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Abstract

A second order polynomial sequence is of Fibonacci-type F,, (Lucas-type L) if its
Binet formula has a structure similar to that for Fibonacci (Lucas) numbers. Un-
der certain conditions these polynomials are irreducible if and only if n is a prime
number. For example, the Fibonacci polynomials, Pell polynomials, Fermat poly-
nomials, Lucas polynomials, Pell-Lucas polynomials, Fermat-Lucas polynomials are
irreducible when n is a prime number; and Chebyshev polynomials (second kind),
Morgan-Voyce polynomials (Fibonacci type), and Vieta polynomials are reducible
when n is a prime number. In this paper we give some theorems to determine
whether the Fibonacci type polynomials and Lucas type polynomials are irreducible
when n is prime.

1. Introduction

The Fibonacci polynomials F), are defined as F,,(z) = F,,—1(z) + F,—2(x), where
Fy(z) =0 and Fy(x) = 1. Webb et al. [21] proved that F), is irreducible if and only
if p is a prime number. Hogatt et al. [11] defined a bivariate generalized Fibonacci
polynomial w,(z,y) and proved that u,(x,y) is irreducible over Q if and only if p
is a prime number.

The Lucas polynomials L,, are defined as L, (z) = xL,_1(x) + L,—2(z), where
Lo(z) = 2 and Li(z) = x. Bergum and Hoggatt [3] proved that L,(z)/L1(x)
is irreducible if and only if p > 2 is a prime number. They also defined a bi-
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variate generalized Lucas polynomial v, (z,y) and proved that v,(x,y)/vi(z,y) is
irreducible over Q if and only if p > 2 is a prime number.

A second order polynomial sequence is of Fibonacci-type (Lucas-type) if its Binet
formula has a structure similar to that for Fibonacci (Lucas) numbers. Those are
known as generalized Fibonacci polynomials GFP (see [5-9]). Some known exam-
ples are: Pell polynomials, Fermat polynomials, Chebyshev polynomials, Morgan-
Voyce polynomials, Lucas polynomials, Pell-Lucas polynomials, Fermat-Lucas poly-
nomials, Chebyshev polynomials, Vieta polynomials, and Vieta-Lucas polynomials.
Other generalized Fibonacci polynomials are in [1,3,11].

From the discussion in the first two paragraphs above, we have two natural
questions: is it true that F,(z) is irreducible if and only if p is a prime number?
And is it true that £,(x)/L1(x) is irreducible if and only if p > 2 is a prime number?
In this paper we give precise conditions to determine whether some families of GFP
are irreducible when p is a prime number and give precise conditions to determine
whether some families of GFP are reducible when p is a prime number. As a
corollary of the theorems proved here, we obtain that the Fibonacci polynomials,
the Pell polynomials, and the Fermat polynomials are irreducible when p > 0 is a
prime number. A second corollary is that Chebyshev polynomials (second kind),
Morgan-Voyce polynomials (Fibonacci type), and Vieta polynomials are reducible
when p is a prime number. As a third corollary we have that L£,(x)/L1(x) is
irreducible, where p > 2 is a prime number and £,(z) is one of these: Lucas
polynomials, Pell-Lucas polynomials, or Fermat-Lucas polynomials.

2. Second Order Polynomial Sequences

In this section we reproduce the definitions by Flérez et al. [5-9] for generalized
Fibonacci polynomials. The definitions here give rise to some known polynomial
sequences (see for example, Table 1 or [5-9,11,13,16,17]). Throughout the paper
we consider polynomials in Q[z] or in Z[z].

We now give the two second order polynomial recurrence relations in which we
divide the generalized Fibonacci polynomials (GFP):

Folx) =0, Fi(z) =1, and F,(x) = d(x) Fp-1(x) + g(x)Fpn_a(x), (1)

for n > 2, where d(z) and g(x) are fixed non-zero polynomials in Z[x] satisfying
ged(d(z), g(z)) = 1.

We say that a polynomial recurrence relation is of Fibonacci-type if it satisfies
the relation given in (1), and of Lucas-type if:

Eo(ﬂf) = Po, [«1(1‘) :pl(x)v and En(l') = d(x)‘cn—l(x) + g(ﬂf)ﬁn_g(ﬂf), (2)

for n > 2, where |pg] = 1 or 2 and p;(x), d(z) = api(z), and g(z) are fixed
non-zero polynomials in Z[z] with « an integer of the form 2/py. Some known
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examples of Fibonacci-type polynomials and Lucas-type polynomials are in Table
1orin [5-9,11,13,16,17].

