_)1 is divisible by p.
Thus, the result follows. O

The following example indicates that the analogue of Wolstenholme’s theorem
does not hold for the fourth non-singular harmonic matrix H, §2X2) of size 2.
Example 4. We have

233/2  233/2

1
HP? =3~ = 7
T A \asz;2 2332
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where A runs over all mxm non-singular matrices whose entries are integers between
1 and 4. However, the numerator of 233/2 is not divisible by 5.

3. Integrality Properties of Harmonic Type Matrices

In this section, we generalize Theisinger’s theorem [9] for the harmonic type matrices
hglmxm,) and HT(mem,).
denoted by v,(a) = m, indicates that p™ divides a but p
By convention, we set 1,(0) = co. For a non-zero rational number ¢ = m/n where

m,n € Z, we define v,(q) = vp(m) — vp(n). One can immediately see that

For a given non-zero integer a, the p-adic valuation of a,

™+l does not divide a.

vp(ab) = vp(a) + vp(b),

vpl(a+b) = min{vy(a), v,(b)}
for all rational numbers a, b.

Our first theorem in this section generalizes Theisinger’s result [9] to non-singular
type harmonic matrices of size 2.

Theorem 5. All entries of the non-singular harmonic matriz H,(I2X2) of size 2 are
not integers for any n > 1.

Proof. Note that the set of 2 X 2 non-singular matrices whose entries are 1 is empty.
Therefore, the first non-singular harmonic matrix H 1(2X2)
Now, let n > 1. For any £ = 1,2,...,n, the number my, denotes the number of
2 x 2 non-singular matrices whose entries are integers between 1 and n with the
(1,1)-th entry is k. We claim that for any i, = 1,2, the number of 2 x 2 non-
singular matrices whose entries are integers between 1 and n with the ij-th entry is
k equals to myg, as well. Recall the fundamental result from linear algebra that if
we interchange two rows (columns) of a matrix, then the determinant will change

of size 2 is equal to 0.

its sign so that being non-singular will be preserved. Using this fact, our claim is
observable. Hence, we obtain that

n M n mg
D=1 TP doh=1 TP
77(2x2) Z 1
n - Z = )
n Mkn n Mkn
A Zk:1 e Zk:1 k

where A runs over all 2 x 2 non-singular matrices whose entries are integers between

1 and n. Now, we choose a prime number p with n/2 < p < n and evaluate m,,

which equals to the number of 2 x 2 non-singular matrices of the form Z (Ci ,
where a,c,d = 1,2,...,n. For that reason, we need to count Q-linearly independent

vectors of the form

=) ()
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We claim that the number of such linearly independent vectors is n® —2n 41, which

is independent from the choice of p. If a = p, then the vectors of the form vy = (i) ,

where x = 1,2,...n, are all linearly dependent with the vector v; = (g) Thus, we
have n many possibilities for this case. If a # p, then since p is a prime between n/2
and n, the only linearly dependent vector with v; = <‘Z is just itself vy = (Z >

Since there are n — 1 choices for a, in this case we obtain n — 1 linearly dependent
such vector tuples. Hence, we obtain totally 2n — 1 linearly dependent such vector
tuples. This yields that m,, =n® — (2n — 1) =n3 — 2n + 1.

Suppose the entries of the non-singular harmonic matrix Hr(szz) of size 2 are
integers. Then, we have that

vp (an m,j") >0,

k=1
which in turn implies that p | m,,. Hence, we deduce that
H p|n®—2n+1.
5 <p<n

There are at least four prime numbers between 5§ and n for all n > 29, as 4 = 29 is

the fourth Ramanujan’s prime; see [6]. Therefore, we obtain the following inequality
(2)4 < gggnp <nd—om+1
for all » > 29. This implies that
n* —16n® +32n — 16 < 0
for all n > 29. However,
n* —16n° +32n — 16 = n((n — 16)n? +32) — 16 > 0

for all n > 29. Hence, the entries of H,?XQ) can not be integers for all n > 29. We
also computed all non-singular harmonic matrices H,(L2X2) for every 1 < n < 28,
using SageMath [7]. Their entries are not integers, as well. Thus, the proof is
done. O

The next result is another generalization of [9] when the polynomial f(X) =11is
the constant polynomial.