If G,, is either F, or £, for all n > 0 and d?(x) + 4g(x) > 0, then the explicit
formula for the recurrence relations in (1) and (2) is given by

Gn(x) = t1a"™ () + t2b™ (),

where a(z) and b(x) are the solutions of the quadratic characteristic equation as-
sociated with the second-order recurrence relation G, (x). That is, a(z) and b(x)
are the solutions of 22 — d(z)z — g(z) = 0. If @ = 2/pg, then the Binet formula
for Fibonacci-type polynomials is stated in (3) and the Binet formula for Lucas-
type polynomials is stated in (4) (for details on the construction of the two Binet

formulas see [7])
_ a(z) —b"(x)
Falz) = a(x) — b(x) (3)
and . b
L(z) = M, (4)

et
Since a(x) and b(z) are solutions of 2% — d(z)z — g(z) = 0, we have

a(x) +b(x) = d(x), a(z)b(r) = —g(x), and a(x)=b(x) =/d*(z)+4g(z),

where d(z) and g(x) are the polynomials defined in (1) and (2). These give that

da) + PE TG o ) - VPR
2 2

a(x) =

A sequence of Lucas-type (Fibonacci-type) is equivalent or conjugate to a se-
quence of Fibonacci-type (Lucas-type), if their recursive sequences are determined
by the same polynomials d(z) and g(x). Notice that two equivalent polynomials
have the same a(z) and b(z) in their Binet representations. In [7,8,17, 18] there
are examples of some known equivalent polynomials with their Binet formulas. The
polynomials in Tables 1 and 2 are organized by pairs of equivalent polynomials. For
instance, Fibonacci and Lucas, Pell and Pell-Lucas, and so on.

We use deg(P) and lc(P) to mean the degree and the leading coefficient of a
polynomial P, respectively. Most of the following conditions were required in the
papers that we are citing. Therefore, we require here that ged(d(z),g(z)) =1 and
deg(g(z)) < deg(d(z)) for both types of sequences and that the conditions in (6)
also hold for Lucas type polynomials;

ged(po, p1(z)) = ged(po, d()) = ged(po, g(x)) = 1, and that deg(Ly) > 1. (6)

Notice that in the definition of Pell-Lucas we have Qo(z) = 2 and Qq(z) = 2.
Thus, the ged(2,2z) = 2 # 1. Therefore, Pell-Lucas does not satisfy the extra



INTEGERS: 22 (2022)

Polynomial Initial value Initial value Recursive Formula
Go(x) =po(x) | Gi(x) =p1(x) | Gn(z) = d(@)Gn1(2) + g(z)Gn_a(2)
Fibonacci 0 1 Fo.(z) =aF,_1(z) + Fh_2(x)
Lucas 2 x D, (z) = 2Dy—1(x) + Dy—2(x)
Pell 0 1 P,(z) =2xP,_1(x) + Py—2(x)
Pell-Lucas 2 2z Qn(z) =22Qn_1(2) + Qn-2(x)
Pell-Lucas-prime 1 x Qi (x) =22Q!,_(z) + Q) _o(x)
Fermat 0 1 D, (z) = 32®,_ 1( 2) — 2@,,_o(x)
Fermat-Lucas 2 3z On(x) = 3x0,—1(x) — 20,_2(x)
Chebyshev second kind | 0 1 U, (z) = 22Up—1(x) — Up—2(x)
Chebyshev first kind 1 T To(x) = 22Ty —1(z) — Th—2(z
Morgan-Voyce 0 1 B, (z) = (z +2)Bp—1(z) — Bp—a(x)
Morgan-Voyce 2 r+2 Cy(z) = (1 +2)C, ( ) — Cr—a(2)
Vieta 0 1 Vo(z) = (J:) a2(x)
Vieta-Lucas 2 x U (x) = 2051 () — vn 2(7)
Table 1: Recurrence relation of some GFP.

Polynomial Polynomial of a(x) b(x)

Lucas type Fibonacci type

Lucas Fibonacci (x+ Va2 +4)/2 (x — Va2 +4)/2

Pell-Lucas-prime Pell z+Vr2+1 r—Va2+1

Fermat-Lucas Fermat 3z + V922 —8)/2 3z — V922 —8)/2

Chebyshev 1st kind | Chebyshev 2nd kind | « + V22 — 1 x—var? -1

Morgan-Voyce Morgan-Voyce (z+24+ Va2 +42)/2 | (x+2— Va2 +4z)/2

Vieta-Lucas Vieta (z+ Va2 —4)/2 (x — V% —4)/2

Table 2: L, (z) and its conjugate F,(x).

conditions that we imposed in (6). So, to resolve this inconsistency we use @, (x)

Qn(z)/2 instead of @,

For the rest of this paper we assume deg (d) > deg (g). For instance, the familiar

examples in Tables 1 and 2 satisfy this condition.

Notice that Jacobsthal and

Jacobsthal-Lucas polynomials defined as j,(z) = jn—1(2) + 224, 1 () are GFP but
they do not satisfy the mentioned condition. So, we do not study those polynomials

here in this paper.

3. Fibonacci Type Polynomials’ Irreducibility

In this section we discuss the irreducibility and reducibility of GFP of Fibonacci

type.

In particular, we give a complete classification (reducible and irreducible)

for the familiar polynomials of Fibonacci type given in Table 1. In the end of the

section we give a more general theorem to determine whether a GFP of Fibonacci

type is irreducible.

The following lemma generalizes [11, Lemma 5].

The proof can be done by
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induction, so we omit it.
Lemma 1. If F,(x) is a GFP of Fibonacci type, with n > 0, then

L2z

Falw) = 3 (”?1>d(a¢)”2”g(m)i.

; i
=0
Hogatt et al. [11] defined the bivariate generalized Fibonacci polynomial
Un(2,Y) = 2Up—1(2,y) + yun(2,y), with ug(z,y) =0 and  u,(z,y) = 1.

In their version of Lemma 1 for u, (x,y) it holds that wu,(z,y?) is a homogeneous
polynomial. Webb et al. [21] proved that u,(x,1) is irreducible over Q if and only
if p is a prime number. These two results were used in [11] to prove that u,(z,y)
is irreducible over Q if and only if p is a prime number. However, we need some
caution on the interpretation of these results. For example, in the result proved
by Webb we cannot substitute z by any polynomial. Thus, if instead of x we
take 2% we obtain that uz(23,1) = (z + 1)(22 — 2 + 1), so this new polynomial is
reducible. Similarly, we can construct examples to show that u,(z,y) is not always
irreducible for every prime and for every choice of y. For instance, if instead of y
we take —y2¥, it holds that up (2, —12k) is not always irreducible when p is a prime
number, with k¥ > 0. For example, us(z, —y?) = (—22 — 2y + y?)(—2% + 2y + 3?).
In general, this gives a factoring for Chebyshev polynomials of second kind U, (x).
Thus, if p = 2k + 1, then Up(x) = (Ugt1(z) — y*Uk(2))(Ug+1(x) + y*Uk(x)) (see
Proposition 3). Some other examples, in which u,(z,y) is reducible, occur when
taking y = —1, —4, —5, -9, —20. In particular, us(z, —5) = (2% —5x+5) (2% +52+5)
and us(x +2,—1) = (22 + 32 + 1)(2? + 5z + 5).

We now recall the first of our main questions in this paper. Is it true that F,(x)
is irreducible if and only if p is prime? From the above discussion and Proposition
3, we can see some counterexamples to determine that the question is not true in
general. Since there are some families of the generalized Fibonacci polynomial that
are irreducible if and only if p is a prime number, the question is still valid. In this
section we explore the question for families of GFP of the Fibonacci type. (From
the definition (1), we know that families of GFP of Fibonacci type depend on their
initial conditions.) Thus, we reformulate the question as: under what conditions on
d(x) and g(x) are the families of GFP of the Fibonacci type irreducible when p is
a prime number.

Note that from [7, Proposition 6] we know that F,(x) is reducible if n is a
composite number. For the remaining part of the paper we use F,(x) to denote the
classic Fibonacci polynomial as defined in the introduction.

Lemma 2 ([21]). The Fibonacci polynomial F,(x) is irreducible over Q if and only
if p is a prime number.
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Proposition 3. Let m(x) be a polynomial in Z[z] and let p be an odd number. If
g(x) = —m(z)?, then F,(z) is reducible.

Proof. If p = 2k +1, from (7] or [9, Proposition 1] we have that F,(z) = FZ,(z) +
g(x)F#(z). Since g(x) = —m(x)? the conclusion follows. O

The previous proposition shows that Chebyshev polynomials of the second kind,
Morgan-Voyce polynomials and Vieta polynomials are reducible over Q when p is
an odd prime number.

Proposition 4. If g(z) =1 and d(z) = ax +b with a # 0, then Fp(x) is irreducible
over Q.

Proof. First of all, we observe that if g(z) = 1 and d(x) = ax + b, then F,(x) =
(Fp o d)(x). Since both F,(x) and ax + b are irreducible, we have that F,(z) is
irreducible. O

Lemma 5. If g(z) = k € Zs¢ and d(x) = ax with a # 0 and k € Z~g, then Fp(x)
is irreducible in Q[z].
Proof. Since both F,(z) and ax are irreducible over Q, we have that F;(x) :=
(Fp o d)(z) is irreducible.