Theorem 6. For every non-zero polynomial f(X) € Z[X], the product f(n)H, is
not an integer for all but finitely many n.
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Proof. Indeed, what we want to prove is that there exists a constant N = N(f)
such that f(n)H, ¢ Z for all n > N. Let f(X) € Z[X] be a non-zero polynomial
of degree k and suppose that f(X) = ap + a1 X + --- + ap X*, where a;, # 0. By
Bertrand’s postulate we know that if n > 2, then 7(n) — m(4) > 1. Furthermore,
using the prime number theorem, one sees that

w(n) —m (ﬁ) ~ 10;222/2),

as n — oo. Thus, we deduce that

lim 7(n) —w (Q> = 0.

n—»00 2

So, we guarantee that for large V7 there exist at least k4 1 many prime numbers
D1, Pht+1 With 5 < p1,...,pgy1 < n for all n > N;. There exists also Na such
that f(n) # 0 for all n > N,. Note also that v,,(H,,) = —1 for every prime number
p; from (%,n]. Since vy, (f(n)H,) = vp,(f(n)) + vp, (Hy), if f(n)H, € Z, then

2
p; | f(n) which in turn implies that

k+1

[Lr: 1 7o,

Therefore, we obtain the following inequality

k+1 k

nA k+1 .
(5) <[[ri <> lajn’.
i=1 j=0

The left-hand side is a polynomial of degree k + 1, whereas the right-hand side is a
polynomial of degree k. Hence, there exists a number N3 such that this inequality
does not hold for every n > N3. If N = max{Ny, N3, N3}, then f(n)H, is not an
integer for every n > N. O

Remark 1. For a polynomial p(X) of degree n given by
p(X)=ao+a X +a X’ +- +a, X",

the height of p(X), denoted as H(p), is defined to be the maximum of the absolute
values of its coefficients: H(p) = max|a;|.

Now, for given positive n and k, consider the set of polynomials with integers
coefficients whose degrees and heights are up to n and k, respectively:

Apk = {p € Z[X] : deg(p) < n, H(p) < k}.

This is a finite set, and furthermore we have that |A,, x| = (2k+1)"*!. By Theorem
6, we have a constant N = N(p) for every non-zero polynomial p € A,, ;, such that
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p(n)H, ¢ Z for every n > N. Since A, is finite, we choose a constant N to be
the largest among the numbers N (p), where p € A, \ {0}. Therefore, there exists
N such that p(n)H,, ¢ Z for any p € A, \ {0} and n > N.

Remark 2. Note that the number N(f) in Theorem 6 can be very large with
respect to the choice of f(X). For instance, if f(X) = k! for some positive integer
k, then f(n)H, € Z for all 1 <n < k.

The next result is also a generalization of the corresponding result of [9].

hglmxm)

Proposition 1. Let m > 2. All entries of the harmonic matriz are not

integers if and only if n # 1,2.
Proof. First, suppose that n > 2. Recall from Equation (1) that

H, --- H,

e =3 =t ;
A H, --- H,

By Bertrand’s postulate we know that if n > 2, then there always exists at least

one prime number p between n/2 and n. Choose a prime number p with § <p <n

and consider Vp(nmz_lHn). Since v, (H,) = —1, we have that
vy (n™ " H,) = (m? — Dvy(n) + vy(H,) =0—1=—1.

Hence, nmzlen is not an integer which means that all entries of the harmonic
m)

. m X .
matrix hg,, are not integers.

Conversely, suppose that n = 1. Then, it is easy to see that

H, - H
A Lo | e M(2).
H, --- H
Now, suppose that n = 2. Since m > 2, we have m? — 1 > 3 which implies that

om’ 1., — 9m°~1. ; €.

As a consequence, this yields that

H2 . H2
hgmxm) _ 2m2—1 c ]\47”((Z)7
H2 . H2

and we are done. O
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4. Further Results on the p-Adic Valuation of Harmonic Matrices

For each prime number p, define
Jp={n>1]| H, =0 (mod p)}.

Theisinger [9] showed that J, = () and Eswarathasan and Levine [3] conjectured

that J, is finite for all primes p. Recently, Sanna [8] proved that for > 1 the

2/3,,0.765

number of integers in J, N [1, ] is less than 129p and this was extended in

[11]. Later on, the denominators of harmonic numbers were also studied, and we
direct the reader to [2, 12, 13] for this.

JZ()me) to be the set containing positive integers n such that the
m)

Now, we define

numerators of all entries of the harmonic matrix h%mx
p. Observe that J,ngD = Jp. We have shown that

of size m are divisible by

h;m,xm) — Z% _ nm2_1 ,
A H, --- H,

where A runs over all m x m matrices whose entries are between 1 and n. So,

n e JIS'””“) means that the numerator of nmzlen is divisible by p, that is,

Jz()me) = {TL >1 | nmzilHn =0 (mOd p)}

Recall that the numerator of the reduced form of H,_, is divisible by p for all
p > 3. Thus, p—1 € J, for all p > 3. Note that J, C ngme) for any m > 1, and
hence p — 1 € J™™ In general, we can show that J™*™ C J$** whenever
m<{l Ifm<~{andn € J}ngm)7 then 1 < I/p(an_lHn) < Vp(néz‘lHn) which

vields that n € J§. Thus, we conclude that J5™*™ c J{9.

Proposition 2. If ptn, thenn € J, if and only if n € JISMXm)‘

Proof. Suppose that p{n and n € J,Smxm). Then, we have n™1H, =0 (mod p).
Since n is not divisible by p, one sees that p must divide H,. This indicates that
n € Jp. The converse is obvious. O

For all prime numbers p, we have that p ¢ J,, because v,(H,) = —1 which
means that p does not divide the numerator of the harmonic number H,. However,

pE mexm) for all m > 2, as we have

2 m2—
vp(p™ al) =1p(p 1) +vp(Hy) > 2° -1+ (-1)=2.