To complete this proof we need the following lemma. This lemma is an adapta-

tion, to what we need here, of a result that is well-known in the literature (see for
example [2,4]).

Lemma 6 ([2,4]). Let f(x) be a polynomial of degree n with f(0) # 0. Then f(x)
is @rreducible if and only if t™ f(1/t) is irreducible.

This lemma implies that

1
Fp () is irreducible <= s(t) := (k1/2t)p*1.7:; (k:l/Qt) is irreducible.

Therefore,
1
s(t) is irreducible <= h(r) := (r)P"'s () is irreducible.
r
Taking g(z) = k and d(z) = ax with a # 0 and k € Z~(, we obtain F,(z). This
and Lemma 1 imply that h(z) = Fp(z). O

Propositions 3 and 4 show whether or not the familiar polynomials of Fibonacci
type are irreducible (see Table 1) when p is prime.

Lemma 7 ([12,21]). Let i := /=1 and let y; = 2icos% forj=1,2,...,p—1,
where p is a prime number. Then T’ = {y1,...,vp—1} are the roots of the Fibonacci
polynomial F,(x).
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The following lemma is a generalization of Capelli’s (see Lemma 10) to what we
need here in this paper.

Lemma 8. Let f(z), g(z), h(z) in K[z], with K a field, deg(h(z)) > deg(g(z)),
and f(x) = apz™ + an_12"" 1 + ... + ag, where ag # 0. Let v be any root of f(z)
in an algebraic closure of K. The polynomial p(x) = aph(z)™ + an_19(x)h(z)" " +
an_2g9(x)?h(2)" "2 + ... + apg(x)" is irreducible over K if and only if f(x) is irre-
ducible over K and h(x) — g(x)y is irreducible over K(v).

Proof. Let 0 be aroot of h(z)—g(x)y in the algebraic closure of K. So, h(8) = g(6)~.
If h(#) = 0, then ¢g(f) = 0, since v # 0. Therefore, p(f) = 0. If h(#) # 0, then we
have

mngWWf(Zg)zwaﬂwzo.

Notice that deg(p(z)) = ndeg(h(z)). Also, we have

Since deg(h(x)) > deg(g(z)), we have deg(h(x) —g(z)vy) = deg(h(z)). Therefore,
this gives that [K(0) : K(v)] < deg(h(x)) and [K(v) : K] < n. Thus, p(x) is
irreducible over K if and only if [K(0) : K] = ndeg(h(x)), which is the case if and
only if [K(0) : K(v)] = deg(h(z)) and [K(y) : K] = n. This holds if and only if
f(z) is irreducible over K and h(z) — g(x) is irreducible over K (7). O

Theorem 9. Let p > 2 be a prime number and let T' = {y1,...,7p—1} be the set of
roots of Fy(z). A GFP F,(z) is irreducible over Q if and only if d(x)* — g(x)y?* is
irreducible over Q (72) for some v €.

Proof. For all z € C such that ¢g(z) # 0, we can deduce that

R =)'y (2005

From Lemma 1 we know that F,,(z) € Z[z?]. So, we let S,(z) be a polynomial in
Z[x] such that Sp,(x?) = F,(z). Since F,(z) is irreducible over Q, it follows that
Sp(x) is irreducible over Q. For all z € C such that g(z) # 0, we deduce that

p=1 d(z)?
Fp(z) =g(2) = S () .
The conclusion follows from Lemma 8. O

Lemma 10 ([20]). Let f(z), r(x) in K|x], where K is a field. Let vy be any root of
f(z) in an algebraic closure of K. The composition f(r(x)) is irreducible over K if
and only if f(x) is irreducible over K and r(x) — 7 is irreducible over K(v).
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Corollary 11. Let I' = {71,...,7vp,—1} be the set of roots of the Fibonacci polyno-
mial F,(x), where p is a prime number. Let g(x) € Z~o. The polynomial F,(x) is
irreducible in Q if and only if d(x) — v is irreducible over Q(v) for some v € T.

Proof. We consider the generalized Fibonacci polynomial F; () defined when g*(x)
is a constant and d*(x) = x (we use * to avoid any ambiguity with the upcoming
analysis, using similar notation). From Lemma 5 we have that F(z) is irreducible.

Now consider the generalized Fibonacci polynomial F,(z), where g(z) is a pos-
itive constant (integer) and d(x) is a polynomial that satisfies that d(z) — 7 is
irreducible over Q(v) for some v € I'. Note that F,(z) is the composition of F; ()
with d(z), i.e., Fp(z) = (F, od)(z). This and Lemma 10 imply that Fp(z) is
irreducible if and only if 7 (z) is irreducible. O

As a corollary of the previous results we have that if F,, satisfies any of the
conditions given in Propositions 3, 4, Theorem 9, and Corollary 11, we have this.
Suppose that the prime-power factorization of n is given by n = pi*p5*---pp.*,
where pq,pa, -+ ,ps are distinct odd primes. Then F,, is an irreducible factor
of F,, for i = 1,2,...,s. The proof of this fact follows straightforwardly using
Propositions 3, 4, Theorem 9, Corollary 11, and [7, Proposition 6].

4. Lucas Type Polynomials’ Irreducibility

In this section we discuss the irreducibility of GFP of Lucas type. In particular, we
show that the familiar polynomials of Lucas type given in Table 1 are irreducible.
In the end of the section we give a more general theorem to determine whether a
GFP of Lucas type is irreducible.

Lemma 12 and Proposition 15 are generalizations of Bergum and Hoggatt’s re-
sults in [3]. The proof of both cases follows by a natural adaptation of their proof
to the GFP of Lucas type given in this paper.

Lemma 12. If £, (z) is the conjugate of Fp(z), then
1 2 n (n—1 ; ;
Lol = 3 3 (M o gta)'

(&% n—1 2
=0

N3

Proof. From [9, Proposition 3, Part 2] we obtain that al,(z) = g(z)F,—1(z) +
Frn+1(z). This and Lemma 1 give that

aﬁn(l’) = g(I)]'—n—l(llf) + fn+1(I)

B () (e

i=1

This completes the proof. O
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Bergum and Hoggatt [3] defined a bivariate generalized Lucas polynomial by
vp(2,y) = zvp—1(2,y) + yop—o(x,y) with vo(z,y) = 2 and v1(x,y) = z. They
proved that the Lucas polynomials v, (z,1) are irreducible over Q if and only if n
is a power of 2, and proved that the polynomials v,(z,1)/x are irreducible over Q
if and only if p > 2 is a prime number. In their version of Lemma 12 for v, (z,y)
it holds that v,(x,%?) are homogeneous polynomials. This implies that v, (z,y) is
irreducible over Q if and only if n is a power of 2; and that v,(z,y)/z is irreducible
over Q if and only if p > 2 is a prime number. Again, we need some caution
on the interpretation of these results. Thus, if instead of x we take z2 + z, we
obtain that v3(2? + 2,1)/(2? + ) = (22 — x + 1)(2% + 3z + 3). Similarly, we can
construct examples to show that v, (z,y) is not always irreducible for n a power
of 2 and for every choice of 3. For instance, if instead of y we take —y?*. with k
even, it holds that va(w, —2y%*) = (z — 2y*)(z + 2¢*). Similar results hold when
y is replaced by —(t/2)y?*, where t is an even perfect square. Another example
is vy(z, 2z — 2) = (2% — 2)(2? + 42 — 4). Examples, to show that v,(z,y)/z is not
always irreducible for every choice of y and for every prime, can be constructed
by replacing y by —py? in v,(z,y) with p = 3 mod 4. For instance, vs/z = (z —
3y)(z+3y), vr/x = (2 + 72?2y —49y°) (23 — 722y +49y3), and vy, /2 = (2° + 112ty —
36322y% — 13312y* — 1331y°) (2% — 11aty + 3632%y> — 1331zy* + 1331y°). Taking
these examples, from the point of view of GFP of Lucas type, states as, for a fixed
prime ¢ = 3 (mod 4), and picking g(x) = —¢, then L,(z)/p1(x) is reducible over Q
(see Proposition 23).

All the above examples (in Section 3 and in Section 4) show that there is no
clarity on both the quantifiers and the initial conditions on the results in [3,11,21].
So, one of the motivations for this paper is to revisit some of the main results given
by Hoggatt, Bergum, Long, Parberry, and Webb in the mentioned papers, and then
use those results to give more general theorems.

We recall again our second main question in this paper. Is it true that £,(z)/p1(z)
is irreducible if and only if p > 2 is a prime number? From the above discussion, we
can see some counterexamples to determine that the question is not true in general.
Again, since there are some families of the generalized Fibonacci polynomial that
are irreducible if and only if p is prime, the question is still valid.

In this section we explore the question for families of GFP of Lucas type £,(x).
Thus, in this section we explore the conditions that we have to impose on p; (), d(x)
and g(z) to obtain L£,(x)/p1(x) is irreducible when p is a prime number. Note that
from [7, Proposition 7] we know that £, (z)/p1(x) is reducible if n is a composite
number with an odd divisor.

The Proposition 15 gives enough conditions to prove whether £4(x)/p1(x), poly-
nomials of Lucas type of the form as shown in Table 1, are irreducible when ¢ is
prime. The proof uses the Eisenstein criterion [14].