Furthermore, we claim that p* € JIS’”X"”) for all k € N. Since v,(H,») = —k and
Vp(pka*k) > 3k, we have up(pkmz’kak) > 2k for all k£ € N. This implies that



INTEGERS: 22 (2022) 14

pk e J}Sme)_ Hence, for m > 2 the set Ji()me) is infinite contrary to the conjecture
of the finiteness of J,. Now, we will discuss when the multiples of a prime number
p are also in JS™*™ for sufficiently large m.

Theorem 7. Let p be a prime and n be a positive integer divisible by p. If a =
llog,n] and m > /255 +1, then n € JE™™ - Moreover, if [5] & Jp, then

vp(n)

n e mexm) if and only if m > ,/Viz}) +1.

Proof. Suppose that p | n, a = [log,n] and m > ,/% + 1. Then, v,(n) > 1,

m?2—1> V‘;J(r;) and p* < n < p*tl. We want to show n € Jl()me)’ that is

Vp(nm2’1Hn) > 1. One can immediately see that v,(H,) > —a, because p* < n <
p®*1. Then, we see the desired inequality by

vp(n™ T H,) = (m? = Dy(n) + vy(H,) > (m® = D) —a > 1.

Now, suppose that [pi] ¢ J,and n € J}Sme). Our aim is to obtain the inequality

m > \/TH By the division algorithm, write n = gp® + r, where 1 < g < p

vp(n)

and 0 <r < p®. Then, [J5] = ¢. We also have that

1 1
yp(1+2+---+pa_1> >1-aq,

1 1
T 4. >1_
Vp (po‘+1 + +2pa1> = a,

1 1
vl — = 4.y >1—a,
p((q—l)p‘“rl qp“—1>

1 1
S TN
gp* +1 ap* +r

Write the harmonic number H,, as follows:

Hym14iqop g gyt oy 1
T2 ap™  qp* +1 qp™ +r
1

P 2pe
Hy+|1+-4-+ + LI +
Cope ! 2 pe —1 pe +1 2p — 1

1 1
p
(& )
+ ot :
qp* +1 qp* +r
Since ¢ < p and ¢ ¢ J,, we obtain v,(H,) > 0 and v,(H,) < 0, and these imply
that v,(Hy) = 0. Therefore, v,(H,) = —a. Since n € JI(,mxm), we have

1< (0™ H,) = (m? = Dy (n) + vp(Hy) = (m? = Dy(n) — o
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Thus, we deduce that m > , / Vo;(t}) + 1, as desired. O
Using Proposition 2 and Theorem 7, we can easily see the following result: for a
given positive integer n and sufficiently large m, one has pn € J,gmxm). So, we have

pZ*t c U mexm). If n ¢ pZ™, then n € J, if and only if n € mexm). Thus,

we conclude that
oo

U Jimm = pzt u g,

m=1
Proposition 3. Let m > 2. Ifn € JZ()me)’ then pn € JISme)‘

Proof. Suppose that m > 2 and n € J}Sme). Then, Vp(nmz_lHn) > 1. That is,
21

(m?—1)vp(n)+v,(H,) > 1. We want to show the inequality v, ((pn)™ ~1H,,) > 1.
Write H,,, as follows:
Hyp=1tipoop g1y 1y Lol
b 2 p—1 p p+1 2p—1  2p on’

From this, we see that H,, = % + A, where v,(A) > 0. Then, we have
m2—1 2 2 Hy
vp((pn) Hyp) = (m” = 1) + (m” = L)p(n) + vy ? +A).

Now, we have two possible cases: first, if n € J,, then v, (HT + A) >0. Itis

clear that "
(m* = 1)+ (m* = Dvp(n) + v, (pn + A> > 3.

Second, if n ¢ J,, then v, (% +A) < 0. Then, v, (% +A) = vp(Hy) — 1 and
since (m? — 1)vp(n) + vp(H,) > 1 and m > 2, we obtain that

(m* = 1)+ (m* = Dyp(n) + v, (}]I)" + A> > 3.

Thus, in either case, we see that Vp((pn)mglepn) > 1, which means pn € JISW"’)‘
O

We have observed that p € JI()me) for all m > 2. Then, Theorem 3 also

immediately implies that all powers p* of p are contained in J,(,mxm).

Remark 3. By Theorem 7, if p [ n and 5] ¢ J,, then n € ngmxm) if and only if
m > /-2t 4+ 1. Suppose that [p%] = o5 € Jp. Then, % € JISQM). By Proposition

vp(n)
3, we obtain that n € ng . Hence, if p% € Jp, then n € Jp
and we do not need the bound given in Theorem 7.

2x2) mxm

)forallm22
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