The following two propositions are known as the Schénemann and the Eisenstein
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criteria, respectively.

Proposition 13 ([2,19]). Let q be a prime number. If f(x) € Z[x] has the form
f(x) = g(x)™ + gm(x) with g(z) an irreducible polynomial in F,[z] and does not
divide m(x) mod ¢, then f(x) is irreducible.

Proposition 14 ([2,14]). Let q be a prime number and let f(x) = apz™+...+a1x+
ao be a polynomial in Z[z]. If a, mod q # 0, ag mod ¢* # 0, and a; mod g = 0 for
i=0,1,...,n—1, then f(x) is irreducible over Q.

Proposition 15. Let g > 2 be a prime number, with ged(q, g(x)) = 1.
1. If d(z) = az®, with ged(q,a) = 1, then Ly(z)/p1(x) is irreducible over Q.
2. If d(x) = cx + b, then Ly(x)/p1(x) is irreducible over Q.

Proof. Proof of Part 1. From Lemma 12 and the fact that d(z) = ap;(z) we have
that

g—1

La@fmie) =3 (1] gt

—1
=0 q

It is well known that ZE (53) (’:)2*‘”2”1 = ﬁ(q;i) (see for example, [3, 10,
15]). Since q|(4) for i = 1,2,...,(¢ — 1)/2, we have that ¢ divides #(q;i).
This implies that ¢ divides #(q;i)aq_%_lg(as)i for 1 < i < (¢ —1)/2. Since
L (77 g(x)17% 7t = qg(w)97% 1 when i = (¢ — 1)/2 and ged(q, g(x)) = 1, we
have that ¢? does not divide the independent term of L,(z)/pi(z). The fact
that ged(q,a) = 1 gives that ¢ does not divide a?~!, the leading coefficient of
Lq(z)/p1(x). These and the Eisenstein criterion (Proposition 14) complete the
proof of Part 1.

Proof of Part 2. Let G,4(z) be equal to L4(x)/p1(x) as defined in Part 1 with
d(z) = x and let H,(z) be equal to L,(z)/p1(x) as defined in Part 2. Note that the
composition of G4(x) with cx + b, gives Hy(x). Therefore, Hy(x) = Gq(ax +b) is
irreducible if and only if G4(x) is irreducible. Since G4(z) is irreducible for g > 2,
this completes the proof. O

As a corollary of the previous proposition we obtain that the following polyno-
mials (from Table 1) are irreducible when p is an odd prime number: Lucas D (z);
Pell-Lucas @Q,(z); Fermat-Lucas ¥, (z); Chebyshev first kind T, (x); Morgan-Voyce
Cp(x); Vieta-Lucas vp(x).

Proposition 16. Let ¢ > 2 be a prime number. If d(z) € Z[x] is irreducible
mod g, then L4(x)/p1(x) is irreducible over Q.
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Proof. Since ¢ is a factor of %(q;i) fori=1,...,(¢g —1)/2, from Lemma 12 we
have that there is a polynomial h(z) € Z[z]| such that

q—1
N .
(94— —2i— i
) = 3 (77t
i=1
This and Lemma 12 imply that

Lq(x)/pr(x) = d(x)"™" + qh(z). (7)

This decomposition and the fact that deg(g(x)) < deg(d(x)), imply that

deg(h(x)) < deg(d(x)"™") = deg(Ly()/p1(x)).

If we let

dta) = 3 (q R ) d(x)" ¥ 2 (2)’,

—1 )
i 4

then h(x) can be written in the form h(x) = d(z)t(z) + g(a:)q%1 This, the irre-
ducibility of d(z) mod ¢, the fact that ged(d(x),g(x)) = 1, and that degg(z) <
degd(x), imply that ged(d(z), h(x)) = ged(d(x),g(x)) = 1 (mod ¢). The desired
conclusion follows by Proposition 13. O

Proposition 17. Let ¢ > 2 be a prime number and let d(x) be axz® + ap_12F~1 +
<o+ 4+ a1x + ag, where ar mod g # 0, and a; mod g = 0 fori=0,1,....k—1. If
¢(0) mod ¢q # 0, then L4(x)/pi(x) is irreducible over Q.

Proof. Since a; mod g = 0 for ¢ = 0,1,...,k — 1, we have that there is a polyno-
mial p(z) € Z[z] such that d(x)7 = (ag2® + ax_12" 1+ + @12 + ag)T ! =
az_lxk(q_l) + gp(x). (Note that p(z) can be zero.) This and Lemma 12 imply that
e |

q q—1 —2i— i - - =t

La@m(e) = 3 (1] oy ) el ap(e) )
i=1

Since g is a factor of _4; (97" d(z)1 %" g(x) for every for i =1,...,(q—1)/2 -1,
we have that there is a polynomial h(x) € Z[z] such that

g=-1_
5 1

ae) = Y (1T g

—1
- 1

(Note that ¢ | h(0) and ¢q | p(0) because q | ag.) Therefore,

—1

Lq(@)/p1(x) = gh(x) +af 20D 4 gp(a) + qg(2) 7. (8)
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This decomposition of £,(x)/p1(x) and the fact that deg(g(z)) < deg(d(x)) imply
that 1c(Ly(x)/p1(x)) = al~". This and (8) prove that ¢ divides all coefficients of
L,(z)/p1(x) except its leading coefficient.

To complete the proof using the Eisenstein criterion (Proposition 14), we prove
that ¢® does not divide the independent term of L£,(z)/pi(z). From (8) we can
see that the independent coefficient of Lq(z)/p1(z) has the form ¢(h(0) 4+ p(0) +

g(())qT_l). This and the fact that ¢ does not divide g(0) imply that ¢*> does not
divide ¢(h(0) + p(0) + g(O)q%l). This completes the proof. O

The statement of the previous proposition can be generalized to this with the
same proof. Let ¢ > 2 be a prime number and let brah + b1z 1+ bz + by
be the coefficients of d(x)9~1 + qg(x)%, where by mod ¢ # 0, by mod ¢? # 0, and
bimodg=0fori=0,1,...,k—1. Then L£,(x)/p1(z) is irreducible over Q.

In this corollary we give a partial irreducible decomposition of £,, when n a
composite number.

Corollary 18. Let n = pi'py*---pi* be the prime-power factorization of n, where
P1, P2, -, Pr are distinct odd prime numbers.

1. If d(z) = ax', with ged(p;,a) = ged (pi,g(z)) = 1, then L,,/d(z) is an irre-
ducible factor of L,,.

2. If d(x) = cx+0b, with ged (p;, g(x)) = 1, then L, /d(x) is an irreducible factor
of Ly,.

3. If d(z) € Z[x] is irreducible mod p;, then L,,/d(x) is an irreducible factor of
L.

4. If g(0) mod p; # 0 and d(x) = apz® + ap_12" 1 + --- + ayz + ag, where
ar mod p; # 0, and a; mod p; =0, fori=0,1,...,k—1, then L, /d(x) is an
irreducible factor of L,,.

Proof. Tt follows straightforwardly using [7, Corollary 2] and Propositions 15, 16,
and 17. ]

The proof of Parts 1 and 2 of the following proposition follows, again, by the
Eisenstein criterion and Lemma 12, where p = 2. The proof of Part 3 is similar to
the proof of Proposition 16. So, we omit details.

Proposition 19. Let n = 2* for k > 1.

1. If d(x) = ax?, with a and g(x) # 0 mod 2 odd integers, then Lo:(x) is irre-
ducible over Q, fort > 1.

2. If d(x) = cx + b, with ¢ and g(x) odd integers, then Lot (x) is irreducible over
Q, fort>1.
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3. If d(x) € Z[x] is irreducible mod 2, then Lo:(x) is irreducible over Q, for
t>1.

4. If g(0) is an odd integer and d(z) = apx®+aj_12* "1+ - +ayx+ag, where ay,
is an odd integer and a; is a even integer, fori=0,1,...,k — 1, then Lot (x)
is irreducible over Q fort > 1.

Lemma 20 ([12]). Let p = 2k + 1 be a prime number, let i :=+/—1, and let 7; =
+2i Sin%7T forj=1,2,..., k. ThenT ={m,...,7p—1} are the roots of L,(z)/x.

Theorem 21. Let p > 2 be a prime number and let T = {m,...,7Tp_1} be the
set of roots of Ly(x)/x, where Ly(x) is the Lucas polynomial. The polynomial
aly(z)/d(z) = Ly(x)/p1(x) is irreducible over Q if and only if d(z)? — g(z)7? is
wrreducible over Q (7'2) for some T €T.

Proof. This proof is similar to the proof of Theorem 9 (see also the proof of Theorem
24), using Lemma 12 instead of Lemma 1. Then setting Jp(z) := L,(z)/x and then
replacing F,(z) in the proof of Theorem 9 by Jp(z), we obtain the desired result. [

Corollary 22. Let g(z) = 1 and let T = {71,...,7p_1} be the set of roots of
L,(z)/x, where Ly(x) is the Lucas polynomial. The polynomial aLl,(x)/d(x) =
Ly(x)/p1(x) is irreducible over Q if and only if d(x) — T is irreducible over Q(r) for
someT €T.

Proof. Consider £L,(z)/d(z) with g(x) = 1 and d(x) a polynomial such that d(z) —7
is irreducible over Q(7) for some 7 € T. Note that £,(x)/d(z) is the composition
of L,(x)/x with d(z), i.e., L,(x) = (L, o d)(x). This and Lemma 10 imply that
L,(x)/d(x) is irreducible if and only if L,(x)/z is irreducible. O

Proposition 23. If g(x) = —qh(z)?, where h(z) € Z[z] and ¢ = 3 (mod 4), then
Lq(x)/p1(x) is reducible over Q.

Proof. By Theorem 21, we only need to show that d(x)? + qh(Jc)QTj2 is reducible
over Q (sz) for some 7; € T (see Lemma 20). Since

d(z)* + (]7']-2h(ac)2 = (d(m) - \/(}iTjh(:r)) (d(x) + \/(jiTjh(w)),

it suffices to show that ,/qiT; € Q (sz). From Lemma 20, we conclude that /git; =
. gm 2 _ _fain2 T 2jm _ 1 _94ip? IT i
+2,/gsin e So,27'j = —4sin e The fact that cos = 1—2sin . implies that
Q(Tf) :Q(COS%). 4
Since ged(27, q)' =1, we haye [Q( cos QJT”) 1 Q] = qu. S(?, we only need to
show that \/Qsin% € Q(cos QJT”) Thus, we know that (:OSQJTTr € Q(\/@sin %),

. sgm —1
and therefore, we just need to show that [Q(,/gsin %) Q] < .
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Since ¢ = 3 mod 4, we have the quadratic Gauss sum

q—1 5
27in .
g e 1 =1i/q

n=0

So,

. ij‘zr 7._77\' q—
. E . ( 2min? } n2+j/2 _ n2j/2
\/gsin 7 Ze a 22 ¢ ¢ )7

where ( = e . Since sin%’r = sin %, we may assume that j is even. Then,
since the conjugates of ¢ over Q are ¢2,(3,...,(971, it therefore follows that the

conjugates of ,/gsin % over QQ are

,Z( m(n®+3/2) gm("2—j/2)), m=1,2,...,q— 1.

Also notice, however, that

—1

q

LS (pm(n4ir2) _ pm(ni=j2)) Z L m(g=1)(n*+3/2) _ rm(g—1)(n’~j/2

Z ( — ¢ )) =3 (g ( ) —¢ ( ))
n=0

for all m € Z, since ¢ and ¢?! are complex conjugates. Hence, the number of

conjugates of /g sin 277" over Q is at most ‘72;1, and so [Q(\/gsm 2”) : Q] < q%l.

This completes the proof. O

This previous proposition in combination with Proposition 17 give rise to infinite
families of GFP of Lucas type that have special behavior. For example, the Lucas
polynomials, with a = 1, d(z) = x and g(x) = —3, give that L3(z)/d(z) = 2> -9 =
(x — 3)(z + 3) and that £,(z)/d(z) is irreducible for every prime p # 3; the Lucas
polynomials, with d(z) = z and g(x) = —7, give that L;(x)/d(z) = 2% — 492* +
68622 — 2401 = (a3 — 722 4 49)(2® + 722 — 49) and that £,(z)/d(x) is irreducible
for every prime p # 7; the Lucas polynomials, with d(z) = = and g(x) = —11,
give that £11(z)/d(z) = 20 — 1212® + 532425 — 1024872 + 8052552 — 1771561 =
(% — 112t + 36322 — 13312 + 1331)(2® + 112? — 36322 — 13312 — 1331) and that
Ly(x)/d(x) is irreducible for every prime p # 11.

Since d(z) = api(z), we have L,(z)/d(x) = Ly(z)/p1(z) in Theorem 21 and
Corollary 22 when a = 1.

Theorem 24. Let m € Z~o and R = {p1,...,pam} be the set of roots of Lom (x).
The polynomial Lom (x) is irreducible over Q if and only if d(x)? — g(x)p? is irre-
ducible over Q (p2) for some p € R.
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Proof. For all z € C such that g(z) # 0, we can deduce that

alom(z) = g(z)Qm*ngm (g(dz()zl)/2) .

From Lemma 12 we know that Lom(x) € Z[2?]. Let Som(z) € Z[z] such that
Som (22) = Lam(x). Since Lam(x) is irreducible over Q, it follows that Sam () is
irreducible over Q. For all z € C such that g(z) # 0, we deduce

m—1 d(Z)2
Ozﬁzm zZ) =gz 2 SQm (> .
(=) =9(2) e
The conclusion follows from Lemma 8. O
Computer experimentation shows that there are many other polynomials d(z)

and g(x) such that £,(z)/p1(x) and F,(z) are irreducible for primes greater than
2 and Lqr () is irreducible over Q.
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